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PREFACE. 



Most persons do not possess, and do not easily acquire, the power of 
abstraction requisite for apprehending geometrical conceptions, and for 
keeping in mind the successive steps of a continuous argument. Hence, 
with a very large proportion of beginners in Geometry, it depends mainly 
upon tiie form in which the subject is presented whether they pursue the 
study with indifference, not to say aversion, or with increasing interest 
and pleasure. 

Great care, therefore, has been taken to make the pages attractive. 
The figures have been carefully drawn and placed in the middle of 
the page, so that they fall directly under the eye in inunediate connec- 
tion with the text ; and in no case is it necessary to turn the page in 
reading a demonstration. Full, long-dashed, and short-dashed lines of 
the figures indicate given, resulting, and auxiliary lines, respectively. 
Bold-faced, italic, and roman type has been skilfully used to distinguish 
the hypothesis, the conclusion to be proved, and the proof. 

As a further concession to the beginner, the reason for each statement 
in the early proofs is printed in small italics, immediately following the 
statement. This prevents the necessity of interrupting the logical train 
of thought by turning to a previous section, and compels the learner to 
become familiar with a large number of geometrical trutlis by constantly 
seeing and repeating them. This help is gradually discarded, and the 
pupil is left to depend upon the knowledge already acquired, or to find 
the reason for a step by turning to the given reference. 

It must not be inferred, because this is not a geometry of interrogation 
X)oints, that the author has lost sight of the real object of the study. 
The training to be obtained from carefully following the logical steps 
of a complete proof has been provided for by the Propositions of the 

m 



IV ^ PREFACE. 

Geometry, and the deyelopment of the power to grasp and prove new 
truths has been provided for by original exercises. The chief value of 
any Geometry consists in the happy combination of these two kinds 
of training. The exercises have been arranged according to the test 
of experience, and are so abundant that it is not expected that any 
one class will work them all out. The methods of attacking and prov- 
ing original theorems are fully explained in the first Book, and illus- 
trated by sufficient examples ; and the methods of attacking and solving 
original problems are explained in the second Book, and illustrated by 
examples worked out in full. None but the very simplest exercises are 
inserted until the student has become familiar with geometrical methods, 
and is furnished with elementary but much needed instruction in the 
art of handling original propositions; and he is assisted by diagrams 
and hints as long as these helps are necessary to develop his mental 
powers sufficiently to enable him to carry on the work by himself. 

The law of converse theorems, the distinction between positive and 
negative quantities, and the principles of reciprocity and continuity 
have been briefly explained; but the application of these principles is 
left mainly to the discretion of teachers. 

The author desires to express his appreciation of the valuable sugges- 
tions and assistance which he has received from distinguished educators 
in all parts of the country. He also desires to acknowledge his obliga- 
tion to Mr. Charles Hamilton, the Superintendent of the composition 
room of the Athenaeum Press, and to Mr. I. F. White, the compositor, 
for the excellent typography of the book. 

Criticisms and corrections will be thankfully received. 

G. A. WENTWORTH. 
EzjBTSK, N. H., June, 1899. 



NOTE TO TEACHERS. 



It is intended to haye the first fourteen pages of this book simply read 
in the class, with sach running comment and discnsBlon as may be usefol 
to help the beginner catch the spirit of the subject-matter, and not 
leave him to the mere letter of dry definitions. In like manner, the 
definitions at the beginning of each Book should be read and discussed 
in the recitation room. There is a decided advantage in having the 
definitions for each Book in a single group so that they can be included 
in one survey and discussion. 

For a similar reason the theorems of limits are considered together. 
The subject of limits is exceedingly interesting in itself, and it was 
thought best to include in the theory of limits in the second Book every 
principle required for Plane and Solid Geometry. 

When the pupil is reading each Book for the first time, it will be 
well to let him write his proofis on the blackboard in his own lan- 
guage, care being taken that his language be the simplest possible, 
tiiat the arrangement of work be vertical, and that the figures be 
accurately constructed. 

This method will furnish a valuable exercise as a language lesson, 
will cultivate the habit of neat and orderly arrangement of work, and 
will allow a brief interval for deliberating on each step. 

After a Book has been read in this way, the pupil should review 
the Book, and should be required to draw the figures free-hand. He 
should state and prove the propositions orally, using a pointer to indi- 
cate on the figure every line and angle named. He should be encour- 
aged, in reviewing each Book, to do the original exercises ; to state 
the converse propositions, and determine whether they are true or 
false; and also to give well-considered answers to questions which 
may be asked him on many propositions. 

V 



VI NOTE TO TEACHERS. 

The Teacher is strongly advised to illustrate, geometrically and 
arithmetically, the principles of limits. Thus, a rectangle with a con- 
stant base 6, and a variable altitude x, will afford an obvious illus- 
tration of the truth that the product of a constant and a variable is 
also a variable ; and that the limit of the product of a constant and a 
variable is the product of the constant by the limit of the variable. 
If X increases and approaches the altitude a as a limit, the area of the 
rectangle increases and approaches the area of the rectangle a& as a 
limit ; if, however, x decreases and approaches zero as a limit, the area 
of the rectangle decreases and approaches zero as a limit. 

An arithmetical illustration of this truth may be given by multiplying 
the approximate values of any repetend by a constant. If, for example, 
we take the repetend 0.3383 etc., the approximate values of the repe- 
tend will be 3*^,, j%%, yVo^g, iVoVo» e^-» and ^^^^se values multiplied by 60 
give the series 18, 19.8, 19.98, 19.998, etc., which evidently approaches 
20 as a limit ; but the product of 60 into J (the limit of the repetend 
0.333 etc.) is also 20. 

Again, if we multiply 60 into tlie different values of the decreasing 
series j^g, yj^, ^^Vir* noiu^^ etc., which approaches zero as a limit, we 
shall get the decreasing series 2, ^, 5^, ^J^, etc.; and this series evi- 
dently approaches zero as a limit. 

The Teacher is likewise advised to give frequent written examina- 
tions. These should not be too difficult, and sufficient time should be 
allowed for accurately constructing the figures, for choosing the best 
language, and for determining the best arrangement. 

The time necessary for the reading of examination books will be 
diminished by more than one half, if the use of symbols is allowed. 

ExBTKR, N. H., 1899. 



CONTENTS. 



GEOMETKY. 

PAOB 

Introduction ... X 

General Terms 4 

General Axioms 6 

Symbols and Abbreviations 6 



PLANE GEOMETRY. 

BOOK I. RECTILINEAE FIGURES. 

Definitions 7 

The Straight Line 8 

The Plane Angle 9 

Extension of the Meaning of Angles 12 

Unit of Angles 13 

Perpendicular and Oblique Lines 15 

Parallel Lines . . .24 

Triangles 30 

Loci of Points 44 

Quadrilaterals 47 

Polygons in General 56 

Symmetry 60 

liETHODS of Proving Theorems 64 

Exercises 68 

vu 



Viii CONTENTS 

BOOK n. THE CIRCLE. 

PAOX 

Definitions 76 

Abcs, Chords, and Tangents 77 

Theory of Limits . 93 

Measure of Angles 100 

Exercises 108 

Problems of Construction 112 

Solution of Problems 127 

Exercises 129 

BOOK in. PROPORTION. SIMILAR POLYGONS. 

Theory of Proportion 135 

Similar Polygons 148 

Exercises . . . . . 159 

Numerical Properties of Figures . . . . . 160 

Exercises . . . : 170 

Problems of Construction 172 

Exercises 178 

BOOK IV. AREAS OF POLYGONS. 

Areas of Polygons 184 

Comparison of Polygons • . . 192 

Exercises 195 

Problems of Construction 197 

Exercises 207 

BOOK V. REGULAR POLYGONS AND CIRCLES. 

Regular Polygons and Circles 211 

Problems of Construction 226 

Maxima and Minima 234 

Exercises 241 



CONTENTS. 



IX 



SOLID GEOMETRY. 

BOOK VL LINES AND PLANES IN SPACE. 

PAOB 

Definitions 251 

Lines and Planes 263 

Dihedral Angles 269 

polyhedbal angles 282 

Exercises 288 

BOOK Vn. POLYHEDRONS, CYLINDERS, AND CONES. 

Polyhedrons 289 

Prisms and Parallelopipeds 290 

Exercises . 306 

Pyramids 307 

General Theorems of Polyhedrons ..... 324 

Similar Polyhedrons . . * 326 

Regular Polyhedrons 330 

Cylinders 332 

Exercises 341 

Cones 342 

The Prismatoid Formula 354 

Exercises ; 357 

BOOK Vra. THE SPHERE. 

Plane Sections and Tangent Planes 360 

Figures on the Surface of a Sphere 370 

Measurement of Spherical Surfaces 388 

Spherical Volumes . 397 

Exercises 402 

Miscellaneous Exercises 405 



X CONTENTS. 

BOOK IX. CONIC SECTIONS. 

PAOS 

The Fababola 409 

exebcises 424 

The Ellipse 426 

Exercises 443 

The Hyperbola 445 

TABLE OF FORMULAS 460 

INDEX 466 



GEOMETKY. 



INTRODUCTION. 

1. If a block of wood or stone is cut in the shape repi-e- 
sented in Fig. 1, it will have six fiat 

_faoe^. 

Each face of the block is called a 
surface; and if the faces are made 
smooth by polishing, so that, when a 
straight edge is applied to any one 
of them, the straight edge in every 
part vrill touch the surface, the faces 
are called plane surfaces, or planes. fiq. I. 

2. The intersection of any two of these surfaces is called 
a line. 

3. The intersection of any three of these lines is called 
a point 

4. The block extends in three principal directions : 

From left to right, A to B. 
From front to back, A to C. 
From top to bottom, A to D, 

These are called the dimensions of the block, and are named 
in the order given, length, breadth (or vndtk), and t 
(height or d^th). 



2 GEOMETRY. 

5. A solid, in common language, is a limited portion of 
8jp3.ce filled ivith matter; but in Geometry we have nothing 
to do with the matter of which a body is composed; we study 
simply its shape and size; that is, we regard a solid as a 
limited portion of space which may be occupied by a physical 
body, or marked out in some other way. Hence, 

A geometrieal solid is a limited portion of space, 

6. The surface of a solid is simply the boundary of the 
solid, that which separates it from surrounding space. The 
surface is no part of a solid and has no thickness. Hence, 

A surface has only two dimensionsy length and breadth, 

7. A line is simply a boundary of a surface, or the inter- 
section of two surfaces. Since the surfaces have no thickness, 
a line has no thickness. Moreover, a line is no part of a 
surface and has no width. Hence, 

A line has only one dimension, length, 

8. A point is simply the extremity of a line, or the inter- 
section of two lines. A point, therefore, has no thickness, 
width, or length; therefore, no magnitude. . Hence, 

A point has no dimension, but denotes position simply. 

9. It must be distinctly imderstood at the outset that the 
points, lines, surfaces, and solids of Geometry are purely ideal, 
though they are represented to the eye in a material way. 
Lines, for example, drawn on paper or on the blackboard, will 
have some width and some thickness, and will so far fail of 
being true lines; yet, when they are used to help the mind 
in reasoning, it is assumed that they represent true lines, 
without breadth and without thickness. 




INTBODUCnON. 8 

10. A point is represented to the eye by a fine dot, and 
named by a letter, as A (Fig. 2). A line is named by two 
letters, placed one at each end, as BF. 
A surface is represented and named by 
the lines which bound it, as BCDF, A 
solid is represented by the faces which 3 f 
bound it. fio 2. 

11. A point in space may be considered by itself, without 
reference to a line. 

12. If a point moves in space, its path is a line. This line 
may be considered apart from the idea of a surface. 

13. If a line moves in space, it generates, in general, a surface. 
A surface can then be considered apai't from the idea of a solid. 

14. If a surface moves in space, it generates, in general, a 
solid. n 77 

Thus, let the upright surface ABCB 
(Fig. 3) move to the right to the position 
EFGH, the points A, B, C, and D gener- 
ating the lines AEy BF, CG, and DJET, 
respectively. The lines AB, BC, CD, *' 

and DA will generate the surfaces AF, 

BG, CH, and DE, respectively. The surface A BCD will generate the 
solid AG, 

15. Geometry is the science which treats of position^ forrn^ 
and magnitude, 

16. A geometrical figure is a combination of points, lines, 
surfaces, or solids. 

17. Plane Geometry treats of figures all points of which are 
in the same plane. 

Solid Geometry treats of figures all points of which are not 
in the same plane. 



GBOMETRT. 



GENERAL TERMS. 



18. A proof is a course of reasoning by which the truth or 
falsity of any statement is logically established. 

19. An axiom is a statement admitted to be true without 
proof. 

20. A theorem is a statement to be proved. 

21. A construction is the representation of a required figure 
by means of points and lines. 

22. A postulate is a construction admitted to be possible. 

23. A problem is a construction to be made so that it shall 
satisfy certain given conditions. 

24. A proposition is an axiom^ a theorem, a postulate, or a 
problem. 

25. A corollary is a truth that is easily deduced from known 
truths. 

26. A scholium is a remark upon some particular feature of 
a proposition. 

27. The solution of a problem consists of four parts : 

1. The analysis, or course of thought by which the con- 
struction of the required figure is discovered. 

2. The construction of the figure with the aid of ruler and 
compasses. 

3. The proof that the figure satisfies all the conditions. 

4. The disctcssion of the limitations, if any, within which 
the solution is possible. 



INTRODUCTION. 6 

28. A theorem consists of two parts: the hypothesis, or 
that which is assumed; and the conclusion, or that which is 
asserted to follow from the hypothesis. 

29. The contradictory of a theorem is a theorem which must 
be true if the given theorem is false, and must be false if the 
given theorem is true. Thus, 

A theorem : If -4 is ^, then C is i>. 

Its contradictory : If -4 is ^, then C is not D, 

30. The opposite of a theorem is obtained by making both 
the hypothesis and the conclusion negative. Thus, 

A theorem : If ^ is B, then C is D. 

Its opposite : If ^ is not By then C is not D. 

31. The converse of a theorem is obtained by interchanging 
the hypothesis and conclusion. Thus, 

A theorem : If ^ is B, then C is D, 

Its converse : If (7 is D, then A is B, 

32. The converse of a truth is not necessarily true. 

Thus, Every horse is a quadmiped is true, but the converse. Every 
quadruped is a horse, is not true. 

33. If a direct proposition and its opposite are true, the 
converse proposition is true ; and if a direct proposition and 
its converse are true, the opposite proposition is true. 

Thus, if it were true that 

1. If an animal is a horse, the animal is a quadruped ; 

2. If an animal is not a horse, the animal is not a quadruped ; 
it would follow that 

3. If an animal is a quadruped, the animal is a horse. 
Moreover, if 1 and 3 were true, then 2 would be true. 



34. 



GEOMETRY. 



GENERAL AXIOMS. 



1. Magnitudes which are equal to the same magnitude, or 
equal magnitudes, are equal to each other. 

2. If equals are added to equals, the sums are equal. 

3. If equals are taken from equals, the remainders are equal. 

4. If equals are added to unequals, the sums are unequal 
in the same order ; if unequals are added to unequals in the 
same order, the sums are unequal in that order. 

5. If equals are taken from unequals, the remainders are 
unequal in the same order ; if imequals are taken from equals, 
the remainders are unequal in the reverse order. 

6. The doubles of the same magnitude, or of equal magni- 
tudes, are equal ; and the doubles of unequals are unequal. 

7. The halves of the same magnitude, or of equal magni- 
tudes, are equal ; and the halves of unequals are unequal. 

8. The whole is greater than any of its parts. 

9. The whole is equal to the sum of all its parts. 
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SYMBOLS AND ABBREVIATIONS. 



> is (or are) greater than. 
< is (or are) less than. 
=c= is (or are) equivalent to. 
.*. therefore. 
JL perpendicular. 
J& perpendiculars. 
II parallel, lis parallels. 
Z angl«. A angles. 
A triangle. A triangles. 
O parallelogram. 
ZI7 parallelograms. 
O circle. © circles, 
rt. right, st. straight. 



Def. . . . definition. 
Ax. . . . axiom. 
Hyp. . . hypothesis. 
Cor. . . . corollary. 
Scho. . . scholium. 
Ex. . . . exercise. 
Adj. . . . adjacent. 
Iden. . . identical. 
Const. . . construction. 
Sup. . . . supplementary. 
Ext. . . . exterior. 
Int. . . . interior. 
Alt. . . . alternate. 



Q.B.D. stands for quod erat demonstrandum, which was to be proved, 

Q.E.p. stands for quod erat faciendum, which was to be done. 

The signs +, — , x , ^, =, have the same meaning as in Algebra. 



PLANE GEOMETRY. 
Book I. 

EECTILINEAR FIGURES. 



DEFINITIONS. 



36. A straight line is a line such that any part of it, how- 
ever placed on any other part, will lie wholly in that part if 
its extremities lie in that part, as AB. 



37. A curved line is a line no part of ^ 
which is straight, as CD. 




38. A broken line is made up of dif- li- 
ferent straight lines, as EF. ^^' *" 

Note. A straight line is often called simply a line. 

39. A plane sorfaoe, or a plane, is a surface in which, if any 
two points are taken, the straight line joining these points 
lies wholly in the surface. 

40. A carved surfoce is a surface no part of which is plane. 

41. A plane figure is a figure all points of which are in the 
same plane. 

42. Plane figures which are bounded by straight lines are 
called rectilinear figures ; by curved lines, curvilinear figures. 

43. Figures that have the same shape are called similar. 
Figures that have the same size hut not the same shape are 
called equivalent. Figures that have the same shape and the 
same size are called equal or congruent. 

• 7 



8 BOOK L PLANE GEOMETRY. 



THE STRAIGHT LINE. 

44. Postulate. A straight line can be drawn from one point 
to another. 

45. Postulate. A straight line can be produced indefinitely. 

46. Axiom.* Only one straight line can he drawn from one 
point to another. Hence, two points determine a straight line. 

47. CoR. 1. Two straight lines which have two points in 
common coincide and form hut one line, 

48. CoR. 2. Two straight lines can intersect in ordy one 
point. 

For if they had two points common, they would coincide 
and not intersect. 

Hence, two intersecting lines determine a point. 

49. Axiom. A straight line is the shortest line that can he 
drawn from one point to another, 

50. Def. The distance between two points is the length of 
the straight line that joins them. 

51. A straight line detemiined by two points may be con- 
sidered as prolonged indefinitely. 

52. If only the part of the line between two fixed points is 
considered, this part is called a segment of the line. 

53. For brevity, we say " the line AB,^ to designate a seg- 
ment of a line limited by the points A and B, 

54. If a line is considered as extending from a fixed point, 
this point is called the origin of the line. 

* The general axioms on page 6 apply to all magnitudes. Special 
geometrical axioms will be given when required. 



THE STRAIGHT LINE. 9 

55. If any pointy C, is taken in a given straight line^ AB, 
the two parts CA and CB are 

said to have opposite directions J ^^ 

from the point C (Fig. 5). fio. 6. 

Every straight line, as AB, may be considered as extending 
in either of two opposite directions, namely, from A towards 
Bf which is expressed by AB, and read segment AB\ and 
from B towards A, which is expressed by BA, and read seg- 
ment BA. 

56. If the magnitude of a given line is changed, it becomes 
longer or shorter. 

Thus (Fig. 5), by prolonging AG to B we add GB to AG, and AB = 
AC + GB. By diminishing AB to C, we subtract GB from AB, and 
AG = AB-GB, 

If a given line increases so that it is prolonged by its own 
magnitude several times in succession, the line is multiplied, 
and the resulting line is called a multiple of the given line. 

Thus (Fig. 6),itAB=:BG=^ ^ 

CD = DE, then AG = 2 AB, AD i 1 + +- h 

= SAB, and AE = 4:AB, Hence, • Fio. 6. 

Lines of given length may he added and subtracted ; they 
may also he multiplied by a number. 



THE PLANE ANGLE. 

57. The opening between two straight lines drawn from the 
same point is called a plane angle. The two 
lines, JED and JEF, are called the sides, and JE, 
the point of meeting, is called the vertex of 
the angle. 

The size of an angle depends upon the extent ^<*- 7. 

of opening of its sides, and not upon the length of its sides. 




10 BOOK I. PLANE GEOMETRY. 

58. If there is but one angle at a given vertex, the angle is 
designated by a capital letter placed at the vertex, and is read 
by simply naming the letter. 

If two or more angles have the same vertex, each 
angle is designated by three letters, and is read by 
naming the three letters, the one at the vertex 
between the others. Thus, DAC (Fig. 8) is the 
angle formed by the sides AD and AC. 

An angle is often designated by placing a 
small italic letter between the sides and near \c h/ 




the vertex, as in Fig. 9. 

Fio. 9. 

59. Postulate of Superposition. Any figure may be moved 
from one place to another without altering its size or 
shape. 

60. The test of equality of two geometrical magnitudes is 
that they may be made to coincide throughout their whole 
extent. Thus, 

Two straight lines are equal, if they can be placed one upon 
the other so that the points at their extremities coincide. 

Two angles are equal, if they can be placed one upon the 
other so that their vertices coincide and their sides coincide, 
each with each. 

61. A line or plane that divides a geometric magnitude into 
two equal parts is called the bisector of the magnitude. 

If the angles BAD and CAD (Fig. 8) are equal, AD bisects 
the angle BAC 

62. Two angles are called adjacent angles 
when they have the same vertex and a com- 
mon side between them ; as the angles BOD 2 o" 
and AOD (Fig. 10). ^^» i<^ 




THE PLANE ANGLE. 11 

63. Wlien one straight line meets another d 
straight line and makes the adjaeerU angles 
equal, each of these angles is called a right 
angle; as angles DC A and DCB (Fig. 11). a c B 

FlO. U. 

64. A perpendicular to a straight line is a straight line that 
makes a right angle with it. 

Thus, if the angle DC A (Fig. 11) is a right angle, DC is perpendicular 
to AB^ and AB is perpendicular to DC, 

65. The point (as C, Fig. 11) where a perpendicular meets 
another line is called the foot of the perpendicular. 

66. When the sides of an angle extend in opposite directions, 
so as to be in the same straight line, the angle is called a 
stra^ht angle. 

A< 1 ^B 



FlO. 12. 

Thus, the angle formed at C (Fig. 12) with its sides CA and CB extend- 
ing in opposite directions from C is a straight angle. 

67. Cob. A right angle is half a straight angle. 

68. An angle less than a right angle is called 
an acute angle; as, angle A (Fig. 13). 




Fig. 13. 



69. An angle greater than a right angle and B 
less than a straight angle is called an obtuse /N^ 
angle; as, angle AOD (Fig. 14). ^'^^ ' 



Fig. 14. 



70. An angle greater than a straight angle and less than 
two straight angles is called a reflex angle; as, angle DO A, 
indicated by the dotted line (Fig. 14). 
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71. Angles that aa-e neither right nor straight angles are 
called oblique angles ; and intersecting lines that are not per- 
pendicular to each other are called oblique lines. 



EXTENSION OF THE MEANING OF ANGLES. 

72. Suppose the straight line OC (Fig. 15) to move in 
the plane of the paper from coincidence with OAy about the 
point as a pivot, to the position 0C\ then the line OC 
describes or generates the angle AOC, and 

the magnitude of the angle AOC depends 
upon the amount of rotation of the line 
from the position OA to the position OC, 

If the rotating line moves from the posi- 
tion OA to tlie position OB, perpendicular 
to OA, it generates the right angle AOB; 
if it moves to the position OD, it generates • 
the obtuse angle AOD-, if it moves to 
the position OA', it generates the straight angle AOA' -, if it 
moves to the position OB', it generates the reflex angle AOB', 
indicated by the dotted line ; and if it moves to the position 
OA again, it generates two straight angles. Hence, 

« 

73. The angular magnitude about a point in a plane is equal 
to two straight angles, or four right angles ; and the angular 
magnitude about a point on one side of a straight line drawn 
through the point is equal to a straight angle, or tivo right 
angles, 

74. The whole angular magnitude about a point in a plane 

^gon ; and two angles whose sum is a perigon are 
^ angles. 

tension of the meaning of angles is necessary in the 
metry, as in Trigonometry, Mechanics, etc. 
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75. When two angles have the same vertex, and 
the sides of the one are prolongations of the sides of 
the other, they are called vertical angles; as, angles 
a and b, c and d (Fig. 16).. 

76. Two angles are called complementary when 
their sum is equal to a right angle; and each is 
called the complement of the other; as angles DOB 
and DOC (Fig. 17). 

77. Two angles are called supplementary when 
their sum is equal to a straight angle; and each 

is called the supplement of the other ; as, angles — 
DOB and DOA (Fig. 18). 




Fig. 16. 




O 
Fio. 18. 



UNIT OF ANGLES 

78. By adopting a suitable unit for measuring angles we 
are able to express the magnitudes of angles by numbers. 

If we suppose OC (Fig. 15) to turn about from coinci- 
dence with OA until it makes one three hundred sixtieth of a 
revolution, it generates an angle at 0, which is taken as the 
unit for measuring angles. This unit is called a degree. 

The degree is subdivided into sixty equal parts, called 
minuteSf and the minute into sixty equal parts, called seconds. 

Degrees, minutes, and seconds are denoted by symbols. 
Thus, 5 degrees 13 minutes 12 seconds is written 5° 13' 12". 

A right angle is generated when OC has made one fourth of 
a revolution and contains 90° ; a straight angle, when OC has 
made half of a revolution and contains 180° ; and a perigon, 
when OC has made a complete revolution and contains 360°. 

Note. The natural angular unit is one complete revolution. But 
this unit would require us to express the values of most angles by frac- 
tions. The advantage of using the degree as the unit consists in its con- 
venient size, and in the fact that 360 is divisible by so many different 
integral numbers. 
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79. By the method of superposition we are able to compaie 
magnitudes of the same kind. Suppose we have two angles^ 
AB C and DEF (Pig. 19). Let 
the side UJD be placed on the 
side BA, so that the vertex U 
shall fall on B] then^ if the 
side -EF falls on J? (7, the angle 
DEF equals the angle ABC; 
if the side FF falls between 

BC and BA in the position shown by the dotted line BG, the 
angle DFF is less than the angle ABC] but if the side FF 
falls in the position shown by the dotted line BH, the angle 
DFF is greater than the angle ABC. 




Fig. 10. 






FiQ. 20. 

80. If we have the angles ABC and DFF (Fig. 20), and 
place the vertex F on B and the side FD on BC, so that the 
angle DFF takes the position CBIf, the angles DFF and ABC 
will together be equal to the angle ABH. 

If the vertex F is placed on B, and the side FD on BA, so 
that the angle DFF takes the position ABF, the angle FBC 
will be the difference between the angles ABC and DFF. 

If an angle is increased by its own magnitude two or more 
times in succession, the angle is multiplied by a number. 

Thus, if the angles ABM, MBC, CBP, PBD (Fig. 21) are aU equal, 
the angle ABD is 4 times the angle ABM. Therefore, 

Angles may be added and siibtraoted ; they may also be mul- 
tiplied by a number. 
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PERPENDICULAR AND OBLIQUE LINES. 
Proposition I. Theorem. 
81 All straight angles are eqiuzl. 

A ^ B 

E 
D F 

Let the angles ACB and DEF be any two straight angles. 

To prove that ZACB = Z DEF. 

Proof. Place the Z. ACB on the Z DEF, so that the vertex 
C shall fall on the vertex E^ and the side CB on the side EF. 

Then CA will fall on ED, § 47 

(because ACB and DEF are straight lines). 

.\ZACB = ZDEF. §60 

Q. B. D. 

82. Cor. 1. All right angles are equal. Ax, 7 

83. Cor. 2. At a given point in a given line there can be 
but one perpendicular to the line. 

Tor, if there could be two J§, we should have 
rt. A of different magnitudes ; but this is impos- 
sible, § 82. 

84. Cor. 3. The complements of the same angle or of equal 
angles are equal. Ax. 3 

85. Cor. 4. The supplements of the same angle or of equal 
angles are equM. Ax. 3 

Note. The beginner must not forget that in Plane Geometry all the 
points of a figure are in the same plane. Without this restriction in Cor. 2, 
an indefinite number of perpendiculars can be erected at a given point in 
a given line. 
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Proposition II. Theorem. 

86. If two adjacent angles have their exterior sides 
in a straight line^ these angles are supplementary. 



M 



O 

Let the exterior sides OA and OB of the adjacent angles AOD and 
BOD be in the straight line AB. 

To prove that A AOD and BOD are supplementary. 

Proof. A OB is a straight line. Hyp. 

.-.Z^O^is a St. Z. § 66 

But Z AOD + Z BOD = the st. Z AOB. Ax. 9 

.*. the A AOD and BOD are supplementary. § 77 

Q.B.D 

87. Def. Adjacent angles that are supplements of each 
other are called supplementary-adjacent angles. 

Since the angular magnitude about a point is neither in* 
creased nor diminished by the number of lines which radiate 
from the point, it follows that, 

88. Cor. 1. The sum of all the angles about a point in a 
plane is equal to a perigon^ or two straight angles. 

89. Cor. 2. The sum of all the angles about a point in a 
plane^ on the same side of a straight line passing through the 
point, is equal to a straight angle^ or two right angles. 
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Proposition III. Theorem. 

90. Conversely: If two adjacent angles are supple- 
mentary^ their exterior sides are in the same straight 
line. 



F 



Let the adjacent angles OCA and OCB be supplementary. 
To prove that AC and CB are in the same straight line. 
Proof. Suppose CFto be in the same line with AC. 

Then A OCA and OCF are supplementary, § 86 

{if two adjacent angles have their exterior sides in a straight line^ these 

angles are supplementary). 

But A OCA and OCB are supplementary. Hyp. 
.'.A OCF and OCB have the same supplement. 

.\ZOCF=ZOCB. §85 

.\ CB and CF coincide. § 60 

.'.AC and CB are in the same straight line. q.e.d. 

Since Propositions II. and III. are true, their opposites are 
true. Hence, § 33 

91. Cor. 1. If the exterior sides of two adjacent angles are 
not in a straight line^ these angles are not supplementary. 

92. Cor. 2. ^ two adjacent angles are not supplementary^ 
their exterior sides are not in the same straight line. 
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Proposition IV. Theorem. 

93. If one straight line intersects another straight 
line, the vertical angles are equal. 




Let the lines OP and AB intersect at C. 
To prove that ZOCB = ZACF. 

Proof. Z OCA and Z OCB are supplementary. § 86 

Z OCA and Z.ACF are supplementary, § 86 

{if two a/^acevd angles have their exterior sides in a straight line^ these 

angles are supplementary). 

.', A OCB and ACF have the same supplement. 

.\ZOCB = ZACF. §85 

In like manner, ZACO = ZFCB. 

Q. B. D. 

94. Cor. If one of the four angles formed by the inter- 
seetion of two straight lines is a right angle, the other three 
angles are right angles. 



Ex. 1. Find the complement and the supplement of an angle of 49**. 

Ex. 2. Find the number of degrees in an angle if it is double its com- 
plement ; if it is one fourth of its complement. 

Ex. 3. Find the number of degrees in an angle if it is double its sup- 
plement ; if it Is one third of its supplement. 
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Proposition V. Theorem. 

95. Two straight lines drawn from a point in a per- 
pendicular to a given line, cutting off on the given line 
equal segments from the foot of the perpendicular^ are 
equal and make equal angles with the perpendicular. 




Let CF be a perpendicular to the line AB, and CE and CK two 
straight lines cutting off on AB equal segments FE and FK from F. 

To prove that CE = CK; and Z FCE = Z FCK, 

Proof. Fold over CFA, on CF as an axis, until it falls on the 
plane at the right of CF. 

FA will fall along FB, 
(since Z CFA = Z CFB, each being a rt. Z, by hyp.), 

' Point F will fall on point K, 
{since FE = FK, by hyp.). 

.\CF=CK, §60 

(their extremities being the same points) ; 

and Z FCF = Z FCK, § 60 

(since their vertices coincide, and their sides coincide, each with each). 

Q. E. D 



Ex. 4. Find the number of degrees in the angle included by the hands 
of a clock at 1 o'clock. 3 o'clock. 5 o'clock. 6 o'clock. 
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56. If there ia but one angle at a given vertex, the ai^le is 
designated by a capital letter placed at the vertex, and is read 
by simply naming the letter. 

If two or more angles have the same vertex, each 
angle is designated by three letters, and is read b 
naming the three letters, the one at the vertex 
between the others. Thus, DAC (Fig. 8) is the ' 
angle fonned by the sides AD and AC. 

An angle is often designated by placing a 
small italic letter between the sides and near 
the vertex, as in Fig, 9. 



iby \ / 
rtex V 



59. Postulate of Superposition. Any figure may be moved 
from one place to another without altering its size or 



60. The test of equality of two geometrical magnitudes is 
that they may be made to coincide throughout their whole 
extent. Thus, 

Two strMght lines are equal, if they can be placed one upon 
the other so that the points at their extremities coincide. 

Two angles are equal, if they can be placed one upon the 
other so that their vertices coincide and their sides coincide, 
each with each. 

61. A line or plane that divides a geometric magnitude into 
two equal parts is called the ttlsector of the magnitude. 

If the angles BAD and CAD (Fig. 8) ai* equa], AD bisects 
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63. When one sttaight line meets another 
straight line and makes the adjacent angles 
equal, each of these angles is called a right 
angle; as angles DCA and DCB (Fig. 11). 



64. A perpendicular to a straight line is a sttaight line that 
makes a right angle with it. 

Thus, if the angle DCA (Fig. 11) is & right angle, DC is perpendicular 
lo AB, and AB i£ perpendicular to DC. 

65. The point (as C, Fig. 11) where a perpendicular meets 
another line is called the foot of the perpendicular. 

66. When the sides of an ai^le extend in opposite directions, 
so as to be in the same straight line, the angle is called a 
straight angle. 



Thus, the an^ formed at C (Fig. 12) with its ndea OA kdA OB extend- 
ing in opposite directions from C is a straight angle. 

67. CoR. A right angle is half a straight av^le. 

68. An angle less than a r^ht angle is called ^^ 
an acute angle; as, angle A (Fig. 13). ,,^^^ 



Fio. IS. 

land -D 

rtuse .'VI, 



ai^le and less than 
igle ; BB, angle DOA, 
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71. Angles that aie neither right nor straight angles are 
called oblique angles ; and intersecting lines that are not per- 
pendicular to each other are called oblique lines. 

EXTENSION OF THE MEANING OF ANGLES. 

72. Suppose the straight line OC (Fig. 15) to move in 
the plane of the paper from coincidence with OA, about the 
point as a pivot, to the position OC-, then the line OC 
describes or generates the angle AOC, and 

the magnitude of the angle AOC depends 
upon the amount of rotation of the line 
from the position OA to the position OC. 

If the rotating line moves from the posi- 
tion OA to the position OB, perpendicular 
to OA, it generates the right angle AOB) 
if it moves to the position OD, it generates * 
the obtuse angle AOD\ if it moves to 
the position 0A\ it generates the straight angle AOA'-, if it 
moves to the position OB', it generates the reflex angle AOB', 
indicated by the dotted line ; and if it moves to the position 
OA again, it generates two straight angles. Hence, 

» 

73. The angular magnitude about a point in a plane is equal 
to two straight angles, or four right angles ; and the angular 
magnitude about a point on one side of a straight line drawn 
through the point is equal to a straight angle, or two right 
angles, 

74. The whole angular magnitude about a point in a plane 
is called a perigon ; and two angles whose sum is a perigon are 
called conjugate angles. 

NoTB. This extension of the meamng of angles is necessary in the 
applications of Geometry, as in Trigonometry, Mechanics, etc. 
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75. When two angles have the same vertex, and 
the sides of the one are prolongations of the sides of 
the other, they are called vertical angles; as, angles 
a and b, c and d (Fig. 16).. 

76. Two angles are called complementary when 
their sum is equal to a right angle; and each is 
called the complement of the other; as angles DOB 
and DOC (Fig. 17). 

77. Two angles are called supplementary when 
their sum is equal to a straight angle; and each 
is called the supplement of the other ; as, angles 
DOB and DOA (Fig. 18). 



£ 




Fio. 16. 




O 
Fig. 18. 



UNIT OF ANGLES 

78. By adopting a suitable unit for measuring angles we 
are able to express the magnitudes of angles by numbers. 

If we suppose OC (Fig. 15) to turn about from coinci- 
dence with OA until it makes one three hundred sixtieth of a 
revolution, it generates an angle at 0, which is taken as the 
unit for measuring angles. This unit is called a degree. 

The degree is subdivided into sixty equal parts, called 
minuteSf and the minute into sixty equal parts, called seconds. 

Degrees, minutes, and seconds are denoted by symbols. 
Thus, 5 degrees 13 minutes 12 seconds is written 5° 13' 12". 

A right angle is generated when OC has made one fourth of 
a revolution and contains 90° ; a straight angle, when OC has 
made half of a revolution and contains 180°; and a perigon, 
when OC has made a complete revolution and contains 360°. 

Note. The natural angular unit is one complete revolution. But 
this unit would require us to express the values of most angles by frac- 
tions. The advantage of using the degree as the unit consists in its con- 
venient size, and in the fact that 360 is divisible by so many different 
integral numbers. 
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79. By the method of superposition we are able to compaie 
magnitudes of the same kind. Suppose wq have two angles^ 
ABCsiJidDJSF(¥ig.l9), Let 
the side ££> be placed on the 
side BA, so that the vertex U 
shall fall on B-, then, if the 
side HF falls on BC, the angle 
DFF equals the angle ABC; 
if the side FF falls between 

BC and BA in the position shown by the dotted line BG, the 
angle DFF is less than the angle ABC-, but if the side FF 
falls in the position shown by the dotted line BH, the angle 
DFF is greater than the angle ABC. 




Fig. 10. 






FiQ. 20. 

80. If we have the angles ABC ajid DFF (Fig. 20), and 
place the vertex F on B and the side FD on BC, so that the 
angle DFF takes the position CBIT, the angles DFF and ABC 
will together be equal to the angle ABB", 

If the vertex F is placed on B, and the side FD on BA, so 
that the angle DFF takes the position ABF, the angle FBC 
will be the difference between the angles ABC and DFF. 

If an angle is increased by its own magnitude two or more 
times in succession, the angle is rmdtiplied by a number. 

Thus, if the angles ABM, MBC, CBP, PBD (Fig. 21) are all equal, 
the angle ABD is 4 times the angle ABM. Therefore, 

Angles may be added and svhtracted ; they may also be mid- 
tiplied by a number. 
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PERPENDICULAR AND OBLIQUE LINES. 
Pboposition I. Theorem. 

81 All straight angles are equal. 

A ^ B 

E 

n F 

Let the angles ACB and DEF be any two straight angles. 

To jprove that ZACB = Z DEF. 

Proof. Place the Z. ACB on the Z DEF, so that the vertex 
C shall fall on the vertex E, and the side CB on the side EF. 

Then CA vriU fall on ED, § 47 

(becatLse ACB and DEF are straight lines). 

.' . Z. ACB = Z. DEF. §60 

Q. B. D. 

82. Cor. 1. All right angles are equal. Ax. 7 

83. Cor. 2. At a given point in a given line there can be 
but one perpiRndicular to the line. 

For, if there could be two Js, we should have 
rt. A of different magnitudes ; but this is impos- 
sible, § 82. 

84. Cor. 3. The complements of the same angle or of equal 
angles are equal. Ax. 3 

85. Cor. 4. The supplements of the same angle or of equal 
angles are equal. Ax. 3 

Note. The beginner must not forget that m Plane Geometry all the 
points of a figure are in the same plane. Without this restriction in Cor. 2, 
an indefinite number of perpendiculars can be erected at a given point in 
a given line. 
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Proposition XII. Theorem. 

110. If two parallel lines are cut by a transversal^ the 
alternate-interior angles are equal. 



E f -^ F 



Ch 




D 



Let EF and GH be two parallel lines cut by the transversal BC. 
To prove that ZUBC^ZB CH. 

Proof. Through 0, the middle point of BC, suppose AD 
drawn ± to GH. 

Then AD is likewise ± to EF, § 107 

(a straight, line -L to one of two Wnis l.tothe other), 
that is, CD and BA are both ± to AD, 

Apply the figure COD to the figure BOA, so that OD shall 
fall along OA. 

Then OC will fall along OB, § 93 

{sinjce A COD = Z BOA, being vertical A); 

and C will fall on B, 

(since OC = OB, by construction). 

Then the ± CD will fall along the ± BA, § 96 

(only one ± can be drawn to a given line from a given external point). 

.'. Z. OCD coincides with Z OB A, and is equal to it, § 60 

(two angles are equal, if their vertices coincide and their sides coincide, each 

with each), 

Q. B. D. 
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Proposition XIII. Theorem. 

111. Conversely : When two straight lines in the same 
plane are cut by a transversal^ if the altematerinterior 
angles are equals the two straight lines are parallel. 



M- — _ 




Let £F cat the straight lines AQ and CD in the points H and K, 
and let the angles AHK and HKD be equal. 

To prove that AB is II to CD. 

IPrwi. Suppose JOT drawn through If II to CD. 

Then Z MHK = Z HKD, § 110 

(being aU.-int. A of II lines). 

But Z AHK = Z HKD. Hyp. 

.\ A MHK ^ /. AHK. Ax. 1 

.'. MN and AB coincide. § 60 

But MN is II to CD. Const. 
.". ABy which coincides with MN, is II to CD. 

Q. B. D. 



Ex. 6. Find the complement and the supplement of an angle that con- 
tarns 37° 53' W\ 

Ex. 6. If the complement of an angle is one thnd of its supplementy 
how many degrees does the angle contain ? 
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Proposition XIV. Theorem. 

112. If two paroLld lines are cut hy a transversal^ the 
exterior-anterior angles are equal. 



E 




Let AB and CD be two parallel lines cut by the transversal £F, 
in the points H and K. 

To prove that Z EHB = Z HKD, 

Proof. Z EJETB = Z AHK, § 93 

(being vertical A), 

Z.AHK=AHKDy §110 

ipeiiig aU.'int. AofW lines). 

.-. Z EHB = Z HKD. Ax. 1 

In like manner A EH A = Z.HKC, q.e.d. 

113. Cor. The alternate-exterior angles EHB and CKF, 
and also A HE and DKF, are equal. 

Proposition XV. Theorem. 

114. Conversely : When two straight lines in a plane 
are cut by a transversal^ if the exterior-interior angles 
are equals these two straight lines are parallel. 

(Proof similar to that in § 111.) 
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Pboposition XVI. Theorem. 

115. If two parallel lines are cut by a transversal^ the 
two interior angles on the same side of the transversal 
are supplementary. 




Let AB and CD be two parallel lines cut by the tianaversal £F 
in the points H and K. 

To prove that A BHK and HKD are supplementary, 

Pitxrf . Z EHB + Z BHK = a st. Z, § 86 

(being 9up,-adj' ^)' 

But Z UHB = Z HKD, § 112 

{being extMnt, AofW lines). 

.'. Z BHK + Z HKD = a st. Z. 
.'.A BHK and HKD are supplementary. § 77 

Q. B. D. 

Proposition XVII. Theorem. 

116. Conversely ; When two straight lines m a plane 
are cut by a transversal, if two interior angles on the 
same side of the transversal are supplementary , the two 
straight lines are parallel. 

(Proof similar to that in § 111.) 
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TRIANGLES. 

117. A triang^le is a portion of a plane bounded by three 
straight lines ; as, ABC (Fig. 1). 

The bounding lines ai'e called the 
sides of the triangle, and their sum is 
called its perimeter ; the angles included 
by the sides are called the angles of the 
triangle, and the vertices of these angles, 
the vertioes of the triangle. 

118. Adjacent angles of a rectilinear 
figure are two angles that have one side 
of the figure common; as, angles A 
and B (Fig. 2). no. 2. 

119. An exterior angle of a triangle is an angle included by 
one side and another side produced; as, ACD (Fig. 2). The 
interior angle ACB is adjacent to the exterior angle; the inte- 
rior angles, A and B, are called opposite interior angles. 




~I> 






Scalene. 



Isoeoeles. 



Equilateral. 



120. A triangle is called a scalene triangle when no two of 
its sides are equal ; an isosceles triangle, when two of its sides 
are equal ; an equilateral triangle, when its three sides are equal. 







Bight. 



Ol>tiifle. 



Aonte. 



Equiangular. 
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121. A triangle is called a right triangle^ when one of its 
angles is a right angle; an obtuse triangle, when one of its 
angles is an obtuse angle; an acute triangle, when all three 
of its angles are acnte angles; an equiangular triangle, when 
its three angles are equal. 

122. In a right triangle, the side opposite the right angle is 
called the hypotenuse, and the other two sides the legs. 

123. The side on which a triangle is supposed to stand is 
called the base of the triangle. In the isosceles triangle, the 
equal sides are called the legs, and the other side, the base ; in 
other triangles, any one of the sides may be taken as the base. 

124. The angle opposite the base of a triangle is called the 
vertical angle, and its vertex, the vertex of the triangle. 

125. The altitude of a triangle is the perpendicular from the 
vertex to the base, or to the base produced ; as, AD (Fig. 1). 

126. The three perpendiculars from the vertices of a triangle 
to the opposite sides (produced if necessary) are called the 
altitudes of the triangle ; thfe three bisectors of the angles are 
called the bisectors of the triangle; and the three lines from 
the vertices to the middle points of the opposite sides are 
called the medians of the triangle. 

127. If two triangles have the angles of the one equal, respec- 
tively, to the angles of the other, the equal angles are called 
homologous angles, and the sides opposite the equal angles are 
called homologous sides. 

128. Two triangles are equal in all respects if they can be 
made to coincide (§ 60). The homologous sides of equal trir 
angles are equal, and the homologous angles are equal. 
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Proposition XVIII. Theorem. 

129. The sum of the three angles of a triangle is egual 
to two right angles. 

B E 

/ \ / 



Let A, B, and BCA be the angles of the triang^le ABC. 

To prove that A A '\- A B -{-ZBCA = 2H. A, 

Proof. Suppose CE drawn II to AB, and prolong AC to F. 

Then /.EOF -^-A ECB '\- /.BCA=^2Yt, A, §89 

(the aum of all the A abonti a point on the same Me of a straight line 
passing through the point is equxd to £rt. A). 

But /:A = ZECF, §112 

(being ext.-int. A of the II lines AB and CE), 

and ZB = Z BCE, § 110 

(being aU.-int. A of the II lines AB and CE). 

Put for the A EOF and BCE their equals, the A A and B. 
Then ZA -{-ZB -h^BCA = 2Tt. A. q.b.d. 

130. Cor. 1. The sum of two angles of a triangle is less 
than two right angles. 

131. Cor. 2. Jff^ the sum of two angles of a triangle is 
taken from two right angles^ the remainder is equal to the 
third angle. 

132. Cor. 3. Jf two triangles have two angles of the one 
equal to two angles of the other^ the third angles are equal. 



TRIANGLES. S3 

133. Cob. 4. If two right triangles have an aetUe angle of 
the one equal to an acute angle of the other^ the other acute 
angles are equal. 

134. Cob. 5. In a triangle there can be hut one right angle^ 
or one obtuse angle. 

135. Cob. %, In a right triangle the two acute angles are 
together equal to one right angle^ or 90^. 

136. Cob. 7. In an equiangular triangle^ each angle is one 
third of two right angles^ or 6(P. 

137. Cob. 8. An exterior angle of a triangle is equal to 
the sum of the two opposite interior angles^ and therefore 
greater than either of them. 

Pboposition XIX. Theobem. 

138. The sum of two sides of a triangle is greater than 
the third side, and their difference is less than the third 
side. 




In the triang^le ABC, let AC be the longest side. 

To prove that AB -hBC>AC, and AC — BC < AB, 

Pnxrf. AB^-BOAC, §49 

(a straight line is the shortest line from one point to anx)ther). 

Take away BC from both sides. 
Then AB>AC-BC, Ax. 5 

or AC-BC<AB. q.b.d. 
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Proposition XX. Theorem. 

139. Two triangles are equal if two angles and the 
included side of the one are equals respectively ^ to two 
angles and the included side of the other. 

c 





A B D E 

In the triangles ABC, DBF, let the angle A be equal to the angle 
D, B to £, and the side AB to D£. 

To prove that A ABC = A DEF, 

Proof. Apply the A ABC to the A DEF so that AB shall 
coincide with its equal^ DE. 

Then AC will fall along DF, and J5(7 along EF, 
{for ZA=ZD, andZB = ZE,by hyp.). 

.-. C wHl fall on F, § 48 

(two straight lines can intersect in only one point). 

.*. the two A coincide, and are equal. § 60 

Q. B. D. 

140. Cor. 1. Two triangles are equal if a side and any two 
angles of the one are eq^ial to the homologous side and two 
angles of the other. § 132 

141. Cor. 2. Two right triangles are equal if the hypote- 
nuse and an acute angle of the one are equals respectively^ to 
the hypotenuse and an acute angle of the other. • § 133 

142. Cor. 3. Two right triangles are equal if a leg and 
an acute angle of the one are equals respectively^ to a leg 
and the homologous acute angle of the other. § 133 
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Proposition XXI. Theorem. 

143. Two triangles are equal if two sides and the in- 
eluded angle of tlie one are equals respectively^ to two sides 
and the included angle of the other. 





A B D E 

In the triang^les ABC and DEF, let AB be equal to DE, AC to DF, 
and the angle A to the angle D. 

To prove that AABC = A DEF, 

Proof. Apply the A ABC to the A DEF so that AB shall 
coincide with its equal, DE. 

Then A C will fall along DF, 
(for Z.A — AD^by hyp,); 

and C will fall on F, 
(for AC = DF, by hyp.). 

.-. CB = FE, 

ifheir extremities being the same points), 

.'. the two A coincide, and are equal. q.e.d. 

144. Cor. Two right triangles are equal if their legs are 
equals each to each. 

Note. In § 139 we have given two angles and the included side, in 
§ 143 two sides and the included angle ; hence, by interchanging the 
words sides and angles, either theorem is changed to the other. This 
is called the JPrinciple of Duality, or the Principle of Reciprocity, The 
reciprocal of a theorem is not always true, just as the converse of a 
theorem is not always true. 
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Proposition XXII. Theorem. 

145. In an isosceles triangle the angles opposite the 
eqvnl sides are equal. 




Let ABC be an isosceles triang^le, having AB and AC equal. 

To prove that AB = Z.C, 

Proof. Suppose AD drawn so as to bisect the Z BAC, 

In the A ADB and ADC, 

AB = AC, Hyp. 

AD = AD, Iden. 

and Z BAD = Z CAD. Const. 

.-. A ADB = A ADC, § 143 

(^100 ^ are equal if two sides and the included Z. of the one are equal, 
respectively, to two sides and the included Z of the other), 

,\AB = AC, §128 

(being homologous angles of equal triangles), q. e. d. 

146. Cor. An equilateral triangle is equiangular, and each 
angle is two thirds of a right angle. 



Ez. 7. If the equal sides of an isosceles triangle are produced, the 
angles on the other side of the base are equal. 



TRIANGLES. 
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Proposition XXIII. Theorem. 

147. If two angles of a triangle are eqaaly the sides 
opposite the equal angles are equal, and the triangle is 
isosceles. 




In the triangle ABC, let the angle B be equal to the angle C. 

To prove that AB = AC, 

Proof. Suppose AD drawn ± to J5(7. 

In the rt. A ADB and ADC, 

AD = AD, Iden. 

and Z J5 = Z a Hyp. 

.-. rt. A ADB = rt. A ADC, § 142 

(hwoing a leg and an acute Z of the one equal, respectively, to a leg and 

the homologous a/nde Z of the other). 



.-. AB = AC, 
{being homologous sides of equal ^). 



§ 128 

Q. B. D. 



148. Cor. 1. An equiangular triangle is also equilateral. 

149. Cor. 2. The perpendicular from the vertex to the 
base of an isosceles triangle bisects the base^ and bisects the 
vertical angle of the triangle. 
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Proposition XXIV. Theorem. 

150. Tioo triangles are equal if the three sides of the 
one are equals respectively ^ to the three sides of the other. 





In the triang^les ABC and A'B^CT, let AB be equal to A'B', AC to 
A'C, BC to B'C. 

To prove that AABC = AA'B' C. 

Proof. Place A A'B'C in the position AB'C, having its 
greatest side A'C in coincidence with its equal AC, and its 
vertex at B', opposite J5; and draw BB'. 

Since AB = AB', Hyp. 

Z ABB' = Z AB'B, § 146 

(in an isoacelea A the A opposite the equal sides are equal). 

Since CB = CB', Hyp. 

Z CBB' = Z CB'B. § 145 

.-. Z ABB' + Z CBB' = Z J^'J5 + Z C^'J5. Ax. 2 
Hence, Z ABC = Z AB'C. 

.\AABC=AAB'C, § 143 

[two ^ are equal if two sides and the included A of the one are equal, 
respectivdy, to two sides and the included Z of the other), 

.\ A ABC ^ A A'B'C. q.b.ix 
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Proposition XXV. Theorem. 

151. Two right triangles are equal if a leg and the 
hypotermse of the one are eqicaly respectively ^ to a leg 
and the hypotenuse of the other. 




A' 



/ 



B' 



'c 




In the right triangles ABC and A^^CT, let AB be equal to A'B^ and 
AC to A'C. 

To prove that AABC=^AA'B'C\ 

Proof. Apply the A ^^C to the A A'B'C\ so that AB shall 
coincide with A^B\ A falling on A\ B on B\ and C and C" on 
opposite sides of A^B^. 

Then BC wHl fall along C"2?' produced, 

(fw /.ABC = ZA'RC, each being a H. Z). 

Since AC = A'C, Hyp. 

the A A'CC is an isosceles triangle. § 120 

.\ZC = Z C, § 145 

{A opposite the equal sides of an isosceles A are equal). 

.-. A ^J5C and A^B'O are equal, § 141 

{two right kk are equal if they have the hypotenuse and an acute Z. of the 
one equal to the hypotenuse and an acute Z of the other). 

. Q. E. D. 



Ez. 8. How many degrees are there in each of the acute angles of an 
isosceles right triangle ? 
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Pboposition XXVI. Theorem. 

152. If two sides of a triangle are unequal, the angles 
opposite are unequal, and the greater angle is opposite 
the greater side. 



In the triangle ACB, let AB be greater than AC. 
To prove that Z. ACB is greater than Z. B, 
Proof. On AB take AE equal to AC, 

Draw EC, 

ZAEC^AACE, §145 

{fmng A opposite equal sides). 

But Z AEC is greater than ZB, § 137 

(an exterior Zofa Ais greaier than either opposite interior Z), 

and Z ACB is greater than Z ACE, Ax. 8 

Substitute for ZACE its equal Z AEC, 

then Z ACB is greater than Z AEC. 

Since Z AEC is greater than Z B, and Z ^CjB is greater 
than Z ^^(7, 

Z ^(7^ is greater than Z ^. q.e.d. 



Ex. 9. If any angle of an isosceles triangle is equal to two thirds of a 
right angle (60®), what is the value of each of the two remaining angles ? 

Ex. 10. One angle of a triangle is 34°. Find the other angles, if one 
of them is twice the other. 
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Proposition XXVII. Theorem. 

153. Reciprocally : If two angles of a triangle are 
unequalj the sides opposite are unequal^ and the greater 
side is opposite the greater angle. 




In the triangle ACB, let the angle C be greater than the angle B. 

To prove that AB>AC, 

Proof. Kow^^ = ^C, or <^(7, or >^a 

But AB is not equal to AC] 

for then the Z C would be equal to the Z B, § 145 
(being A opposite equal sides). 

And AB is not less than A C ; 

for then the Z C would be less than the Z.B. § 152 

Both these conclusions are contrary to the hypothesis that 
the Z C is greater than the Z B, 

Hence, AB cannot be equal to ^C or less than AC, 

.'.AB'^AC, Q.E.D. 



Ex. 11. If the yertical angle of an isosceles triangle is equal to 30^, 
find the exterior angle included by a side and the base produced. 

Ex. 12. If the yertical angle of an isosceles triangle is equal to 36°, 
find the angle included by the bisectors of the base angles. 
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Proposition XXVIII. Theorem. 

154. If two triangles have two sides of the one equals 
respectively^ to two sides of the other ^ hut the included 
angle of tlie first triangle greater than the included 
angle of the second, then the third side of the first is 
greater than the third side of the second. 




In the triangles ABC and ABE, let AB be equal to AB, BC to BE ; 
but let the angle ABC be greater than the angle ABE. 

To prove that AC> AE. 

Proof. Place the A so that AB of the one shall fall on 
AB of the other, and BE within the Z ABC. 

Suppose BF drawn to bisect the Z EBC, and draw EF, 

The A EBF and CBF are equal. § 143 

For BF = BF, Iden. 

BE=BCy Hyp 

and Z EBF = Z CBF. Const. 

.\EF=FC §128 

Now AF^-FE> AE. § 138 

.'.AF-^FOAE, 

.\ AC> AE. Q.E.D. 
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Pbo^osition XXTX. Theorem. 

155. Conversely : If two sides of a triangle are equal, 
respectively, to two sides of another, but the third 
side ofi tlie first triangle is greater than the third side 
of the second, tJien tJie angle opposite the third side of 
the first triangle is greater than the angle opposite the 
third side of the second. 

D 

A 





In the triangles ABC and DEF, let AB be equal to DE, AC to DF ; 
but let BC be greater than EF. 

To prove that the A A is greater than the Z. D, 

Proof. Now the Z .4 is equal to the Z D, or less than the Z.D, 
or greater than the Z D, 

But the Z .4 is not equal to the Z D ; 

for then the A ABC would be equal to the A DEF, § 143 

{having two aides and the included Z of the one equal, respectively, to two 

sides and the included A of the other), 

and BC would be equal to EF: 

And the Z ^ is not less than the Z D, for then BC would 
be less than EF, § 154 

Both these conclusions are contrary to the hypothesis that 
BC is greater than EF, 

Since the Z ^ is not equal to the Z Z> or less than the Z D, 

the Z ^ is greater than the Z D, q.b.]x 
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LOCI OF POINTS. 

156. If it is required to find a point which shall fulfil a 
single geometric condition, the point may have an unlimited 
number of positions. If, however, all the points are in the 
same plane, the required point will be confined to a particular 
line, or group of lines, 

A point in a plane at a given distance from a fixed straight 
line of indefinite length in that plane, is evidently in one of 
two straight lines, so drawn as to be everywhere at the given 
distance from the fixed line, one on one side of the fixed line, 
and the other on the other side of it. 

A point in a plane equidistant from two parallel lines in 
that plane is evidently in a straight line drawn between the 
two given parallel lines and everywhere equidistant from them. 

157. All points in a plane that satisfy a single geometrical 
condition lie, in general, in a line or group of lines ; and this 
line or group of lines is called the locus of the points that 
satisfy the given condition. 

15&. To prove completely that a certain line is the locus 
of points that fulfil a given condition, it is necessaiy to 
prove 

1. Any point in the line satisfies the given condition; 
and any point not in the line does not satisfy the given con- 
dition. 

Or, to prove 

2. Any point that satisfies the given condition lies in the 
line; and afiy point in the line satisfies the given condition. 

Note. The word lociis (pronounced lo'kus) is a Latin word that signi- 
fies place. The plural of locus is loci (pronounced lo'si). 

159. Def. a line which bisects a given line and is perpen« 
diculai^ to it is called the perpendicular bisector of the line. 
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Pboposition XXX. Theorem. 

160. The perpendicular bisector of a given line is the 
locus of points equidistant from the extremities of the 
line. 

R 
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Let PR be the perpendicular bisector of the line AB, any point in 
PR, and C any point not in PR. 

Draw OA and OB, CA and CB. 

To prove OA and OB equal, CA and CB unequal. 

Proof. 1. A OP A = A OPB, § 144 

for P^ = PB by hypothesis, and OP is common, 
{pwo right ^ are equal if their legs are equals each to each). 

.-. OA = OB. § 128 

2. Since C is not in the ±, CA or CB will cut the _L. 

Let CA cut the J> at D, and draw DB. 

Then, by the first part of the proof DA = DB. 

But CB<CD+ DB. § 138 

.'.CB<CD -{-DA. 

That is, CB < CA. 

.'. PB is the locus of points equidistant from A and B. § 158, 1 

Q. B. D. 

16L Cob. Two points each equidistant from the extremi- 
ties of a line determine the perpendicular bisector of the line. 
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Pboposition XXXI. Theorem. 

162. The bisector of a given angle is the locus of points 
equidistant from the sides of the angle. 




A G c^ 

Let be any point equidistant from the sides of the angle PAQ. 

To prove that is in the bisector of the Z. PAQ, 
Proof. Draw AO. 

Suppose OF drawn X to AP and OG 1. to AQ, 

In the rt. A AFO and AGO, 

AO = AO, Iden. 

OF=OG, Hyp. 

.\ A AFO = A AGO. §151 

.\ZFAO = ZGAO, §128 

.'. is in the bisector of the Z PAQ. 

Let D be any point in the bisector of the angle PAQ. 

To prove that D is equidistant from AP and AQ. 

Proof. Suppose DB drawn ± to AP and DC ± to AQ. 

In the rt. A ABD and ACD, 

AD = ADj Iden. 

Z DAB = Z DACy Hyp. 

.\AABD = AACD. §141 

.\DB = DC. §128 

.*. D is equidistant from AP and AQ. 

.*. the bisector of the Z PAQ is the locus of points that are 

equidistant from its sides. § 158^ 2 



QUADRILATERALS. 
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QUADRILATERALS. 

163. A quadrilateral is a portion of a plane bounded by 
four straight lines. The bounding lines are the sides, the 
angles formed by these sides are the angles, and the vertices 
of these angles are the vertices, of the quadrilateral. 

164. A trapezium is a quadrilateral which has no two sides 
parallel. 

165. A trapezoid is a quadrilateral which has two sides, and 
only two sides, parallel. 

166. A parallelogiam is a quadrilateral which has its oppo- 
site sides parallel. 




Trapesium. 



Trapesoid. 



ParaUelogram. 



167. A rectangle is a parallelogram which has its angles 
right angles. 

168. A square is a rectangle which has its sides equal. 

169. A rhomboid is a parallelogram which has its angles 
oblique angles. 

170. A rhombus is a rhomboid which has its sides equal. 




Square. 



Keetangle. 



Bhombns. 



Bhomboid. 



171. The side upon which a parallelogram stands, and the 
opposite side, are called its lower and upper bases. 
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172. Two parallel sides of a trapezoid are called its bases, 
the other two sides its legs, and the line joining the middle 
points of the legs is called the median of the trapezoid. 

173. A trapezoid is called an isosceles 
trapezoid if its legs are equal. 

174. The altitude of a parallelogram 
or trapezoid is the perpendicular dis- 
tance between its bases, as PQ. 

175. A diagonal of a quadrilateral is a straight line joining 
two opposite vertices, 93 AC. 

Proposition XXXII. Thbobem. 

176. Two angles whose sides are parallel, each to each, 
are either equal or supplementary. 




A. 



.^^ 



c. 



•y" 



_^ 



D. 



X 



M ,r^^^ N 




Let BA be parallel to HD, and BC be parallel to MN. 

To prove A a, a* and c equal ; a and c' supplementary. 
Proof. Let SD and BC prolonged intersect at x. 
Then Z a = Z «, and Z a' = Z a;. § 112 

.'. Za = Za'. Ax. 1 

Also Zc = Za'(§ 93). .•.Zc = Za. Ax. 1 

Now Z a' and Z c' are supplementary. § 89 

Put Z a for its equal, Z a\ 
Then Z a and Z c' are supplementary. q.b.d. 

177. Cor. The opposite angles of a parallelogram are 
equals and the adjacent angles are supplementary. 
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Proposition XXXTIL Theorem. 
178. Tlie opposite sides of a paralldogram are equal. 





Let the figure ABCS be a parallelogram. 

To prove BC = AE, and AB = EC. 

Proof. Draw the diagonal AC. 

AABC-=ACEA. §139 

For AC is common, 

ZBAC^ZACE, sjid ZACB = ZCAE, § 110 
(being aU.-irU. A of II lines). 

.'. BC = AEy and AB = CE, § 128 

{being homologous sides of equal A). q. b. d. 

179. Cor. 1. A diagonal divides a parallelogram into two 
equal triangles. 

180. Cor. 2. Parallel lines comprehended between parallel 
lines are equal. 

181. Cor. 3. Two parallel line% 
are everywhere equally distant. 

For if AB and DC are parallel, 
-k dropped from any points in AB to DC, are equal, § 180. 
Hence, all points in AB are equidistant from DC. 
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Proposition XXXIV. Theorem. 

182. If the opposite sides of a quadrilateral are equals 
the figure is a parallelogram. 





Let the figure ABCE be a quadrilateral, having BC equal to AE 
and AB to EC. 

To prove that the figure ABCE is a O. 

Proof. Draw the diagonal A C. 

In the A ABC and CEA, 

BC^AE, Hyp. 

AB = CE, Hyp. 

and AC == AC. Iden. 

.\AABC=^ACEA, §160 

{having three sides of the one equals respectively^ to three sides of the otfier), 

.\ZACB = ZCAE, §128 

and ZBAC=ZACE, 

{being hcymologous A of equal &). 

.'. BC is II to AE, 

and AB is II to EC, § 111 

{two lines in the same plane cut by a transversal are parallel, if the 

alt. -int. A are equ^l). 

.'. the figure ABCE is a O, , § 166 

{Jiaving its opposite sides paralleJ). q. b. D. 



QUADRILATERALS. 61 

Proposition XXXV. Thvobkm. 

183. If two sides of a qiuidrilateral are equal and 
parallel^ then the other two sides are equal and parallel, 
and the figure is a parallelogram. 




Let the figure ABCE be a quadrilateral, having the side AS equal 
and parallel to BC. 

To prove that AB is equal and parallel to EC. 

Proof. Draw AC, 

The A ^^C7 and CEA are equal, § 143 

(having two sides and the included Z of each eguoZ, respectively). 

For AC IB common, 

BC = AEy Hyp. 

and Z BCA = Z CAE, § 110 

{being alt.-int. A of II lines), 

.'. AB = EC, 

and Z BAC = Z ACE, § 128 

{being homologous parts of equal ^). 

.-. AB is 1! to EC, § 111 

ipwo lines are II, if the aU.-int, A are equal). 

.-. the figure ABCE is a O, § 166 

{the opposite sides being parallel), q. b. d. 
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Proposition XXXVI. Theorem. 

184. The diagonals of a paralldogram Insect each other. 

is o 




Let the figure ABCE be a parallelogram, and let the diagonals AC 
and BE cut each other at 0. 

To prove that AO = OC, and BO = OK 

Proof. In the A AOE and COB, 

AE=BC, §178 

{being opposite sides of a O). 

Z.OAE = /LOCB, §110 

and Z OEA = Z OBC, 

(being alt. -int. AofW lines). 

.'. A AOE = A COB, § 139 

{kam/ng two A and the included side of the one equal, respectively, to two 

A and the included side of the other). 

.\ AO = OC, and BO = OE, § 128 

(being homologotis sides of equal A). q. b. d. 



Ex. 13. The median from the vertex to the base of an isosceles tri- 
angle is perpendicular to the base, and bisects the vertical angle. 

Ex. 14. If two straight lines are cut by a transversal so that the alter- 
nate-exterior angles are equal, the two straight lines are parallel. 

Ex. 15. If two parallel lines are cut by a transversal, the two exterior 
angles on the same side of the transversal are supplementary. 

Ex. 16. If two straight lines are cut by a transversal so as to make the 
exterior angles on the same side of the transversal supplementary, the two 
lines are parallel. 
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Proposition XXXVII. Theorem. 

185. Two parallelograms are equal, if two sides and 
the included angle of the one are equals respectively, to 
two sides and the included angle of the other. 



c ^ c' 







In the parallelogiams ABCD and A'B'CIK, let AB be equal to A'B% 
AD to AD', and angfle A toA^ 

To prove that the UJ are equal. 

Proof. Place the O ABCD on the O A'B'CD', so that AD 
will fall on and coincide with its equal, A'D'. 

Then AB will fall on A'B', and ^ on ^'; 
{forZA^ AA\ arvi AB = A'W, hy hup)- 

Kow, BC and B^C are both II to A^D^ and drawn through B^, 

.'. BC and B'C' coincide, § 106 

{through a given point only one line can be dravon II to a given line). 

Also DC and D'C* are II to A'B^ and drawn through i>'. 

.-. DC and D'O coincide. § 105 

,-. C falls on C, § 48 

(two lines can intersect in only one point). 

.'. the two UJ coincide, and are equal. q.b.d. 

186. Cor. Two rectangles having equal bases and altitudes 
are equal. 
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Proposition XXXVIII. Theorem. 

187. If three or more parallels intercept equal part» 
on Ofm transfoersaly tkey intercept equal parts cm every 
transversal. 




Let the parallels AH, BK, CM, DP intercept equal parts HK, KM, 
MP on the transversal HP. 

To prove that they intercept equal parts AB, BC, CD on 
the transversal AD. 

Proof. Suppose AJS, BF, and CG drawn II to BF. 

A AEB, BFC, etc. = A HKE, KMF, etc., respectively. § 112 

But A HKE, KMF, etc. are equal. § 112 

.'.A AEB, BFC, etc. are equal. Ax. 1 

Also A BAE, CBF, etc. are equal. § 112 

Now AE = SK, BF = KM, CG = MF, § 180 

(paraUeU comprehended between, parallels are equaJ). 

r.AE^BF^CG. Ax. 1 

.-. A ABE = A BCF = A CDG, § 139 

{fios'oi'ng two A and the included side of each respectively equal). 

.\AB = BC = CD. §128 

Q.B.D. 
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188. Gob. 1, If a line is parallel to the base of a triangle 
and bisects one side^ it bisects the other 
side also. 




Let DH be II to BC and bisect AB. Sup- 
pose a line is drawn through A II to BC. 
Then this line is II to DJE, by § 106. The 
three parallels by hypothesis intercept 
equal parts on the transversal AB, and therefore^ by § 187, 
they intercept equal parts on the transversal AC; that is, the 
line DE bisects AC. 

189. Cob. 2. The line which joins the middle points of two 
sides of a triangle is parallel to the third side^ and is equal 
to half the third side. 

A line drawn through 2>, the middle point of AB, II to BC, 
passes through E, the middle point of -4C, by § 188. There- 
fore, the line joining D and E coincides with this parallel and 
is II to BC. Also, since EF drawn II to AB bisects AC, it 
bisects BC,hY % 188 ; that is, BF^FC = \BC. But BDEF 
is a O by § 166, and therefore DE=BF=iBC. 

190. Cob. 3. The median of a trapezoid is parallel to the 
bases^ and is equal to half the sum 
of the bases. 
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Draw the diagonal DB. In the 
A ADB join E, the middle point of 
AD, to F, the middle point of DB. 
Then, by § 189, EF is II to AB and = iAB. In the ADBC 
join F to G, the middle point of BC Then FG is II to DC 
and = J DC. AB and FG, being II to DC, are II to each other. 
But only one line can be drawn through F II to AB (§ 105). 
Therefore FG is the prolongation of EF. Hence, EFG is 
parallel to ^IB and DC, and equal to i (AB + DC). 
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POLYGONS IN GENERAL. 

191. A polygon is a portion of a plane bounded by straight 
lines. 

The bounding lines are the sides, and their sum, the. perim> 
eter of the polygon. The angles included by the adjacent 
sides are the angles of the polygon, and the vertices of these 
angles are the vertices of the polygon. The number of sides 
of a polygon is evidently equal to the number of its angles. 

192. A diagonal of a polygon is a line joining the vertices 
of two angles not adjacent; as, AC (Fig. 1). 

B 






FlO. 3. 

193. An equilateral polygon is a polygon which has all its 
sides equal. 

194. An equiangular polygon is a polygon which has all its 
angles equal. 

195. A convex polygon is a polygon of which no side, when 
produced, will enter the polygon. 

196. A concave polygon is a polygon of which two or more 
sides, if produced, will enter the polygon. 

197. Each angle of a convex polygon (Fig. 2) is called a 
salient angle, and is less than a straight angle. 

198. The angle UDF of the concave polygon (Fig. 3) is 
called a re-entrant angle, and is greater than a straight angle. 

When the term polygon is used, a convex polygon is meant. 
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199. Two polygons are eqtuU when they can be divided by 
diagonaLs into the same number of triangles, equal each to each, 
and similarly placed ; for if the polygons are applied to each 
other, the corresponding triangles will coincide, and hence the 
polygons will coincide and be equal. 

200. Two polygons are mutually equiangular, if the angles 
of the one are equal to the angles of the other, each to each, 
when taken in the same order. Figs. 1 and 2. 

201. The equal angles in mutually equiangular polygons are 
called homologous angles; and the sides which are included 
by homologous angles are called homologous sides. 

202. Two polygons are mutually equilateral, if the sides of 
the one are equal to the sides of the other, each to each, when 
taiken in the same order. Figs. 1 and 2. 






Ite. 4. Fig. 6. FiQ. 6. Fia. 7. 

203. Two polygons may be mutually equiangular without 
being mutually equilateral ; as, Figs. 4 and 5. 

And, except in the case of triangles, two polygons may be 
mutually equilateral without being mutually equiangular ; as, 
Figs. 6 and 7. 

K two polygon* are mutually equilateral and mutually equi- 
angular, they are equal, for they can be made to coincide. 

204. A polygon of three sides is called a triangle; one of 
four sides, a qiuxdrilateral ; one of five sides, Si, pentagon; one 
of six sides, a hexagon ; one of seven sides, a heptagon ; one 
of eight sides, an octagon ; one of ten sides, a decagon ; one of 
twelve sides, a dodecagon. 
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Proposition XXXIX. Theorem. 

205. The sum of the interior angles of a polygon is 
equal to two right angles j taken as many timjes less two 
as the figure has sides. 




Let the figure ABCDEF be a polygon, having n sides. 

To prove that ZA + ZB + ZC, etc. = (ti - 2) 2 rt A, 

Proof. From A draw the diagonals AC, AD, and AE. 

The sum of the A of the A is equal to the sum of the A of 

the polygon. 

Now, there are (n — 2) A, 

and the sum of the A of each A = 2 rt. ^4. § 129 

.'. the sum of the A of the A, that is, the sum of the A of 
the polygon is equal to (n — 2)2 rt. A, q.b.d. 

206. Cor. The sum of the angles of a quadrilateral equals 
4 right angles ; and if the angles are all equals each is a right 
angle. In general, each angle of an equiangular polygon of 

n sides is equal to right angles. 



Ex. 17. How many diagonals can be drawn in a polygon of n sides ? 
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Pboposition XL. Thborbm. 

207. The exterior angles of a polygon^ made by pro- 
dudng each of its sides in succession^ are together equal 
to four right angles. 




Let the figure ABCDS be a polygon, haying its sides produced in 
succession. 

To prove the sum of the ext» A = ^rt. A, 

Proof. Denote the int. A of the polygon by A, B, C, D, E^ 
and the corresponding ext. A by a, b, c, d, e. 

Z.A + Za = 2Tt.A, §89 

and ZB-\-^b=2Tt.A, 

(being sup.-cuJij, A), 

In like manner each pair of adj. 2^ = 2 rt. A. 

.". the sum of the interior and exterior Aoi 2l polygon of n 
sides is equal to 2 9i rt. A, 

But the sum of the interior A = (n — 2)2 it. A, § 205 

= 2 n rt. 2^ — 4 rt. A 
.*. the sum of the exterior ^ = 4 rt. ^. q.b.d. 



Ex. 18. How many sides has a x>olygon if the sum of its interior A is 
twice the som of its exterior A ? ten times the sum of its exterior A ? 



60 



BOOK L PLANE GEOMETRY. 



STMMETRT. 



208. Two points are said to be symmetrical with respect to 
a third pointy called the centre of symmetry; if this third point 
bisects the straight line which joins them. 



X^ 









Two points are said to be symmetrical with respect to a 
straight line^ called the axis of symmetry, if this straight line 
bisects at right angles the straight line which joins them. 

Thus, P and P' are symmetrical with respect to O as a centre, and XX' 
as an axis, if O bisects the line PP", and if XX' bisects PP' at right angles. 

209. A figure is symmetrical with respect to a point as a 
centre of symmetry, if the point bisects every straight line 
drawn through it and terminated by the boundary of the figure. 

210. A figure is symmetrical with respect to a line as an 
axis of symmetry if one of the parts of the figure coincides, 
point for point, with the other part when it is folded over on 
that line as an axis. 



211. Two figures are said to be symmet- 
rical with respect to an axis if every point 
of one has a corresponding symmetrical 
point in the other. 

Thus, if every point in the figure A^RC^ has a 
symmetrical point in ABC, with respect to XX' 
as an axis, the figure A^RC is symmetrical to 
ABC with respect to XX' as an azi& 
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Pboposition XLI. Thbobbm. 

212. A gwtdnLatercd which has two adjacent sides 
equals and the other two sides equals is symmetrical with 
respect to the diagonal joining the vertices of the angles 
formed by the equal sides y and the diagonals are perpen- 
dicular to each other. 




Let ABCD be a quadrilateral, having AB equal to AD, and CB equal 
to CD, and having the diagonals AC and BD. 

To prove that the diagonal AC is an a^is of symmetry, and 
that it is 1. to the diagonal BD. 



Proof. In the A ABC and ADC, 



and 



AB = AD, and BC = DC, 
AC = AC 
.\AABC = AADC. 
. Z BAC = Z DAC, and Z BCA = Z DCA. 



Hyp. 
Iden. 
§ i50 



Hence, if ABC is turned on AC as an axis until it falls on 
ADC, AB will fall upon AD, CB on CD, and OB on OD. 

/. the A ABC will coincide with the A ADC 
.-. AC is an axis of symmetry (§ 210) and is ± to BD, § 208 

Q. B. D. 
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Pkoposition XLIL Theorem. 

213. If a figure is symmetrical with respect to two 
axes perpendicular to each other, it is symmetrical with 
respect to their intersection as a centre. 

T 





A 


B 


c 


D 




tt' 


ax /O 




Jk — 


H 







5; 






« K 





Let the figure ABCDEF6H be symmetrical with respect to the two 
perpendicular axes XX^, YY', which intersect at 0. 

To prove that is the centre of symmetry of the figure. 

Proof. Let N be any point in the perimeter. 

Suppose NMI drawn ± to FF, IKL L to XX". 

Tlien NI is II to XX and IL is II to FF. § 104 

Draw LO, ON, and KM, 

Now KI = KL, 

{the figure being symmetrical with respect to X^'). 
But KI = OM, 

.-. KL = OM, and KLOM is a O. 

.". LO is equal and parallel to KM, 

In like manner ON is equal and parallel to KM. 

.*. LON is a straight line. 

.*. O bisects LNy any straight line and therefore every straight 
line drawn through and terminated by the perimeter. 

.'. is the centre of symmetry of the figure. q.e.d. 



208 



§ 180 
§ 183 
§ 183 

§105 
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BBVmW QUBSTIONS ON BOOK I. 

1. What is the subject-matter of Geometry ? 

% What is a geometric magnitude ? ^ 

3. What is an axiom ? a theorem ? a conyerse theorem ? an oppo- 
site theorem ? a contradictory theorem ? 

4 Define a straight line ; a curved line ; a broken line ; a plane sur- 
face ; a curved surface. 

5. How many points are necessary to determine a straight line ? 

6. How many straight lines are necessary to determine a point ? 

7. On what does the magnitude of an angle depend ? 

S. Define a straight angle ; a right angle ; an oblique angle. 
9. Define adjacent angles ; complementary angles ; supplementary 
angles ; conjugate angles. 

10. Define parallel lines and give the axiom of parallels. 

11. If two lines in the same plane are parallel and cut by a trans- 
versal, what pairs of angles are equal ? what pairs are supplementary ? 

12. Define a right triangle ; an isosceles triangle ; a scalene triangle. 

13. To how many right angles is the sum of the angles of a triangle 
equal ? the sum of the acute angles of a right triangle ? 

14 To what angles is the exterior angle of a triangle equal ? 

15. What is the test of equality of two geometric magnitudes ? 

16. How does a reciprocal theorem differ from a converse theorem ? 

17. State the three cases in which two triangles are equal. 

18. State the cases in which two right triangles are equal. 

19. What is meant by a locus of points ? ^ 

20. Where are the points located in a plane that are each equidistant 
from two given points ? from two intersecting lines ? 

21. Define a parallelogram ; a trapezoid ; an isosceles trapezoid. . 

22. When is a figure symmetrical with respect to a centre ? 

23. When is a figure symmetrical with respect to an axis ? 

24. Must a triangle be equiangular if equilateral ? must a triangle be 
eqiiilateral if equiangular ? 

26. When are two polygons said to be mutually equiangular ? 

26. When are two polygons said to be mutually equilateral ? 

27. Can two polygons of more than three sides be mutually equiangular 
without being mutually equilateral ? mutually equilateral without being 
mutually equiangular ? 

28. What line do two points each equidistant from the extremities of 
a given straight line determine ? 



^ 
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METHODS OF PROVING THEOREMS. 

214. There are three general methods of proving theorems, 
the synthetic, the analytic, and the indirect methods. 

The synthetic method is the method employed in most of 
the theorems already given, and consists in putting together 
known truths in order to obtain a new truth. 

The anaZytic method is the reverse of the synthetic method. 
It asserts that the conclusion is true if another proposition is 
true, and so on step by step, until a known truth is reached. 
Thus, proposition A is true if proposition B is true, and B is 
true if C? is true ; but C is true, hence A and B are true. 

If a known truth suggests the required proof, it is best to 
use the synthetic form at once. If no proof occurs to the 
mind, it is necessary to use the analytic method to discover 
the proof, and then the synthetic proof may be given. 

The indirect method, or the method of reductio ad absurdum, 
is illustrated on page 41. It consists in proving a theorem to 
be true by proving its contradictory to be false. 

215. Generally auxiliary lines are required, as a line conr 
necting two points; a \md parallel to or perpendicular to a given, 
line; a line produced by its own length; a line making with 
another line an angle equal to a given angle. 

Two lines are proved equal by proving them homologous sides 
of equal triangles; or legs of an isosceles triangle; oi opposite 
sides of a parallelogram. 

Two angles are proved equal by proving them alternate-interior 
angles or exterior-interior angles of parallel lines ; or homolo- 
gous angles of equal triangles ; or base angles of an isosceles tri- 
angle; or opposite angles of a parallelogram,. 

Two suggestions are of special importance to the beginner : 

1. Draw as accurate figures as possible, 
' 2. Draw as general figures as possible. 
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Prove by the analytic method : 

« 

Ex. 19. A median of a triangle U less than haJf the sum of the tvoo adjOf 
cent sides. 

To prove the median AD < \(AB -\- AC), 
Now AD < \{AB + AC), 

if 2AD<AB + AC, 

This suggests producing AD by its own length to J7, 
and joining BE, 

Then AE = 2 AD, 

and 2AD<AB-^AC\iAE < AB -^ AC, 

But AE <AB-\- BE, § 138 

.-. AE <AB + AC if AC = BE, 
And AC = BEitAACD = AEBD. §128 

But AACDznA EBD, § 143 

For CD = 2)5, Hyp. 

AD = D^, • Const, 

and ZADC = ZBDE, §93 

.-. -4^<-4.B + -4C. 
.'.AD<i{AB + AC), 

Ex. 20. ^ straight line which bisects two sides of a triangle is paraUel 
to the third side. 

If AD = DB and AE = EC, to prove DE II to BC. 

Draw CG II to BA, and produce DE to meet it at G. ^ 

JD^ is II to J?C if BCGD is a O. § 166 JxE a 

BCQD is a O if CG = BD. § 183 j \~1 

CO = 5D if each is equal to AD, Ax. 1 ^ -^ 

Now BD = -4D. Hyp. 

And CG = AD\iA CGE = A ADE, § 128 

But A CGE = AADE. § 139 

For EC = ^^. Hyp. 

ZGEC = ZAED. §93 

ZECG = ZDAE. §110 
.-. i)J& is II to BC. 
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Prove by the synthetic method : 

Ex. 21. ITie middle point of the hypotenuse of a 
right triangle is equidistant from the three vertices. 

From 2), the middle point, draw DE ± to CB. 
D^ is II to ^C (why ?), and DE bisects CB (why ?). 
,-. D is equidistant from 5, A, and C (Why ?) c 

Ex. 22. If one acute angle of a right triangle is double the other^ the 
hypotenuse is double the shorter leg. 

The median CD = BD = AD (Ex. 21). 
ThenZb = Za; andZc = Z2a. (Why?) 
Now a + 2 a = 90°. (Why ?) 
.-. Za = 30«>; Z2a = 60°; Zc = 60°. 
.-. AACD is equilateral (why ?), and AD, half of 
AB = AC. ,',AB = 2AC. 

Ex. 23. If two triangles have two sides of the one equal, respectively, to 
two sides of the other, and the angles opposite two equal sides equal, the 
angles opposite the other two equal sides are equal or supplementary, and 
if equal the triangles are equal. 

Let ^C = A'C% BC - RC, and Z J? = Z B'. 

Place AA'RC on A ABC so that RC shall coincide" with BC, and 
Z A^ and Z A shall be on the same side of BC. 






Since ZR = ZB, RA' wiU fall along BA, and A' will fall at A or at 
some other point in BA, as D. If ^' falls at A, the ^A'WC and ABC 
coincide and are equal. 

If A' falls at D, the ^A'RC and DBC coincide and are equal. 

Since CD = C'A' =CA,ZA=Z CDA, (Why ?) 

But A CDA and CDB are supplements. (Why ?) 

.'. A A and CDB are supplements. (Why ?) 

Draw figures and show that the triangles are equal : 

1. If the given angles B and B^ are both right or both obtuse angles. 

2. If the required angles A and A"^ are both acute, both right, or both 
obtuse. 

3. If ^C and A^C are not less than BC and RC^ respectively. 
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Ex. 24. The bisectors of the angles of a triangle meet in a point which is 
equidistant from the sides of the triangle. 

Let the bisectors AD and BE intersect at 0. Then 
being in AD is equidistant from AC and AB. 
(Why ?) And O being in B^ is equidistant from BC 
and AB. Hence, is equidistant from AC and BC, 
and therefore in the bisector CF, (Why ?) 

Ex. 25. The perpendicular bisectors of the sides of a triangle m£et in a 
point which is equidistant from the vertices of the triangle. 

Let the ± bisectors EW and DD" intersect at 0. 
Then being in EW is equidistant from A and C. 
(Why ?) And being in DD" is equidistant from A 
and B. Hence, O is equidistant from B and C, and 
therefore is in the ± bisector FF\ (Why ?) 




,5* 




\ » 

V 



Ex. 26. ITie perpendiculars from the vertices of a triangle to the opposite 
sides meet in a point. 

Let the Js be AH, BP, and CK. Through A, 
B, C suppose ^C", A'C\ A'R, drawn II to BC, 
AC, AB, respectively. Then AH is ± to RC\ 
(Why?) -Now ABCR &nd ACBC Are lU (why?), 
and AR = BC, and AC = BC. (Why ?) That 
is, A is the middle point of B^C\ In the same way, B and C are the^ 
middle points of A^C^ and A^R, respectively. Therefore, AH, BP, and 
CK are the ± bisectors of the sides of the A A'RC\ Hence, they meet 
in a point. (Why ?) 

Ex. 27. The medians of a triangle meet in a point which is two thirds 
of the distance from each vertex to the middle of the opposite side. 

Let the two medians AD and CE meet in O. Take 
JFthe middle point of OA, and Q of OC. Join GF, 
FE, ED, and DG. In A AOC, GF is II to AC and 
equal to i AC. (Why ?) DE is II to ^C and equal to 
iAC. (Why?) Hence, DGFE is a O. (Why?) 
Hence, AF = F0= OD, and C(? = GO = OE. (Why ?) 
Hence, any median cuts off on any other median two thirds of the distance 
from the vertex to the middle of the opposite side. Therefore, the median 
from B will cut off AO, two thirds of AD ; that is, will pass through O. 

NoTB. If three or more lines pass through the same point, they are 
called concurrent lines. 
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Ex. 28. If an angle is bisected, and if a line is drawn through the vertex 
perpendicular to the bisector, this line forms equal angles with the sides 
of the given angle. 





E A F 



DAB 






Ex. 29. The bisectors of two supplementary adjacent angles are per- 
pendicular to each other. 

Ex. 30. If the bisectors of two adjacent angles are perpendicular to 
each other, the adjacent angles are supplementary. 

Ex. 31. The bisector of one of two vertical angles bisects the other. 

Ex. 32. The bisectors of two vertical angles form one line. 

Ex. 33. The bisectors of the two pairs of vertical angles formed by two 
intersecting lines are perpendicular to each other. 



Ex. 34. The bisector of the vertical angle of an isosceles 
triangle bisects the base, and is perpendicular to the base. 

A ABC = A BBC (§ 143). 

Ex. 36. The perpendicular bisector of the base of an 
isosceles triangle passes through the vertex and bisects 
the angle at the vertex (§ 160). 



Ex. 36. If the perpendicular bisector of the base of a 
triangle passes through the vertex, the triangle is isosceles. J^ ^ 

Ex. 37. Any point in the bisector of the vertical angle of an isosceles 
triangle is equidistant from the extremities of the base (Ex. 34, § 160). 

Ex. 38. If the bisector of an angle of a triangle is perpendicular to the 
opposite side, the triangle is isosceles. 

Ex. 39. If two isosceles t^riahgles are on the same base, a stFaight line 
passing through their vertices is perpendicular to the base, and bisects 
' base (§ 161). 



D B 
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Bz. 40. Two isosceles triangles are equal when a side and an angle of x 
the one are equal, respectively, to the homologous side and angle of the 
other. 

Ex. 41. The bisector of an exterior angle of an isosceles 
triangle, formed by producing one of the legs through the 
vertex, is parallel to the base. Why does A DA C = Z.B-{- 
ZC? Why does Z DAE = Z ABC? Why is ^^ II to BC ? 

Ex. 42. If the bisector of an exterior angle of a triangle is parallel to 
one side, the triangle is isosceles. 

Ex. 43. If one of the legs of an isosceles triangle is pro- 
duced through the vertex by its own length, the line joining 
the end of the leg produced to the nearer end of the base is 
perpendicular to the base. 

Z CBA = Z A, and Z CBD = ZD, (Why ?) 
.'.ZABD = ZA-\-ZD. 

Ex. 44. A line drawn from the vertex of the right angle of a right tri- 
angle to the middle point of the hypotenuse divides the triangle into two 
isosceles triangles. 

Ex. 45. If the equal sides of an isosceles triangle are produced through 
the vertex so that the external segments are equal, the extremities of 
these segments will be equally distant from the extremities of the base, 
respectively. 

/ D 
Ex. 46. If through any point in the bisector of an ^Z ^^^ j^ 

angle a line is drawn parallel to either of the sides of 

the angle, the triangle thus formed is isosceles. 

Ex. 47. Through any point C in the line AB an intersecting line is 
drawn, and from any two points in this line equidistant from C perpen- 
diculars are dropped on AB or -4j^^roduced. Prove that these per- 
pendiculars are equal. 

Ex. 48. If the median drawn from the vertex of a triangle to the base 
Is equal to half the base, the vertical angle is a right angle. 




Ex. 49. The lines joining the middle points of the sides of ^ 
a triangle divide the triangle into four equal triangles. 
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Ex. 50. The altitudes upon the legs of an isosceles triangle are eqnaL 

Rt. A BEC = rt. A CDB (§ 141). 

Bz. 51. If the altitudes upon two sides of a triangle are equal, the tri- 
angle is isosceles. 

Rt. A BEC = rt. A CDB (§ 161). 

A 

A A 







Ex. 52. The medians drawn to the legs of an isosceles triangle are equal. 

A BEC = A CDB (§ 143). 

Ex. 53. If the medians to two sides of a triangle are equal, the triangle 

is isosceles. 

BO = CO, and OE = OD (Ex. 27). 

Z BOE = Z COD, .-. A BOE = A COD (§ 143). 
Ex. 54 The bisectors of the base angles of an isosceles triangle are 

^^^' A BEC =z A CDB (§ 139). 

Ex. 55. Opfositb Theorem. If a triangle is not isosceles, the bisectors 
of the base angles are not equal. 

Let Z ABC be greater than ZACB; then KC > KB, (Why ?) 
Now CD > BE, if KD is greater than or equal to KE, 
But suppose ED < KE, Lay off KH = KD and KG = KB, join HG, 
and draw GF II to BE. 
AKDB=AKHG. (Why?) .. Z KHG = Z KDB, (Why?) 
.-. Z KEC is greater than Z KHG, (Why ?) .-. QF > HE. (Why ?) 
Z GFC is greater than Z FCG (i ACB). .-. CG > GF, and > HE, 
.-. KC-KG> KE - KH, or KC -\- KD > KB -\- KE, or CD > BE. 

Ex. 56. State the conyerse theorem of Ex. 54. Is the converse theo- 
rem true? 



[. 57. The perpendiculars dropped from the middle 
point of the base upon the legs of an isosceles triangle are 
equal. a BED = A CFD (§ 141). 

Bz. 58. State and prove the converse. 

A BED = A CFD (§ 151). 




EXERCISES. 



71 



Bz. 59. The difEerence of the distances from any 
point in the base produced of an isosceles triangle to 
the equal sides of the triangle is constant. 

Rt. A DOC = rt A BFC, (Why ?) .-. BF = BG, 
.-. DE - DF = DE - DG = EG, the ± distance 
between the two lU, BA and CH, 





Ex. GO. The sum of the perpendiculars dropped from any point in the 
base of an isosceles triangle to the legs is constant, and equal to the alti- 
tude upon one of the legs. 

Let PE and PD be the Js and BF the altitude. 
Draw PG ± to BF. 

EPGF is a parallelogram. (Why ?) .-. GF = PE. 
It remains to prove GB = PD. E/ 

The rt. A PGB = the rt. A BDP. (Why ?) 

Ex. 61. The sum of the perpendiculars dropped from any point within 
an equilateral triangle to the three sides is constant, 
and equal to the altitude. 

AD is the altitude, PE, PG, and PF the three per- 
pendiculars. Through P draw HK II to BC, meeting 
AD at M. 

Then MD = PE. (Why ?) 

PG + PF= AM (Ex. 60). 




Ex. 62. ABC and ABD are two triangles on the same base 
AB, and on the same side of it, the vertex of each triangle 
being without the other. Jl AC equals AD, show that BC 
cannot equal BD (§ 164). 



Ex. 63. The sum of the lines which join a point 
within a triangle to the three vertices is less than the 
perimeter, but greater than half the perimeter. 



Ex. 64. If from any point in the base of an isosceles tri- 
angle parallels to the legs are drawn, a parallelogram is 
formed whose perimeter is constant, being equal to the sum 
of the legs of the triangle. b 
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Ex. 66. The bisector of the yertical angle ^ of a tri- 
angle ABC, and the bisectors of the exterior angles at 
the base formed by producing the sides AB and AC, 
meet in a point which is equidistant from the base and 
the sides produced (§ 162). 

Ex. 66. If the bisectors of the base angles of a triangle 
are drawn, and through their point of intersection a line 
is drawn parallel to the base, the length of this parallel 
between the sides is equal to the sum of the segments of 
the sides between the parallel and the base. 

ZEOB = Z OBC = Z QBE. .-. BE = EO. 

Ex. 67. The bisector of the vertical angle of a triangle makes with the 
perpendicular from the vertex to the base an angle equal 
to half the difference of the base angles. 






Let Z B be greater than Z A. 

ZDCE = 90^ -ZA^ZACD. 

ZACD = QO''^^ZA-^ZB. ^ DEB 

.'.ZDCE = 9(P-ZA-{90P-iZA^iZB)=iZB-iZA. 

• 
Ex. 68. If the diagonals of a quadrilateral bisect each 

other, the figure is a parallelogram. 
Prove AAOB = A COD, 

Ex. 69. The diagonals of a rectangle are equal 
Prove A ABC = A BAD, 

Ex. 70. If the diagonals of a parallelogram are j^ 
equal, the figure is a rectangle. 

Ex. 71. The diagonals of a rhombus are perpendicular to each other, 
and bisect the angles of the rhombus. 

Ex. 72. The diagonals of a square are perpendicular to each other, and 
bisect the angles of the square. 

Ex. 73. Lines from two opposite vertices of a parallelogram to the 
middle points of the opposite sides trisect the diagonal. ^ q 

EBFD is a O (why ?), and DF is II to EB. 
AM = MN, and MN = CN (§ 188). 
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Ex. 74. The lines joining the middle points of the sides of any qoadri- 
lateral, taken in order, enclose a parallelogranL 

Prove HG and EF II to AC\ and FG and EH II to BD (§ 189). 
Then HG and EF are each eqoal X/o^AC. 

C 

D G c 







Ex. 75. The lines joining the middle points of the sides of a rhombus, 
taken in order, enclose a rectangle. (Proof similar to that of Ex. 74.) 

Ex. 76. The lines joining the middle points of the sides of a rectangle 
(not a square), taken in order, enclose a rhombus. 

Ex. 77. The lines joining the middle points of the sides of a square, 
taken in order, enclose a square. 

Ex. 78. The lines joining the middle points of the sides of an isosceles 
trapezoid, taken in order, enclose a rhombus or a square. 

8HR and QFP drawn ± to ^IB are parallel. .-. PQSB is a £7, and by 
Const, is a rectangle or a square. 
.-. EFGH is a rhombus or a square (Exs. 76, 77). 
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Ex. 79. The bisectors of the angles of a rhomboid enclose a rectangle. 

Ex. 80. The bisectors of the angles of a rectangle enclose a square. 

Ex. 81. If two parallel lines are cut by a transversal, the bisectors of 
the interior angles form a rectangle. 

Ex. 82. The median of a trapezoid passes through the jy 
middle points of the two diagonals. 

The median ^F is II to -4 B and bisects AD (§ 190). ^ 

.-. it bisects DB, 

"Likewise EF bisects BC and BD. 
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Ex. 83. The line joining the middle points of the diagonals of a trape- 
zoid is equal to half the difference of the bases. 

A BFO = A DFa (Why ?) .'.EF = iAQ (§ 189). 

CF = ^6?, DC = BG. 
,\AO = AB^ DC. .-. EF = i{AB - DC). 




/ 
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Ex. 84. In an isosceles trapezoid each base makes equal angles with 
the legs. 

Draw CJ^ II to DB. CE = DB. (Why?) ZA =ZCEA,ZB = /.CEA, 
A C and D have equal supplements. 

Ex. 85. If the angles at the base of a trapezoid are equal, the other 
angles are equal, and the trapezoid is isosceles. 

Ex. 86. In an isosceles trapezoid the opposite angles are supplementary. 

ZC = 2^2)(Ex. 84). 

Ex. 87. The diagonals of an isosceles trapezoid are equal. 
Prove A ACD = A BDC, 

Ex. 88. If the diagonals of a trapezoid are equal, the trapezoid is 
isosceles. 

Draw CE and DF ± to AB. 

A ADF = A BCE. (Why ?) 
.'. Z DAF = Z CBA. 
A ABC = A BAD. ^ ^ 

Ex. 89. If from the diagonal DB^ of a square ABCD, 
BE is cut off equal to BC, and EF is drawn perpendicu- ^ 
lar to BD meeting DC at F, then DE is equal to EF and 
also to FC, 

Z EDF = 45°, and Z DFE = 46° ; and JDJ^ = EF. 
Rt. A BEF = rt. A BCF (§151) ; BJid EF = FC. 

Ex. 90. Two angles whose sides are perpendicular, each to each, are 
either equal or supplementary. 
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DSFINITIONS. 

216. A circle is a portion of a plane bounded by a curved 
line, all points of wMcli are equally distant from a point within 
called the centre. The bounding line is called the circumference 
of the circle. 

217. A radius is a straight line from the centre to the cir- 
cumference; and a diameter is a straight line through the 
centre, with its ends in the circumference. 

By the definition of a circle, all its radii are equal. All its 
diameters are equal, since a diameter is equal to two radii. 

218. Postulate. A circumference can be described from any 
point as a centre, with any given radius. 

219. A secant is a straight line of unlimited length which 
intersects the circumference in two points; as, AD (Fig. 1). 

• 220. A tangent is a straight line of unlimited length which 
has one point, and only one, in common 
with the circumference ; as, -BC (Fig. 1). 
In this ease the circle is said to be tan- 
gent to the straight line. The common 
point is called the point of contact, or 
point of tangency. 

H'to 1 

221. Two circles are tangent to each 
other, if both are tangent to a straight line at the same point ; 
and are said to be tangent internally or externally y according 
as one circle lies wholly within or without the other. 
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222. An arc is any part of the circumference -, bs,BC (Fig. 3). 
Half a circumference is called a semidrcuinference. Two arcs 
are called conjugate arcs, if their sum is a circumference. 

223. A chord is a straight line that has its extremities in 
the circumference ; as, the straight line BC (Fig. 3). 

224. A chord subtends two conjugate arcs. If the arcs are 
unequal, the less is called the *minor arc, and the greater the 
major arc. A minor arc is generally called simply an arc. 






Fig. 2. Fig. 8. Pio. 4. 

225. A segment of a circle is a portion of the circle bounded 
by an arc and its chord (Fig. 2). 

226. A semicircle is a segment equal to half the circle (Fig. 2). 

227. A sector of a circle is a portion of the circle bounded 
by two radii and the arc which they intercept. The angle 
included by the radii is called the angle of the sector (Fig. 2). 

228. A quadrant is a sector equal to a quarter of the circle 
(Fig. 2). 

229. An angle is called a central angle, if its vertex is at the 
centre and its sides are radii of the circle 5 as, Z AOD (Fig. 2). 

230. An angle is called an inscribed angle, if its vertex is in 
the circumference and its sides are chords ; as, Z ABC (Fig. 3). 

An angle is inscribed in a segment, if its vertex is in the 
arc of the segment and its sides pass through the extremities 
of the arc. 
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231. A polygon is inscribed in a circle, if its sides are chords ; 
and a circle is circumscribed about a polygon, if all the vertices 
of the polygon are in the circumference (Fig. 3). 

232. A circle is inscribed in a polygon, if the sides of the 
polygon are tangent to the circle; and a polygon is circum- 
scribed about a circle, if its sides are tangents (Fig. 4). 

233. Two circles are equal, if they have equal radii, 

Eor they will coincide, if their centres are made to coincide. 

CoNVEKSELY : Two cqual circles have equal radii, 

234. Two circles are concentric, if they have the same centre. 

ARCS, CHORDS, AND TANGENTS. 
Pkoposition I. Theorem. 

235. A straight line cannot meet the drcamference of 
a circle in more than two points. 




p 

Let HK be any line meeting the circumference HKM in H and K. 

To prove that HK cannot meet the circumference in any 
other point. 

Proof. If possible, let HK meet the circumference in P. 

Then the radii OH, OP, and OK are equal. § 217 

,\ P does not lie in the straight line HK § 102 

.'. JBrjr meets the circumference in only two points. q.b.d. 
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Pkoposition II. Theobem. 

236. In the same circle or in equal circles, equal 
central angles intercept equal arcs ; and of two unequal 
central angles the greater intercepts the greater arc. 





In the equal circles whose centres are and 0^, let the angles 
AOB and AfQTR' be equal, and angle AOC be greater than angle MOTBT. 

To prove that 1. arc AB = arc A'B'; 

2. arc AC> arc A'B', 

Proof. 1. Place the O A'B'F' on the O ABF so that the 
Z.A'0'B' shall coincide with its equal, the A AOB. 

Then A^ falls on A, and B^ on B. % 233 

.'.arc A}B' coincides with arc AB. % 216 

2. Since the Z ^0(7 is greater than the Z A!0'B\ 
it is greater than the Z AOB^ the equal of the Z A'O'B'. 
Therefore, OC falls without the Z AOB. 

.'. arc AC > arc AB. Ax. 8 

.'. arc AC > arc A'B', the equal of arc AB. q.e.d. 

237. Conversely : In the same circle or in equal circles, 
equal arcs subtend equal central angles ; and of two un- 
equal arcs the greater subtends the greater central angle. 
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To prove that 1. Z AOB = Z A'CTB* ; 

2. Z AOC is greater than Z A'C/B'. 

Proof. 1. Place the O A^BT* on the O ABF so that 0*^ 
shall fall on its equal OAy and the arc A'B* on its equal AB. 

Then (/B' will coincide with O^. § 47 

.'.AA'(yB' = AAOB. §60 

2. Since arc AC > A^W^ it is greater than arc AB^ the equal 
of AB\ and OB will fall within the Z ^OC. 

-•. A AOC is greater than Z ^O^. Ax. 8 

.-. Z ^0(7 is greater than Z ^'O'^'. 

Q.E.D. 

238. Cos 1. 2n the 9ame circle or in equal circles^ two sec- 
tors that have eqiAol angles are equal; two sectors that have 
unequal angles are unequal^ and the greater sector has the 
greater angle. 

239. CoK. 2. In the same circle or in equal circles^ equal 
sectors have equal anglei; and of two unequal sectors the 
greater has the greater angle. 

240. Law of ConveiBe Theoiems. It was stated in § 32 that the con- 
verse of a theorem is not necessarily tme. If, however, a theorem is in 
fact a group of three theorems, and if one of the hypotheses of the group 
mast be tme, and no tvoo of the conclusions can he true at the same time^ 
then the converse of the theorem is necessarily true. 

Proposition n. is a group of three theorems. It asserts that the arc 
AB is equal to the arc A'R, if the angle AOB \s equal to the angle 
A^O^B"; that the arc AB is greater than the arc A^B"^ if the angle AOB 
is greater than the angle A'O'R ; that the arc AB is less than the arc 
A'B', if the angle A OB is less than the angle A'O'R. 

One of these hypotheses must be true ; for the angle A OB must be 
equal to, greater than, or less than, the angle A'O'R. 

No two of the conclusions can be true at the same time, for the arc AB 
cannot be both equal to and greater than the arc A^B^ ; nor can it be both 
equal to and less than the arc A^R ; nor both greater than and less than 
the arc A^B". In such a case, the converse theorem is necessarily true, 
and no proof like that given in the text is required to establish it. 
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Proposition III. Theorem. 

241. In the same circle or in equal circles^ equal arcs 
are subtended by equal chords; and of two unequal 
arcs the greater is subtended by the greater chord. 




In the equal circles whose centres are and 0^, let the arcs AB 
and ATB' be equal, and the arc AF greater than arc ATB'. 

To prove that 1. chord AB = chord A'B' ; 

2. chord AF > chord A'B\ 

Proof. Draw the radii OA, OB, OF, O'A', 0'B\ 

1. The AAOB and A'O'B' are equal. § 143 

For OA = O'A', and OB = O'B', § 233 

(radii of equal circles), 

and Z AOB = Z A'0'B\ § 237 

{in equal (D equal arcs subtend equal central A). 

.'. chord AB = chord A'B', § 128 

2. In the AAOF and A'O'B', 

OA = O'A', and OF = O'B'. § 233 

But the Z ^Oi^ is greater than the Z A'O'B', § 237 
(in equal (D, the greater of two unequal arcs subtends the greaJter Z). 

.-. chord AF > chord A'B'. § 154 

Q.E.D. 

242. Cor. In the same circle or in equal circles^ the greater 
of two unequal major arcs is Bvhtended by the less chord* 
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Proposition IV. Theorem. 

243. Conversely: In the same circle or in equal 
circles J equal chords subtend equal arcs ; and of two 
unequal chords the greater subtends the greater arc. 



In the equal circles whose centres are and 0^ let the chords AB 
and ATBT be equal, and the chord AF greater than AfW. 

To prove that 1. arc AB = arc A'B' ; 

2. arc AF > arc A'B', 

Proof. Draw the radii OA, OB, OF, O'A', O'B'. 

1. The A OAB and O'A'B' are equal. § 150 

For OA = OA', and OB = O'B', § 23 

and chord AB = chord A'B', Hyp. 

.-. Z AOB = Z A'O'B', § 128 

.-. arc ^^ = arc A'B', § 236 
(in equal © equal central A intercept equal arcs). 

2. In the A OAF and O'A'B', 

OA = O'A' and OF = O'B'. § 233 

But chord AF > chord A'B'. Hyp. 

.-. the Z AOF is greater than the Z A'O'B'. § 155 

.'. arc ^ii^ > arc A'B', § 236 

{in equal <D t?ie greater central Z intercepts the greater arc), q.e. d. 

244. Cor. In the same circle or in equal circles, the greater 
of two unequal chords subtends the less major arc. 
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Proposition V. Theorem. 



245. A diameter perpendicular to a chord Insects the 
chord and tJie arcs subtended hy it. 




Let £S be a diameter perpendicular to the chord AB at M. 
To prove that AM = BM, AS = BS, and AE = BE. 

Proof. Draw OA and OB from 0, the centre of the cii'cle. 

The i-t. A 0AM and OBM are equal. § 151 

For OM = OM, 



and OA = OB. 

.-. AM = BM, andZAOS^Z BOS. 
Likewise Z.AOE=/LBOE. 

.'. AS = BS, and AE = BE. 



Iden. 
§217 
§128 
§85 
§ 236 

Q.B.D 

246. Cor. 1. A diameter bisects the circumference and the 
circle. 

247. Cor. 2. A diameter which bisects a chord is perpen- 
dicular to it. 

248. Cor. 3. The perpendicular bisector of a chord passes 
through the centre of the circle^ and bisects the arcs of the 
chord. 
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Proposition VI. Theorem. 

249. In the same circle or in equal circles, equal chords 
are equally distant from the centre. Conversely : Chords 
equally distant from the centre are equal. 




Let AB and CF be equal chords of the circle ABFC. 

To prove that AB and CF are equidistant from the centre 0. 

Proof. Draw OP ± to AB, Off±to CF, and join OA and OC, 
OF bisects AB, and OH bisects CF. § 245 

The rt. A OF A and OHC are equal. § 151 

For AF = CH, Ax. 7 

and OA = OC § 217 

Hence, OF = OH, § 128 

.'. AB and CF are equidistant from 0, 

Conversely : . Let OP = OH. 

To prove AB = CF, 

Proof. The rt. A OF A and OHC are equal. § 151 

For OA = OC, § 217 

and OF = OH Hyp. 

Hence, AF = CH, § 128 

,\AB=CF, Ax. 6 

Q. E. D. 
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Proposition VII. Theorem. 

250. In the same circle or in equal circles, if two chords 
are unequal, they are unequally distant from the centre ; 
and the greater chord is at the less distance. 




In the circle whose centre is 0, let the chords AB and CD be 
unequal, and AB the greater; and let 0£ be perpendicular to AB and 
OF perpendicular to CD. 

To prove that OE < OF. 

Proof. Suppose AG drawn equal to CD, and OH jLto AG. 

Draw EH. 

OE bisects AB, and OH bisects AG. § 245 

By hypothesis, AB > CD. 

.'. AB > AG, the equal of CD. 

.-. AE > AH. Ax. 7 

.-. Z AHE is greater than Z AEH. § 152 

.•. Z OHE, the complement of Z AHE, is less than Z OEH, 
the complement of Z AEH. Ax. 6 

.-. OE < OH. § 153 

But OH = OF. § 249 

.'. OE < OF. Q.E.D. 



Ex. 91. The perpendicular bisectors of the sides of an inscribed poly- 
gon are concurrent (pass through the same point). 
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Proposition VIII. Theorem. 

251. Conversely : In the same circle or in equal circles^ 
if two chords are unequally distant from tJie centre^ they 
are unequal; and the chord at the less distance is the 
greater. 




In the circle whose centre is 0, let AB and CD be unequally distant 
from ; and let OE, the perpendicular to AB, be less than OF, the 
perpendicular to CD. 

To prove that AB > CD. 

Proof. Suppose AG drawn equal to CD, and Olfl. to AG, 

Then OH = OF § 249 

Hence, OE < OH, 

Draw EH, 

Z OHE is less than Z OEH § 152 

.'. Z AHEy the complement of Z OHE, is greater than 
Z AEH, the complement of Z OEH, Ax. 5 

.-. AE > AH. § 153 

But AE=^\ AB, 2ijidi AH = \ AG. § 245 

,\AB>AG, Ax. 6 

But CD = AG. Const. 

.'. AB > CD, Q.E.D. 

252. Cor. A diameter of a circle is greater than any 
other chord. 
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Proposition IX. Theorem. 

253. A straight line perpendicular to a radius at its 
extremity is a tangent to the circle. 




Let MB be perpendicular to the radius OA at A. 

To prove that MB is a tangent to the circle. 

Proof. From draw any other line to MB, as OH, 

Then OE: > OA, § 97 

.'. the point If is without the circle. § 216 

Hence, every point, except A, of the line MB is without the 
circle, and therefore MB is a tangent to the circle at A, § 220 

Q. B. D. 

254. Cor. 1. A tangent to a circle is perpendicular to the 
radius drawn to the point of contact. 

For OA is the shortest line from to MB, and is therefore 
i. to MB (§ 98) ; that is, MB is _L to OA, 

255. Cor. 2. A perpendicular to a tangent at the point of 
contact passes through the centre of the circle. 

For a radius is _L to a tangent at the point of contact, and 
therefore a _L erected at the point of contact coincides with 
this radius and passes through the centre. 

256. Cor. 3. A perpendicular from the centre of a circle 
to a tangent passes through the point of contact. 
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Proposition X. Theorem. 

257. Parallels intercept equal arcs on a circumfer- 
ence. 






Fig. 2. 

Case 1. Let AB (Fig. 1) be a tangent at F parallel to CD, a secant. 
To prove that arc CF = arc DF. 

Prooi. Suppose FF' drawn i. to AB, 

Then FF is a diameter of the circle. § 256 

And FF is also ± to CD. § 107 

.-. CF = DFy and CF' = DF'. § 245 

Case 2. Let AB and CD (Fig. 2) be parallel secants. 

To prove that arc AC = arc BD. 

Proof. Suppose EF II to CD and tangent to the circle at M. 

Then arc AM = arc BM, Case 1 

and arc CM = arc DM . 

.•.arc -4(7 =arc^/). Ax. 3 

Case 3. Let AB and CD (Fig. 3) be parallel tangents at £ and F. 

To prove that arc EGF = arc EHF. 

Proof. Suppose GH drawn II to AB. 

Then aic EG = arc EH, Case 1 

and arc GF = arc HF. 



.'.arc EGF = arc EHF. Ax. 2 

Q.B.D. 
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Pboposition XI. Theobem. 

258. Through three points not in a straight line one 
circumference^ and only one^ can be dravm. 



Let A, B, C be three points not in a straight line. 

To prove that one circumference, and only one, can he drawn 
through A, B, and C. 

Proof. Draw AB and BC, 

At the middle points of AB and BC suppose Js erected. 

These Js will intersect at some point 0, since AB and BC 
are not in the same straight line. 

The point is in the perpendicular bisector of AB, and is 
therefore equidistant from A and J5; the point O is also in 
the perpendicular bisector of BC, and is therefore equidistant 
from B and C, § 160 

Therefore, is equidistant from A, B, and (7; and a cir- 
cumference described from O as a centre, with a radius OA, 
will pass through the three given points. 

The centre of a circumference passing thiough the three 
points must be in both perpendiculars, and hence at their 
intersection. As two straight lines can intersect in only one 
point, is the centre of the only circumference that can pass 
through the three given points. q.b.d. 

259. Cor. Two circumferences can intersect in ordy two 
points. For, if two circumferences have three points common, 
they coincide and form one circumference. 
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260. Def. A tangent from an external point to a circle is the 
part of the tangent between the external point and the point 
of contact. « 

Proposition XII. Theorem. 

26L The tangents to a circle drawn from an external 
point are equals and make equal angles with the line 
joining the point to the centre. 




Let AB and AC be tangents from A to the circle whose centre is 0, 
and let AO be the line joining A to the centre 0. 

To prove that AB = AC, and Z BAO = Z CAO, 

Proof. Draw OB and OC. 

ABia±to OB, and ^C ± to OC, § 254 

(a tangent to a circle is ± to the radius drawn to the point of contact). 

The rt. A OAB and OAC are equal. § 151 

For OA is common, and the radii OB and OC are equal. § 217 

.-. AB = AC, and Z BAO = Z CAO. § 128 

Q.B.D. 

262. Dep. The line joining the centres of two circles is 
called the line of centres. 

263. Def. A tangent to two circles is called a common 
external tangent if it does not cut the line of centres, and a 
common internal tangent if it cuts the line of centres. 
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Proposition XIII. Theorem. 

264. If two circles intersect each others the line of 
centres is perpendicuLar to their common chord at its 
middle point. 




Let C and C^ be the centres of the two circles, AB the common 
chord, and CC^ the line of centres. 

To prove that CC^ is 1. to AB at its middle point. 

Proof. Draw CA, CB, C'A, and C'B. 

CA = CB, and C'A = C'B. § 217 

,'. C and C are two points, each equidistant from A and B, 

.'. CC is the perpendicular bisector of AB. § 161 

Q. B. D. 



Ex. 92. Describe the relative position of two circles if the line of 
centres . 

(1) is greater than the sum of the radii ; 

(2) is equal to the sum of the radii ; 

(3) is less than the sum but greater than the difference of the radii ; 

(4) is equal to the difference of the radii ; 

(5) is less than the difference of the radii. 
Illustrate each case by a figure. 

Ex. 93. The straight line drawn from the middle point of a chord to 
the middle point of its subtended arc is peri)endicular to the chord. 

Ex. 94. The line which passes through the middle points of two par- 
allel chords passes through the centre of the circle. 
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Pboposition XIV. Theobem. 

265, If two circles are tangent to each other ^ the line 
of centres passes through the point of contact. 




Let the two circles, whose centres are C and C^, be tangent to the 
straight line AB at 0, and CC^ the line of centres. 

To prove that O is in the straight line CO. 

Proof. A J_ to AB, drawn through the point 0, passes through 
the centres C and C\ § 26b 

(a l.to a tangent at the point of contact passes through the centre 

of the circle). 

.'. the line CC, having two points in common with this ± 
must coincide with it. § 47 

.*. is in the straight line CC q.e.d. 



Ex. 95. Describe the relative position of two circles if they may have: 

(1) two common external and two common internal tangents ; 

(2) two common external tangents and one common internal tangent ; 

(3) two common external tangents and no common internal tangent ; 

(4) one common external and no common internal tangent ; 

(5) no common tangent. 
Illustrate each case by a figure. 

Ex. 96. The line drawn from the centre of a circle to the point of inter- 
section of two tangents is the perpendicular bisector of the chord joining 
the points of contact. 
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M£ASnREM£NT. 

266. To measure a quantity of any kind is to find the number 
of times it contains a known quantity of the same kind, called 
the unit of measure. 

The number which shows the number of times a quantity 
contains the unit of measure is called the numerical measure of 
that quantity. 

267. No quantity is great or small except by comparison 
with another quantity of the same kind. This comparison is 
made by finding the numerical measures of the two quantities 
in terms of a common unit, and then dividing one of the 
measures by the other. 

The quotient is called their ratio. In other words the ratio 
of two quantities of the same kind is the ratio of their numeri- 
cal measures expressed in terms of a common imit. 

The ratio of a to ^ is written a:b, or 7 • 

o 

268. Two quantities that can be expressed in integers in 
terms of a common unit are said to be commensurable, and the 
exact value of their ratio can be found. The common unit is 
called their common measure, and each quantity is called a 
multiple of this common measure. 

Thus, a common measure of 2} feet and 3} feet is ^ of a foot, which is 
contained 15 times in 2^ feet, and 22 times in 3| feet. Hence, 2} feet 
and 3| feet are multiples of ^ of a foot, since 2^ feet may be obtained by 
taking J of a foot 15 times, and 3} feet by taking | of a foot 22 times. The 
ratio of 2^ feet to S^ feet is expressed by the fraction J|. 

269. Two quantities of the same kind that cannot both be 
expressed in integers in terms of a common unit, are said to be 
incommensurable, and the exact value of their ratio cannot be 
found. But by taking the unit sufficiently small, an approxi- 
mate value can be found that shall differ from the true value 
of the ratio by less than any assigned value, however smalL 
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Thus, suppose the ratio, - = V2. 

Now V2 = 1.41421356 • • •, a value greater than 1.414213, 
but less than 1.414214. 

If, then, a millionth part of h is taken as the unit of measure, 

the value of - lies between 1.414213 and 1.414214, and therefore 

differs from either of these values by less than 0.000001. 

By carrying the decimal further, an approximate value may 
be found that will differ from the true value of the ratio by 
less than a billionth^ a trUlionth, or any other assigned value. 

In general, if t > — but < > then the error in taking 

n n 

either of these values for -r is less than -> the difference 

n 

between these two fractions. But by increasing n indefi- 
nitely, - can be decreased indefinitely, and a value of the ratio 
can be found within any required degree of accuracy. 

270. The ratio of two incommensurable quantities is called 
an incommensurable ratio ; and is a fixed value which its suc- 
cessive approximate values constantly approach. 

THE THEORY OF LIMITS. 

271. When a quantity is regarded as having a fixed value 
throughout the same discussion, it is called a constant ; but 
when it is regarded, under the conditions imposed upon it, as 
having different successive values, it is called a variable. 

If a variable, by having different successive values, can be 
made to differ from a given constant by less than any assigned 
value, however small, but cannot be made absolutely equal to 
the constant, that constant is called the limit of the variable, 
and the variable is said to approach the constant as its limit 
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« 272. Suppose a point to move from A toward B^ under 
the conditions that the ^ j^ m* m" b 

first second it shall I I I 

move one half the distance from A to B, that is, to M\ the 
next second, one half the remaining distance, that is, to M^\ 
and so on indefinitely. 

Then it is evident that the moving point may approach as 
near to B as we choose, hut will never arrive at B, For, how- 
ever near it may be to -5 at any instant, the next second it 
will pass over half the distance still remaining; it must, 
therefore, approach nearer to B, since half the distance still 
remaining is some distance, but will not reach B, since half 
the distance still remaining is not the whole distance. 

Hence, the distance from A to the moving point is an 
increasing variable, which indefinitely approaches the constant 
AB as its limit; and the distance from the moving point 
to ^ is a decreasing variable, which indefinitely approaches 
the constant zero as its limit. 

273. Again, suppose a square ABCD inscribed in a circle, 
and E, F, H, K the middle points of the arcs subtended by the 
sides of the square. If we draw the 
lines AE, EB, BF, etc., we shall have an 
inscribed polygon of double the number 
of sides of the square. 

The length of the perimeter of this jk^| 
polygon, represented by the dotted lines, 
is greater than that of the square, since 
two sides replace each side of the square 
and form with it a triangle, and two 
sides of a triangle are together greater than the third side; 
but less than the length of the circumference, for it is made 
up of straight lines, each one of which is less than the part of 
the circumference between its extremities. 
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By continually doubling the number of sides of each result- 
ing inscribed figure, the length of the perimeter will increase 
with the increase of the number of sides, but will not become 
equal to the length of the circumference. 

The difference between the perimeter of the inscribed poly- 
gon and the circumference of the circle can be made less than 
any assigned value, but cannot be made equal to zero. 

The length of the circumference is, therefore, the limit of the 
length of the perimeter as the number of sides of the inscribed 
figure is indefinitely increased. § 271 

274. Consider the decimal 0.333 • • • which may be written 

The value of each fraction after the first is one tenth of the 
preceding fraction, and by continuing the series we shall reach 
a fraction less than any assigned value, that is, the values of 
the successive fractions approach zero as a limit. 

The sum of these fractions is less than i; but the more terms 
we take, the nearer does the sum approach i as a limit, 

275. Test for a limit. In order to prove that a variable 
approaches a constant as a limit, it is necessary to prove that 
the difference between the variable and the constant : 

1. Can be made less than any assigned value, however small. 

2. Cannot be made absolutely equal to zero. 

276. Theorem, if the limit of a variable x is zero^ then the 
limit of hx^ the product of the variable by any finite constant 
A, is zero. 

1. Let q be any assigned quantity, however small. 

Then ^ is not 0. Hence x, which may differ as little as we please from 
0, may be taken less than ^ ? and then kx will be less than q. 

2. Since x cannot be 0, Axe cannot be 0. 

Therefore, the limit of Axb = 0. § 276 
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277. Cor. If the limit of a variable x is zero^ then the 
limit of the quotient of the variable by any finite constant 
A, is also zero, 

X 1 
For - = - X X, which by § 276 can be made less than any assigned 
ic ic 

value, however small, but cannot be made equal to zero. 

278. Theorem. The limit of the sum of a finite number of 
variables x^ y^ z^ ... is equal to the sum of their respective 
limits a^ b^ c^ .... 

Let d, d\ d", • ■ • denote the differences between x, y, z, . . • and a, 6, 
c, • • • , respectively. Tlien d + d' + d" -}- • . • can be made less than any 
assigned quantity q. 

For, if d, d', d'', . . • are n in number and d is the largest, 

d + d' + d'' + •"<nd. (1) 

Since d may be diminished at pleasure, we may make d so small that 

d < - : and therefore nd < q. 

But by (1), d + d' + d'' 4- • • • < nd^ and therefore < q. 

Therefore, the difference between {x-\-y •\-z-\ ) and (a + 6 -h c + . • .) 

can be made less than any assigned quantity, but not zero. 

Therefore, the limit of (x + y + z + • • ) = a + 6 + c + . • •. § 275 

279. Theorem. If the limit of a variable x is not zero^ and 
if k is any finite constant^ the limit of the product kx is 
equal to the limit of x multiplied by k. 

1. If a denotes the limit of x, then x cannot be equal to a. § 271 

Therefore, kx cannot be equal to ka. 

2. The limit of (a - x) = 0. Hence, the limit of ka -kx = 0. § 276 

Therefore, the limit of A:x = ka. § 275 

280. Cor. The limit of the quotient of a variable x by 
any finite constant k is the limit of x divided by k. 

^ X 1 , the limit of x 1 . ,. .^ . 

For - = - X X, and = - x the limit of x. 

k k k k 
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281. Theorem. The limit of the product of two or more 
variables is the product of their respective limits^ provided 
no one of these limits is zero. 

If X and y are variables, a and h their respective limits, we may put 
x = a— (2, y =.h — d' \ then d and d' are variables which can be made 
less than any assigned quantity, but not zero. § 276 

Now, xy = (a — d) (6 — dO 

= a6 - ad' - W + dd'. 
.\ ab — xy = ad' -\- hd — dd\ 

Since every term on the right contains d or d\ the whole right member 

can be made less than any assigned quantity, but not zero. § 278 

Hence, ab — xy can be made less than any assigned quantity, but not 

zero. 

Therefore, the limit of xy — ab, § 276 

Similarly, for three or more variables. 

282. Cor. 1. The limit of the nth power of a variable is 
the nth power of its limit 

For the limit of the product of the variables x, y, «, • • • to n factors is 
the product of their respective limits, the constants a, 6, c, • • • to n fac- 
tors (§ 281). If the n factors xyz • • • are each equal to x, and the n factors 
abc • • • are each equal to a, we have xyz • . . = x^, and dbc • • • = a". 

Therefore, the limit of x" = a». 

283. Cor. 2. The limit of the nth root of a variable is the 
nth root of its limit. 

For if the limit of x = a, we may put this in the following form, 

the limit of Vx" = Vo" ; 

that is, the limit of Vxxx ■ • to n factors is y/aaa • • • to n factors. 

Now, XXX • ' • is a variable since each factor is a variable, 

and aaa • • • is a constant since each factor is a constant. 

If we denote xxx • to n factors by the variable y, and aaa • • • to n 
factors by the constant 6, we have . 

the limit of Vy = V&. 
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284. Theorem. If two variables are constantly equals and 
each approaches a limits the limits are equal. 

Let X and y be two variables, a and b their respective limits, d and d' 
the respective differences between the variables and their limits. Then, 
if the variables are increasing toward their limits 

a = X + d, and b = y + d'. 

Since the equation x = 2^ is always true, we have by subtraction 

a — b = d — d\ 

Since a and 6 are constants, a — 6 is a constant ; therefore, d — d\ 
which is equal to a — 6, is a constant. 

But the only constant which is less than any assigned value is 0. 
Therefore, d — d' = 0. Therefore, a — & = 0, and a = 6. 

If the variables x and y are decreasing toward their limits a and b, 
respectively, then 

a = x — d and 6 = y — d". 

' Therefore, by subtraction 

a — b = d^ — d. 

Therefore, by the same proof as for increasing variables 

a = b. 

285. Theorem. If two variables have a constant ratio^ and 
each approaches a limit that is not zero^ the limits have the 
same ratio. 

Let x and y be two variables, a and b their respective limits. 

X 

Let - = r, a constant : then x = ry. 

y 
Since x and ry are two variables that are always equal, 

the limit of x = the limit of ry. § 284 

Now, the limit of ry = r x limit of y. § 279 

But the limit of x is a, and the limit of y is 6. 

Therefore, a = rb; that is, ^ = r. 



J 
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Pboposition XV. Problem. 
286. To find the ratio of two straight lines. 



E 



K 

C»— T ^ r^. 



Let AB and CD be two straight lines. 

To find the ratio of AB and CD, 

Apply CD to AB as many times as possible. 

Suppose twice, with a remainder UB. 
Then apply ^B to CD as many times as possible. 

Suppose three times, with a remainder FD, 
Then apply FD to FB as many times as possible. 

Suppose once, with a remainder HB. 
Then apply HB to FD as many times as possible. 

Supi)ose once, with a remainder KD, 
Then apply KD to HB as many times as possible. 

Suppose KD is contained just twice in SB. 

Then HB = 2KD'j 

FD= HB-\-KD= SKD 
FB= FD + ffB= 5KD 
CD = SEB-\- FD = IS KD 
AB = 2 CD '{'FB= 4:1 KD. 
. AB ^ 4.1KD ^4:1 
''' CD" IS KD~ is' Q.B.P. 

KoTB. By the same process the ratio of two arcs of the same circle or 
of equal circles can be found. 

If the lines or arcs are incommensurable, an approximate value of the 
ratio can be found by the same method. 
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MEASURE OF ANGLES. 
Proposition XVI. Theobem. 

287. In the same circle or in equal circles^ two central 
angles have the same ratio as their intercepted arcs. 





m 




Fig. 2. 



Fig. 3. 



In the equal circles whose centres are C and C, let ACB and AfCTBf 
be the angles, AB and A3^ the intercepted arcs. 

Z-A'CB' arcA'B' 

To prove that = j— ■ • 

Z.ACB arcAB 

Case 1. When the arcs are commensurable (Figs. 1 and 2). 

Proof. Let the arc m be a common measure of A'B' and AB, 

Suppose m to be contained 4 times in A'B\ 
and 7 times in AB, 



Then 



arc A'B' _ 4 
arc AB ~" 7 



At the several points of division on AB and A'B' draw radii. 
These radii will divide A ACB into 7 parts, and AA'C'B' 
into 4 parts, equal each to each, § 237 

{yii the same O, or equal (D, equod arcs subtend equal central i4). 

. AA'C'B' 4 
•' A ACB ""7' 



AA'C'B' ^ ix^Q,A!B' 
/.ACB ■" arcAB 



Ax.l 
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Case 2. JVhen the arcs are incommensurable (Figs. 2 and 3). 

Proof. Divide AB into any number of equal parts, and apply 
one of these parts to A^B' as many times as A'B' will contain it. 

Since AB and A'B' are incommensurable, a certain number 
of these parts will extend from A' to some point, as 2>, leaving 
a remainder DB' less than one of these parts. Draw CD, 

By construction AB and A'D are commensurable. 

ZA'C'D bxgA'D 
" ZACB" bltcAB' ^^^ 

By increasing the number of equal parts into which AB is 
divided we can diminish at pleasure the length of each part, 
and therefore make DB' less than any assigned value, however 
small, since DB' is always less than one of the equal parts into 
which AB is divided. 

We cannot make DB' equal to zero, since, by hypothesis, AB 
and A'B' are incommensurable. § 269 

Hence, DB' approaches zero as a limit, if the number of 
parts of AB is indefinitely increased. § 275 

And the corresponding angle DC'B' approaches zero as a 
limit. 

Therefore, the arc -4 '2> approaches the arc ^'J5' as a limit, § 271 
and the Z A' CD approaches the Z A'CB' as a limit. 

^, ^ arc^'D , arc^'^' ,. ., « ooa 

Therefore, T-;r approaches j^ as a limit, § JoO 

arc^^ s^cAB 

ZA'CD , ZA'CB' .. .. .^^^ 

and . .^p approaches . .^^ as a limit. § ZqO 

• 

ZA'CD. ^ ,, ,^ BIO A'D .,^ 

^^^ / j^T> ^s constantly equal to j^ > as A'D 

^ M.\jJj arc jo-Jj 

varies in value and approaches -4'^' as a limit. 

. AA<CB< BTC A'B' 
•• Z.ACB " axcAB ^ 

Q.B.D. 
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288. A circumference is divided into 360 equal parts, called 
degrees ; and therefore a unit angle at the centre intercepts a 
unit arc on the circumference. Hence, the numerical measure 
of a central angle expressed in terms of the unit angle is equal 
to the num,erical measure of its intercepted are expressed in 
terms of the unit arc. This must be understood to be the 
meaning when it is said that 

A central angle is measured by its intercepted arc. 

Proposition XVII. Theorem. 

289. An inscribed angle is measured by half the arc 
intercepted between its sides. 






1. Let the centre C (Fig. 1) be in one of the sides of the angle. 

To prove that the Z. B is measured by i the arc PA. 



Proof. 



But 



But 



Draw CA. 

CA = CJB. 

.\ZB = ZA. 

Z FCA = ZB-\-ZA, 

.\ZFCA = 2ZJB. 

Z FCA is measured by arc FA, 
(a cerdral Z. is measured by its intercepted arc). 

,\ Z. B is measured by ^ arc FA, 



§217 
§145 
§137 

§288 
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2. Let the centre C (Fig. 2) fall within the angle PBA. 

To prove that the Z. FBA is measured by ^ the arc FA. 

Proof. Draw the diameter BCE, 

Then Z EBA is measured by ^ dxc AE, 

and " Z EBF is measured by ^ arc EF. Case 1 

.-. Z ^^^ + Z ^^P is measured by ^ (arc AE + arc ^P), 

or Z P^^ is measured by ^ arc P-4. 

3. Let the centre C (Fig. 3) fall without the angle PBA. 

To prove that the Z FBA is measured hy ^ the arc FA, 

Proof. Draw the diameter BCF. 

Then Z FBA is measured by ^ arc FA, 

and Z i^^P is measured by ^ arc PP. Case 1 

.-. Z FBA - Z PPP is measured by \ (arc P4 - arc FF), 



or 




Z FBA is measured, by J- ai'C FA. 

A — ^ 



Q.B.D 



FlO. 4. 





Fig. 6. 



290. Cor. 1. An angle inscribed in a semicircle is a right 
angle. For it is measured by half a semicircumf erence (Fig. 4). 

291. CoR. 2. An angle inscribed in a segment greater than 
a semicircle is an acute angle. For it is measured by an arc 
less than half a semicircumf erence ; as, Z CAJ) (Fig. 6). 

292. Cor. 3. An angle inscribed in a segment less than a 
semicircle is an obtuse angle. For it is measured by an arc 
greater than half a semicircumf erence ; as, Z CBD (Fig. 5). 

293. Cor. 4. An^gles inscribed in the same segment or in 
equal segments are equal (Fig. 6). 
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Pboposition XVIII. Theobem. 

294. An angle formed by two chords intersecting 
within the circumference is measured by half the sum 
of the intercepted arcs. 




Let the angle COD be formed by the chords AC and BD. 

To prove that the Z COD is measured by i (CD H- AB). 

Proof. Suppose AJS drawn II to BD, 

Then arc JL5 = arc DU, § 257 

(parallels intercept equal arcs on a circumference) 

Also Z COD = Z CAU, § 112 

{ext.-int. A of iU). 

But Z CAU is measured hyi(CD + DE), § 289 
(an inscribed A is measured by half its intercepted arc). 

Put Z COD for its equal, the Z CAJS, and arc AB for its 
equal, the arc DE', then Z COD is measured by i(CD -\- AB). 

Q. B. D. 



Ex. 97. The opposite angles of an inscribed quadrilateral are supple- 
mentary. 

Ex. 98. If through a point within a circle two perpendicular chords 
are drawn, the sum of either pair of the opposite arcs which they inter- 
cept is equal to a semicircumference. 

Ex. 99. The line joining the centre of the square described upon the 
hypotenuse of a right triangle to the vertex of the right angle bisects the 
right angle. 
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Proposition XIX. Theorem. 

295. An angle included by a tangent and a chord 
drawn from the point of contact is measured by half 
the intercepted arc. 



Let MAH be the angle included by the tangent MO to the cixde at 
A and the chotd AH. 

To prove that the Z. MAH is measured by \ the arc AEH. 

Proof. Suppose HF drawn II to MO. 

Then arc AZ^ = arc AEH, § 257 

(paraUels intercept equal arcs on a circumference). 

Also Z MAH = Z AHF, § 110 

{alt.'int. A of lU). 

But Z AHF is measured by i AF, § 289 

(an inscribed Z. is measured by half Us intercepted arc). 

Put Z MAH for its equal, the Z AHF, and arc AFH for its 
equal, the arc AF-, then Z MAH is measured by i arc AEH. 

Likewise, the Z OAH^ the supplement of the Z MAH, is 
measured by half the arc AFH, the conjugate of the arc AEH. 

Q. B. D. 



Ex. 100. Two circles are taugent externally at A^ and a common ex- 
ternal tangent touches them at B and C, respectively. Show that angle 
BAG is a right angle. 
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Proposition XX. Theorem. 

296. An angle formed by two secants^ two tangents, 
or a tangent and a secant, drawn to a circle from an 
external point, is measured by half tJie difference of the 
intercepted arcs. 






o 



D 



The proof of this theorem is left as an exercise for the 
student. 

297. Positive and Negative Quantities. In meas- 
urements it is convenient to mark the distinction 
between two quantities that are measured in oppo- 
site directions^ by calling one of them positive and 
the other negative. 

Thus, if OA is considered positive, then DC may 
be considered negative, and if OB is considered posi- 
tive, then CD may be considered negative. 

When this distinction is applied to angles, an angle is considered to be 
positioe, if the rotating line that describes it moves in the opposite direction 
to the hands of a clock (coimter clockwise), and to be 
negatvoe^ if the rotating line moves in the same direc- 
tion as the hands of a clock (clockwise). 

Arcs corresponding to positive angles are considered 
positive, and arcs corresponding to negative angles are 
considered negative. 

Thus, the angle ACB described by a line rotating 
about C from CA to CB is positive, and the arc AB 
is positive; the angle ACR described by the line 
rotating about C from CA to CR is negative, and the arc AR is nega- 
tive. 
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298. The Pxinciple of Continuity. By marking the distinction between 
quantities measured in opposite directions, a theorem may often be so 
stated as to include two or more particular theorems. 

The following theorem furnishes a good illustration : 

299. TAe angle included between two lines of unlimited length thcd cut 
or touch a circumference is measured by half Uie sum of the intercepted arcs. 

Here the word sum means the algebraic sum and includes both the arith- 
metical sum and the arithmetical difference of two quantities. 




1. K the lines intersect at the centre, the two intercepted arcs are equal, 
and half the smn will be one of the arcs (§ 288). 

2. If the lines intersect between the centre and the circumference, the 
angle is measured by half the sum of the arcs (§ 294). 

3. If the lines intersect on the circumference, one of the arcs becomes 
zero and we have an inscribed angle (§ 289), or an angle formed by a 
tangent and a chord (§ 295). In each case the angle is measured by half 
the sum of the intercepted arcs. 

4. If the lines intersect without the circumference, then the arc ab 
is negative and the algebraic sum is the arithmetical difference of the 
included arcs. 

When the reasoning employed to prove a theorem is continued in the 
manner just illustrated to include two or more theorems, we are said to 
reason by the Principle of Continuity. 

REVIEW QUESTIONS ON BOOK II. 

1. What do we call the locus of points in a plane that are equidistant 
from a fixed point in the plane ? 

2. What does the chord of a segment become when the segment is a 
semicircle ? 

3. What kind of an angle do the radii of a sector include when the 
sector is a semicircle ? 

4. What is the difference between a chord and a secant ? 

5. What part of a tangent is meant by a tangent to a circle from an 
external point ? 
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6. Two chords are equal in equal circles under either of two condi- 
tions. What are the two conditions ? 

7. Points that lie in a straight line are called collinear ; points that 
lie in a circumference are called concyclic. How many collinear points 
can be concyclic ? 

8. What is meant by the statement that a central angle is measured 
by the arc intercepted between its sides ? 

9. What is an inscribed angle ? What is its measure ? 

10. What kind of an angle is the angle inscribed in a semicircle ? in a 
segment less than a semicircle ? in a segment greater than a semicircle ? 

11. What is the measure of an angle included by two intersecting 
chords? by two secants intersecting without the cii'cle? 

12. What is the measure of an angle included by a tangent and a 
chord drawn to the point of contact? 

13. When are two quantities of the same kind incommensurable ? 

14. When are two quantities of the same kind commensurable ? 

15. Define a variable and the limit of a variable. 

16. Does the series ^ in. , | in. , } in. , { J in. , etc. , constitute a variable ? 
Is the variable increasing or decreasing ? 

17. What is the limit of this variable ? 

18. What is the test of a limit ? 

THEOREMS. 

Ex. 101. An augle formed by a tangent and a chord is equal to the 
angle inscribed in the opposite segment. 

Ex. 102. Two chords drawn perpendicular to a third chord at its 
extremities are equal. 

Ex. 103. The sum of two opposite sides of a circumscribed quadri- 
lateral is equal to the sum of the other two sides. 

Ex. 104. If the sum of two opposite angles of a quadri- 
lateral is equal to two right angles, a circle may be circum- 
scribed about the quadrilateral. ^^ 

Let Z-4 + ZC = 2rt. <4. Pass a circumference through '^ 

D, A^ and B^ and prove that this circumference passes through C. 

Ex. 105. The shortest line that can be drawn from a point within a 
circle to the circumference is the shorter segment of the 
diameter through that point. 

Let JL be the given point. Prove AB shorter than any 
other line AD from A to the circumference. 





EXERCISES. 
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Ex. 106. The longest line that can be drawn from a point within a 
circle to the circumference is the longer segment of the diameter through 
that point. 

Ex. 107. The shortest line that can be drawn 
from a point without a circle to the circumference 
will pass through the centre of the circle if pro- 
duced. 

Ex. 108. The longest line that can be drawn from a point without a 
circle to the concave arc of the circumference passes through the centre of 
the circle. 








Ex. 109. The shortest chord that can be drawn through a point within 
A» circle is perpendicular to the diameter at that point. 

\ Ex. 110. If two intersecting chords make equal angles with the diameter 

drawn through the point of intersection, the two chords are equal. 

Rt. A COM = rt. A CON, .-. OM = ON, 

Ex. 111. The angles subtended at the centre of a circle by any two 
opposite sides of a circumscribed quadrilateral are supplementary. 

Ex. 112. The radius of a circle inscribed in an equilateral triangle is 
equal to one third the altitude of the triangle. 

A OEF is equiangular and equilateral ; Z TEA = Z FAE, 

.-. AF = EE, .-. AF=FO= OD. 

Ex. 113. The radius of a circle circumscribed about an equilateral 
triangle is equal to two thirds the altitude of the triangle (Ex. 27). 

Ex. 114. A parallelogram inscribed in a circle is a rectangle. 

Ex. 115. A trapezoid inscribed in a circle is an isosceles trapezoid. 

Ex. 116. All chords of a circle which touch an interior concentric 
circle are equal, and are bisected at the point of contact. 

Ex. 117. If the inscribed and circumscribed circles of a triangle are 
oonoentric, the triangle is equilateral (Ex. 116). 
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Ex. 118. If two circles ore tangent to each other the tangents to them 
from any point of the conunon internal tangent are eqoal. 

Ex. 119. If two circles touch each other and a line is drawn through 
the point of contact terminated by the circumferences, the tangents at its 
ends are parallel. 

Ex. 120. If two circles touch each other and two 
lines are drawn through the point of contact termi- 
nated by the circumferences, the chords joining the 
ends of these lines are parallel. 

ZA = ZMPC ajidZB = ZNPD, .-. ZA=iZB. 

Ex. 121. If two circles intersect and a line is drawn 
through each point of intersection terminated by the cir- 
cumferences, the chords joining the ends of these lines 
are parallel. 

Ex. 122. Through one of the points of intersection of two circles a 
diameter of each circle is drawn. Prove that the line 
joining the ends of the diameters passes through the other 
point of intersection. 

Z ABC = Z ABB = 90° (§ 290). 

Ex. 123. If two common external tangents or two common internal 
tangents are drawn to two circles, the segments ^ 

intercepted between the points of contact are equal. 

Ex. 124. The diameter of the circle inscribed m 
a right triangle is equal to the difference between 
the sum of the legs and the hypotenuse. a 

Ex. 125. If one leg of a right triangle is the diameter 
of a circle, the tangent at the point where the circum- 
ference cuts the hypotenuse bisects the other leg. 

Z BOB = ZDOE, ZBOE = Z OAD. 

.-. OE and AC are II. .-. BE = EC (§ 188). 

Ex. 126. If, from any point in the circumference of 
a circle, a chord and a tangent are drawn, the perpen- 
diculars dropped on them from the middle point of the 
subtended arc are equal. Z BAM = Z CAM. 

Ex. 127. The median of a trapezoid circumscribed about a circle is eqiial 
to one fourth the x)erimeter of the trapezoid (Ex. 103). 
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Ex. 128. Two fixed circles touch each other externally and a circle of 
variable radius touches both externally. Show that the difference of the 
distances from the centre of the variable circle to the centres of the fixed 
circles is constant. 

Ex. 129. If two fixed circles intersect, and circles are drawn to touch 
both, show that either the sum or the difference of the distances of their 
centres from the centres of the fixed circles is constant, according as they 
touch (i) one internally and one externally, (ii) both internally or both 
externally. 

Ex. 130. If two straight lines are drawn through 
any point in a diagonal of a square parallel to the sides 
of the square, the points where these lines meet the 
sides lie on the circumference of a circle whose centre 
is the point of intersection of the diagonals. 

A POE = A POF (§ 143). .-. OE = OF, A POW = A POW. 

^, f^ Ex. 131. If ABC is an inscribed equilateral triangle and 
P is any point in the arc BC, then PA = PB + PC. 

Take PM = PB. A ABM = A CBP (§ 143) and AM 
= PC, 

Ex. 132. The tangents drawn through the vertices of an inscribed 
rectangle, which is not a square, enclose a rhombus. 







Ex. 133. The bisectors of the angles included by the opposite sides 
(produced) of an inscribed quadrilateral intersect at right angles. 

Arc AF — arc BM = arc DF — arc CM 
and arc AH — arc DN = arc BR — arc CN. 
'. arc FH + arc MN = arc HM + arc FN. 
.'. Z FIR = Z RIM. 

Discassion. This problem is Impossible, if any two sides of the quadri- 
lateral are parallel. 
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PROBLEMS OF CONSTRUCTION. 

NoTB. ECLtherto we have supposed the figures constructed. We now 
proceed to explain the methods of constructing simple problems, and after- 
wards to apply these methods to the solution of more difficult problems. 

Proposition XXI. Problem. 

300. To let fall a perpendicular upon a given line from 
a given extemal point 




\ 



M ....-^jr 



B 



Let AB be the given straight line, and C the given external point. 

To let fall a A. to the line AB from the point C. 

From (7 as a centre, with a radius sufficiently great, describe 
an arc cutting AB in two points, H and K, 

Prom H and K as centres, with equal radii greater than ^ HK, 

describe two arcs intersecting at 0. 

Draw COy 

and produce it to meet AB at M. 

CM is the ± required. 

Proof. Since C and are two points each equidistant from 
H and Ky they determine a ± to HK at its middle point. § 161 

Q.B.F. 

Note. Oiven lines of the figures are represented by full lines, resulting 
lines by long-dashed, and availiary lines by shortr-dashed lines. 
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Proposition XXII. Pboblem. 

301. At a given point in a straight line, to erect a 
perpendicular to that line. 





o 

Pio. 1. 



— c 




Fio. 2. 



1. Let be the given point in AC. Fig. 1. 

Take OH and OB equal. 

From H and B as centres, with equal radii greater than OB, 
describe two ai'cs intei-secting at R. Join OR. 

Then the line OB is the ± required. 

Proof. and R, two points each equidistant from H and B, 
determine the perpendicular bisector of HB. § 161 

2. Let B be the given point. Fig. 2. 

Take any point C without AB] and from (7 as a centre, 
with the distance CB as a radius, describe an arc intersecting 
AB at E. 

Draw EC, and prolong it to meet the arc again at D. 

Join BD, and BD is the ± required. 



Proof. 



The Z.B is a. right angle. 
.-. BD is ± to AB. 



§ 290 

Q. E. F. 



Discussion. The point C must be so taken that it will not 
be in the required perpendicular. 
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Pboposition XXIII. Problem. 



302. To Insect a given straight line. 



D 



¥ 



To bisect the given straight line AB. 

From A and B as centres, with equal radii greater than 
J AB, describe arcs intersecting at C and E, 

Join CE. 

Then CE bisects AB. 



§161 

Q.B.P. 



Pboposition XXIV. Pboblbm. 

303. To bisect a given arc* 




To bisect the given arc AB. 

Draw the chord AB, 

From A and B as centres, with equal radii greater than 
^ AB, describe arcs intersecting at D and E, 
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Draw DE, 

Then DE is the ± bisector of the chord AB, § 161 

.-. DE bisects the arc ACB. § 248 

Q. B. F. 

Pboposition XXV. Problem. 

304. To bisect a given angle. 




Let A£B be the given angle. 

From -E^ as a centre, with any radius, as EA, describe an 
arc cutting the sides of the Z.E dX A and B, 

From A and B as centres, with equal radii greater than half 
the distance from A to B, describe two arcs intersecting at 2>. 

Draw DE, 

Then DE bisects the arc AB at C, § 303 

.-. DE bisects the angle E. § 237 

Q. B. F. 



Ex. 134. To construct an angle of 45° ; of 135°. 

Ex. 135. To construct an equilateral triangle, having given one side. 

Ex. 136. To construct an angle of 60° ; of 150°. 

Ex. 137* To trisect a right angle. 
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Proposition XXVL Problem. 

305. At a given point in a given straight line^ to 
construct an angle equal to a given angle. 




At C in the line CM, construct an angle equal to the given angle A. 

From -4 as a centre, with any radius, AE, describe an arc 
cutting the sides of the Z -4 at ^ and F, 

From (7 as a centre, with a radius equal to AE, 

describe an arc HG cutting CM at H, 

From IT as a centre, with a radius equal to the chord EFj 

describe an arc intersecting the arc HG at 0. 

Draw CO, and Z. HCO is the required angle. Why ? 

Q,B.F. 

Proposition XXVII. Problem. 

306. To draw a straight line parallel to a given 
straight line through a given external point 

E 






B- — 4-— .:=K F 



I \ 



B 



D ) 

Let AB be the given line, and C the given point. 
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Draw ECD, making any convenient Z EDB, 
At the point C construct Z ECF equal to Z EDB. § 305 
Then the line HCF is II to AB. Why ? 



Q.B.F. 



Proposition XXYIII. Problem. 



307. To divide a given straight line into a given 
number of equal parts. 




c^^'^ 



-o 



Let AB be the giTen straight line. 



From A draw the line AG, making any convenient angle 
with AB. 

Take any convenient length, and apply it to -40 as many 
times as the line AB is to be divided into parts. 

!From C, the last point thus found ou ^0,-draw CB. 

Through the points of division on AO draw parallels to 
the line CB. ' § 306 

These lines will divide AB into equal parts. § 187 

Q.B.F. 

Ex. 138. To construct an equilateral triangle, having given the per- 
imeter. 

Ex. 139. To divide a line into four equal parts by two different 
methods. 

Ex. 140. Through a given point to draw a line which shall make equal 
angles with the two sides of a given angle. 

Through the given point draw a ± to the bisector of the given /.. 

Ex. 141. To draw a line through a given point, so that it shall form 
with the sides of a given angle au isosceles triangle (Ex. 140). 
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Proposition XXIX. Problem. 

308. To find the third angle of a triangle when two 
of the angles are given. 





Let A and B be the two given angles. 

At any point H in any line EFy 
construct /. a equal to /. Ay and Z. h equal to Z ^. § 305 
Then Z c is the Z required. Why ? 

Q.B.F. 

Proposition XXX. Problem. 

309. To construct a triangle when two sides and the 
indicded angle are given. 





Let b and c be the two sides of the triangle and E the included angle. 

Take AB equal to the side o. 
At A, construct Z BAD equal to the given Z.K § 306 
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On AD take AC equal to by and draw CB. 
Then A ACB is the A required. 



Q.B.F. 



Pkoposition XXXI. Problem. 

310. To construct a triangle when a side and two 
angles of the triangle are given. 





W. 



0/ 
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Let c be the given side, A and B the given angles. 

Take EC equal to the side o. 

At E construct the Z CEH equal toZA. § 305 

At C construct the Z ECK equal to Z B. 

Produce EH and CK until they intersect at 0. 

Then A COE is the A required. q.b.f. 

Remark. If one of the given angles is opposite to the given side, find 
the third angle by § 308, and proceed as above. 

Discussion. The problem is impossible when the two given 
angles are together equal to or greater than two right angles. 



Ex. 142. To constnict an equilateral triangle, having given the altitude. 

To construct an isosceles triangle, having given : 

Ex. 143. The base and the altitude. 

Ex. 144. The altitude and one of the legs. 

Ex. 146. The angle at the vertex and the altitude. 
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Proposition XXXII. Problem. 

311. To construct a triangle when two sides and the 
angle opposite one of them are given. 




/ 






a A 1:-^,^ ,^cL.E 

A C C 

Let a and b be the given sides, and A the angle opposite a. 
Case 1. If a is less than b. 

Construct Z DAJi^ equal to the given Z.A. § 306 

On AD take AB equal to b. 

From j^ as a centre, with a radius equal to a, 

describe an arc intersecting the line AJEJ at C and C". 

Draw BC and BC. 

Then both the A ABC and ABC fulfil the conditions, and 
hence we have two constructions. 2> 

This is called the ambiguous case. jj/' 

Discussion. If the side a is equal to y" \a 

the ± BH^ the arc described from B _ 
will touch AE^ and there will be but 
one construction, the right A ABH. ^,D 

If the given side a is less than the ■^''' 

± from B, the arc described from B ^/-^ W 

will not intersect or touch AE, and '^ ^'' 



y-" *-._ ! 



H 



S 






hence the problem is impossible. '± *? 
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If the Z -4 is right or obtuse, the problem is impossible; for 
the side opposite a right or obtuse angle is the greatest side. 

§ 163 
Case 2. If a is equal to b. 

If the Z -4 is acute, and a = b, the arc described from B as 
a centre, and with a radius equal to a, will ^ 
cut the line AU at the points A and C, B/ 
There is therefore but one solution: the v 5''^ ^^^ . 
isosceles A ABC, -ax,. .-'C 

Discussion. If the Z^ is right or obtuse, the problem is 
impossible; for equal sides of a A have equal A opposite 
them, and a A cannot have two right A or two obtuse A, 

Case 3. If a is greater than b. 

If the given Z -4 is acute, the arc described from B will cut 
fche line JED on opposite sides of A^ at C and C. The A ABC 
answers the required conditions, but the 
A ABC^ does not, for it does not contain 
the acute Z A, There is then only one ^ K^-^'/^ \j r^ 
solution; namely, the AA^C ^ ^, 



B, 






If the Z -4 is right, the arc described 
from B cuts the line UD on opposite <^^'ib'? 

sides of Ay and we have two equal right „ \/ \ \y ^ 
A which fulfil the required conditions. ^ ^ 



If the Z ^ is obtuse, the arc described \r 

from B cuts the line ED on opposite (l^\^ 

sides of -4, at the points C and C\ The ^ ^-/ \\/ j ^ 
A ABC answers the required conditions, ^^ ' 

but the A ABC does not, for it does not contain the obtuse 
Z A. There is then only one solution ; namely, the A ABC. 

Q.B.F 
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Proposition XXXIII. Problem. 

312. To amstruct a triangle when the three sides of 
the triangle are given. 



y 



V' \a a_ 



\ 



x^. 



y 



^. . — a^ 

Let the three sides be c, a, and b. 

Take AB equal to c. From ^ as a centre, with a radius 
equal to b, describe an arc. From J? as a centre, with a radius 
equal to a, describe an arc, intersecting the other arc at C. 

Draw CA and CB. 

A CAB is the A required. q.e.f. 

Discussion. The problem is impossible when one side is equal 
to or greater than the sum of the other two sides. 

Proposition XXXIV. Problem. 

313. To construct a parallelogram when two sides 
and the included angle are given. 
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Let m and o be the two sides, and C the included angle. 

» 

Take AB equal to o. 
At A construct Z BAD equal to Z C. § 306 
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Take AH equal to m. From ^ as a centre, with a radius 
equal to o, describe an arc, and from j^ as a centre, with a 
radius equal to m, describe an arc, intersecting the other arc 
at E] and draw EH and EB. 

The quadrilateral ABEH is the O requii-ed. § 182 

Q.E.r 

Proposition XXXV. Pkoblem. 

314. To circuTnscribe a circle about a given triangle. 




Let ABC be the given triangle. 

Bisect AB and BC. § 302 

At E and 2>, the points of bisection, erect Js. § 301 

Since BC is not the prolongation of AB, these Js will inter- 
sect at some point 0. 

Erom 0, with a radius equal to OB, describe a circle. 

The O ^^C is the O required. 

Proof. The point is equidistant from A and B, 

and also is equidistant from j5 and (7. § 160 

.'. the point is equidistant from A, B, and C, 

and a O described from as a centre, with a radius equal to 
OB, will pass through the vertices A, B, and C. q.e.f. 

The same construction serves to describe a circumference 
which shall pass through three points not in the same straight 
line; also to find the centre of a given circle or of a given arc. 

Note. The point is called the circum-centre of the triangle. 
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Proposition XXXVI. Problem. 

315. To inscrihe a circle in a given triangle. 




Let ABC be the given triangle. 

Bisect the /4 ^ and (7. § 304 

From E, the intersection of the bisectors, 

draw EH ± to the side AC. § 300 

From E as centre, with radius EH, describe the O KHM. 

The O KHM is the G required. 

Proof. Sincp E is in the bisector of the Z A, it is equidistant 
from the sides AB and AC] and since E is in the bisector of 
the Z C, it is equidistant from the sides AC and BC. § 162 

.'. a O described from E as centre, with a radius equal to EHy 
will touch the sides of the A and be inscribed in it. q.b.f. 

Note. The point E is called the irv-centre of the triangle. 

316. The intersections of the 
bisectors of the exterior angles of 
a triangle are the centres. of three 
circles, each of which will touch 
one side of the triangle, and the 
two other sides produced. These 
three circles are called escribed 
circles ; and their centres are called 
the exreentres of the triangle. 
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Proposition XXXVII. Problem. 

317. Through a given pointy to draw a tangent to a 

given circle. 

^^^ . 



>=HB 




Case 1. When the given point is on the circumference. 
Let C be the given point on the circumference whose centre is 0. 

From the centre draw the radius OC. 

Through C draw AMI. to Oa § 301 

Then AM is the tangent required. § 253 

Case 2. When the given point is without the circle. 

Let be the centre of the given circle, E the given point. 

Draw OE. 

On OE as a diameter, describe a circumference intersecting 
the given circumference at the points M and H. 

Draw OM and EM. 

Then EM is the tangent required. 

Proof. Z OME is a right angle. § 290 

.*. EM is tangent to the circle at M. § 253 

In like manner, we may prove EH tangent to the given O. 

Q.B.F. 

Ex. 146. To draw a tangent to a given circle, so that it shall be parallel 
to a given straight line. 



X 
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Proposition XXXVIII. Problem. 

318. Upon a given straight liney to describe a seg- 
ment of a circle in which a given angle may he 
inscribed. 



Let AB be the given line, and M the given angle. 

Construct the Z ADE equal to the ZM. § 305 

Bisect the line AB by the ± OF. § 302 

From the point B draw BO ± to EB. % 301 

From 0, the point of intersection of FO and j50, as a cen- 
tre, with a radius equal to OB, describe a circumference. 

The segment AKB is the segment required. 

Proof. The point is equidistant from A and B. § 160 

.'. the circumference will pass through A. 

But BE is ± to OB. Const. 

.'. BE is tangent to the O, § 263 

(a straight line ±to a radius at its extremity is tangent to the O). 

. • . Z ABE is measured by i arc AB, § 295 

(being an Z formed by a tangent and a chord). 

But any Z as Z ^ inscribed in the segment AKB is meas- 
ured by i arc AB. § 289 

.*. the Z M may be inscribed in the segment AKB. q.b.f. 
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SOLUTION OF PROBLEMS. 

319. If a problem is so simple that the solution is obvious 
from a known theorem, we have only to make the construction 
according to the theorem, and then give a synthetic proof, 
if a proof is necessary, that the construction is correct, as in 
the examples of the fundamental problems already given. 

320. But problems are usually of a more difficult type. 
The application of known theorems to their solution is not 
immediate, and often far from obvious. To discover the mode 
of application is the first and most difficult part of the solu- 
tion. The best way to attack such problems is by a method 
resembling the analytic proof of a theorem, called the analysis 
of the problem. 

1. Suppose the construction made, and let the figure repre- 
sent all parts concerned, both given and required. 

2. Study the relations among the parts with the aid of 
known theorems, and try to find some relation that will sug- 
gest the construction. 

3. If this attempt fails, introduce new relations by drawing 
auxiliary lines, and study the new relations. If this attempt 
fails, make a new trial, and so on till a clue to the right con- 
struction is found. 

321. A problem is determinate if it has a definite number 
of solutions, indeterminate if it has an indefinite number of 
solutions, and impossible if it has no solution. A problem is 
sometimes determinate for certain relative positions or magni- 
tudes of the given parts, and indeterminate for other positions 
or magnitudes of the given parts. 

322. The discussion of a problem consists in examining the 
problem with reference to all possible conditions, and in deter- 
mining the conditions necessary for its solution. 
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Ex. 147. Fbobleh. To construct a cirde thai shaXLpoM through a given 
point and cut chords of a given length from two parallels. 

Analysis. Suppose the problem solved. Let A be the given point, 
BC and DE the given parallels, 3fiV the given 
length, and the centre of the required circle. 

Since the circle cuts equal chords from two 
parallels its centre must be equidistant from 
them. Therefore, one locus for is FG II to 
BC and equidistant from BC and DE. 

Draw the ± bisector of IfZV, catting FG in 
P. PM is the radius of the circle required. ' 

With A as centre and radius PM describe an arc catting FG at 0. 
Then is the centre of the required circle. 

Discussion. The problem is impossible if the distance from A to FG 
is greater than PM. 
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Ex. 148. Problem. To construct a triangle, having given the perimeter^ 
one angle, and Vie altitude from the vertex of the given angle. 

Analysis. Suppose the problem solved, and let ABC be the A required, 
ACB the given Z, and CD the given altitude. 

Produce AB both ways, and 
take AE = ^ C, and BF =BC, 
then EF = the given perim- 
eter. Join CE and CF, form- 
ing the isosceles ^ CAE and 
CBF. 

IntheAECF, ZE + ZF + 
Z ECF= 180« (why ?)^ hut ZECF = ZECA + ZFCB + ZACB. 

Since ZE = ZECA and ZF = ZFCB, we have ZECF = ZE-hZF 
+ ZACB. .•.2ZE -\-2ZF+ZACB = 180°. 

.'.ZE+ZF+iZACB = 90°, B.nd ZE + ZF=90'' -iZACB. 

By substitution, Z ECF =90'' + iZ ACB. 

.'. Z ECF is known. 

Construction. To find the point C, construct on EF a segment that 
will contain the ZECF (§ 318), and draw a parallel to EF at the dis- 
tance CD, the given altitude. 

To find the points A and B, draw the ± bisectors of the lines CE and 
CF, and the points A and B will be vertices of the required A. Why ? 
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PROBLEMS OF CONSTRUCTION. 

Ex. 149. Eind the locus of a point at a given distance from a given 
circumference. 

Eind the locus of the centre of a circle : 

Ex. 150. Which has a given radius r and passes through a given point P. 

Ex. 151. Which has a given radius r and touches a given line AB. 

Ex. 152. Which passes through two given points P and Q. 

Ex. 153. Which touches a given straight line AB at a given point P. 

Ex. 154. Which touches each of two given parallels. 

Ex. 155. Which touches each of two given intersecting lines. 

Ex. 156. To find in a given line a point X which is equidistant from 
two given points. 

The required point is the intersection of the given line with the perpen> 
dicular bisector of the line joining the two given points (§ 160). 

Ex. 157. To find a point X equidistant from three given points. 

Ex. 158. ^To find a point X equidistant from two given ./-' 

points and at a given distance from a third given point. f^^ 

Ex. 159. To construct a circle which has a given radius }J 

and passes through two given points. •'* "^ 

Ex. 160. To find a point X at given distances from two given points. 

Ex. 161. To construct a circle which has its centre in a given line and 
passes through two given points. 

Ex. 162. To find a point X equidistant from two given points and also 
equidistant from two given intersecting lines (§§ 160 and 162). 

Ex. 163. To find a point X equidistant from two given points and also 
equidistant from- two given parallel lines. 

Ex. 164. To find a point X equidistant from two given intersecting 
lines and also equidistant from two given parallels. 

Ex. 166. To find a point X equidistant from two given d , ^\ „ 

intersecting lines and at a given distance from a given point. ^ / i /»JV' 

Ex. 166. To find a point X which lies in one side of a '"^^^^ 
given triangle and is equidistant from the other two sides. ^^ ^' d 
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Ex. 167. A straight railway parses two miles from a 
town. A place is four miles from the town and one 
mile from the railway. To find by construction the 
places that answer this description. 

Ex. 168. In a triangle ABC, to draw DE parallel to 
the base BC, cutting the sides of the triangle in D and 
E, so that DE shall equal DB + EC (§ 162). 

Ex. 169. To draw through two sides of a triangle a line ^ 
parallel to the third side so that the part intercepted between ^ 
the sides shall have a given length. 

Take BD = d, 

Ex. 170. Prove that the locus of the vertex of a right triangle, having 
a given hypotenuse as base, is the circumference described upon the given 
hypotenuse as diameter (§ 290). 

Ex. 171. Prove that the locus of the vertex of a triangle, having a given 
base and a given angle at the vertex, is the arc which forms with the base 
a segment capable of containing the given angle (§ 318). 

Ex. 172. Find the locus of the middle point of a chord of a given length 
that can be drawn in a given circle. 

Ex. 173. Find the locus of the middle point of a chord drawn from a 
given point in a given circumference. 

Ex. 174. Find the locus of the middle point of a straight line drawn 
from a given exterior point to a given circumference. 

E 






Ex. 175. A straight line moves so that it remains parallel to a given 
line, and touches at one end a given circumference. Find the locus of 
the other end. 

Ex. 176. A straight rod moves so that its ends con- 



stantly touch two fixed rods which are perpendicular to 
each other. Find the locus of its middle point. 
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Ex. 177. In a given circle let AOB\)e a. diameter, OC any radius, CD 
the perpendicular from C to AB. Upon OC take OM equal to CD. Find 
the locus of the point M as OC turns about 0. ^ 

Ex. 178. To construct an equilateral triangle, having 



^^^ / ' *'i 
given the radius of the circumscribed circle. -^ f^v^ o'\ | /; 

^^^ -;>- 
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To construct an isosceles triangle, having given : * — 'd 

Ex. 179. The angle at the vertex and the base (§ 160 and § 318). 
Ex. 180. The base and the radius of the circumscribed circle. 
Ex. 181. The base and the radius of the inscribed circle. 
Ex. 182. The perimeter and the altitude. c 

Let ABC be the A required, UF the given perim- ^^'/ 1^^ 
eter. The altitude CD passes through the middle 
of EF, and the ^ AEC, BFC are isosceles. £ 2~P~S ~F 

To construct a right triangle, having given : 

Ex. 183. The hypotenuse and one leg. 

Ex. 184. One leg and the altitude upon the hypotenuse. 

Ex. 185. The median and the altitude drawn from the vertex of the 
right angle. 

Ju-^Ex. 186. The hypotenuse and the altitude upon the hypotenuse. 

Ex. 187. The radius of the inscribed circle and one leg. 

Ex. 188. The radius of the inscribed circle and an acute angle. 

Ex. 189. An acute angle and the sum of the legs. .-4-.^ 

.-'' /p. ^. 

Ex. 190. An acute angle and the difference of the legs. / ^ //\\ r^ \ 

Ex. 191. To construct an 

given the radius of the inscribed 

P\ \E /C 
To construct a triangle, having given : 

Ex. 192. The base, the altitude, and an angle at the base. 

Ex. 193. The base, the altitude, and the Z at the vertex. 

Ex. 194. The base, the corresponding median, and the Z at the vertex. 

Ex. 195. The perimeter and the angles. 

Ex. 196. One side, an adjacent Z, and the sum of the other sides. 



a equilateral triangle, having I / A^f'^xX j 
ibed circle. V^^-^h-^^J 
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To construct a triangle, having given : 

Ex. 197. One side, an adjacent Z, and the difference of the other sides. 

Ex. 198. The sum of two sides and the angles. 

Ex. 199. One side, an adjacent Z,^ and the radius of the circumscribed 
circle. 

Ex. 200. The angles and the radius of the circumscribed circle. 

Ex. 201. The angles and the radius of the inscribed circle. 

Ex. 202. An angle, and the bisector and the altitude drawn from the 
vertex of the given angle. 

Ex. 203. Two sides and the median corresponding to the other side. 

Ex. 204. The three medians. 

To construct a square, having given : 
Ex. 205. The diagonal. 

Ex. 206. The sum of the diagonal and one side. 

Let ABCB be the square required, CA the diagonal. ^ ^ .. 
Produce GA, making AE = AB. A ABC and ABE are •'".: . X Vc 
isosceles aLiidZBAC = Z BCA = 45°. 



J), 
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Ex. 207. Given two perpendiculars, AB and OD, 
intersecting in 0, and a straight line intersecting 
these perpendiculars in E and F\ to construct a 
square, one of whose angles shall coincide with one 
of the right angles at 0, and the vertex of the oppo- "^ O 
site angle of the square shall lie in EF. (Two solu- 
tions.) 

To construct a rectangle, having given : 

Ex. 208. One side and the angle between the diagonals. 

Ex. 209. The perimeter and the diagonal. 

Ex. 210. The perimeter and the angle between the diagonals. 

Ex. 211. The difference of two adjacent sides and the angle between 
the diagonals. ^* 

To construct a rhombus, having given : 
Ex. 212. The two diagonals. 

Ex. 213. One side and the radius of the inscribed circle. 
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Ex. 214. One angle and the radius of the inscribed circle. 

Ex. 216. One angle and one of the diagonals. 

To construct a rhomboid, having given ; 
Ex. 216. One side and the two diagonals. 

Ex. 217. The diagonals and the angle between them. 

I Ex. 218. One side, one angle, and one diagonal. 

Ex. 219. The base, the altitude, and one angle. 

To construct an isosceles trapezoid, having given : 
Ex. 220. The bases and one angle. 

Ex. 221. The bases and the altitude. 

Ex. 222. The bases and the diagonal. 

Ex. 223. The bases and the radius of the circumscribed circle. 

Let ABCB be the isosceles trapezoid required, O the ztcjiiivC 
centre of the circumscribed O. A diameter X to -4. B is X to (l \/ {\\ 
CD, and bisects both AB and CB. Praw CG II to FE, '/-_?[-_LV 

A\ \E G/B 

Then EG = FC = iDC. ^--.J-.'' 



To construct a trapezoid, having given : 
Ex. 224. The four sides. 

Ex. 226. The two bases and the two diagonals. 

Ex. 226. The bases, one diagonal, and the Z between the diagonals. 

To construct a circle which has the radius r and which also : 

Ex. 227. Touches each of two intersecting lines AB and CD. 

Ex. 228. Touches a given line AB and a given circle K. 

Ex. 229. Passes through a given point P and touches a given line AB. 

Ex. 230. Passes through a given point P and touches a given circle K. 

To construct a circle which shall : 

Ex. 231. Touch two given parallels and pass through a given point P. 

Ex. 232. Touch three given lines two of which are parallel. 

Ex. 233. Touch a given line AB at P and pass through a given point Q. 

Ex. 234. Touch a given circle at P and pass through a given point Q. 

Ex. 235. Touch two given lines and touch one of them at a given point P. 
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Ei. 236. Tottoh a given line and touch a given circle at a point P. 

Ex. 237. Touch a pven Une AB al P and alao toucli a. given circle. 

Ex. 238. To iuBcribe a circle in a given sector. 



liin a given circle three equal circles, bo tli 
o and also the given circle. 
Ex. 340. To describe circles about the vertices of a given triangle 
centres, so that each shall touch the two oUiers. 

Ex. 241. To bisect the angle formed by two lines, with- 
out producing the lines to their point of 

Draw any line EF II 
duce GH to meet BA a 



, and pro- A_ i .ifSa 
oiGI. iT fT '(A 



Ei. 242. To draw through a given point P between the aides of an 
angle BAC a line termiuated by the fddes of the angle and bisected at P. 

Ex. 243. Given two points P, Q, and albie AB; to draw lines fromP 
and Q which shall meet on AB and make equal angles with AB. 

Make use of the point which forms with P a pwr of points symmetrical 
with respect to .4B. 

Es. 244. To find the shortest patii from P to Q which shall touch a 
line^B. 

Ex. 245. To draw a common tangent to two given circles. 

Let r and r' denote the radii of the circles, and (Y their centra 
With centre and ra- 
dius r — r' describe a O. 
From <y draw the tan- , 

gents (TM, <ys. Pro- ;' P 

duce OM and ON \Xi\ 
meet the circumference ^ 
at A and C. Draw the 
radii (75 and CTD '1, 
respectively, to OA and OC Draw AB and CD. 

To draw the internal tangents use an auxiliary O of radius r + r". 



Book III. 

PEOPOETIOK SIMILAR POLYGONS. 



THE THBORT OF PROPORTION. 

323. A proportion is an expression of equality between two 
equal ratios ; and is written in one of the following forms : 

a:b = c:d', a:b::c:d: t= j* 

a 

This proportion is read, " a is to ft as c is to <£ " ; or " the ratio 
of a to 6 is equal to the ratio of c to d.'^ 

324. The terms of a proportion are the four quantities com- 
pared ; the first and third terms are called the antecedents, the 
second and fourth terms, the consequents ; the first and fourth 
terms, the extremes, the second and third terms, the means. 

Thus, in the proportion a:b = c:d; a and c are the antecedents, b and 
d the consequents, a and d the extremes, b and c the means. 

325. The fourth proportional to three given quantities is the 
fourth term of the proportion which has for its first three 
terms the three given quantities taken in order. 

Thus, d is the fourth proportional to a, 6, and c in the proportion 

a:b = c:d, 

326. The quantities a, b, c, d, e, are said to be in continued 
proportion, if a:b = b:c = c:d = die. 

If three quantities are in continued proportion, the second 
is called the mean proportional between the other two, and the 
third is called the third proportional to the other two. 

Thus, in the proportion a:b = b:c; 6 is the mean proportional between 
a and c ; and c is the third proportional to a and b. 

136 
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Proposition I. Theorem. 

327. In every proportion the product of the extremes 
is equal to the product of the means. 

Let a:b = c:d. 

Then 7 = 3- §323 

a 



Whence ad = be. 



Q. B. D. 



Proposition IL Theorem. 

328. The mean proportional between two quantities is 
equal to the square root of their product. 

Let a : b = b : c. 

Then 6^ = ac. § 327 

Whence, extracting the square root, 

h = Vac. 



Q. B. D. 



Proposition III. Theorem. 



329. If tlie product of two quantities is equal to tJie 
product of two others^ either two may he made the 
extremes of the proportion in which the other two are 
made tJie means. 

Let • ad = be 

To prove that a:b = c:d. 

Divide both members of the given equation by bd. 

Then ^ = §• 

d 

Or a:b==c:d. p^^,). 
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Proposition IV. Theorem. 

330. If four quantities are in proportion^ tJwy are in 
proportion hy alternation; that isy the first term is to 
tJie third as the second is to the fourth. 

Let a : b = c : d. 

To prove that a:c = bid. 

Now ad = bc. § 327 



Q.B.D. 



Divide each member of the equation by cd. 
Then 5=*. 

c a 
Or a:c = bid. 

Proposition V. Theorem. 

331. If four quantities are in proportion, they are in 
proportion by inversion; that is, tJie second term is to 
the first as tJie fourth is to the third. 

Let a : b = c : d. 

To prove that b:a = d:c, 

Now bc = ad. § 327 

Divide each member of the equation by ac. 

Then ^ = ^- 

a c 

Or h\a = d:c. q^p 
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Proposition VI. Theorem. 

332. IffoKT quantities are in proportion, they are in 
proportion by composition ; that is, the sum of the first 
two terms is to the second term as the sum of the last 
two terms is to the fourth term. 

Let a : b = c : d. 

To prove that a-\-h:b = c •{- did. 



Now 



a __c 
b^d 



Then --hi = 3+1; 

a 

^, ^. a -[-b c i- d 

that IS, — 7 — = — z— • 

b d 

Or a -\- b:b = c -\- d\d. 

In like manner a-\-b:a= c-\- die, q.e.d. 

Proposition VII. Theorem. 

333. If four quantities are in proportion, they are in 
proportion by division ; that is, the difference of the first 
two terms is to the second term as the difference of the 
last two terms is to the fourth term. 

Let a : b = c : d. 

To prove that a — b:b = c — did. 



Now 



a __ c 
'b'"d 



Then 'b~^^d~' 

, . a — b c — d 

that IS, — 7 — = — "T" ' 

Or a — b:b = c — did. 

In like manner a — bia= c — die. q.bd. 
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Proposition VIII. Theorem. 

334. If four quantities are in proportion^ they are in 
proportion by composition and division ; that is, the sum 
of the first two terms is to their difference as the sum of 
the last two terms is to their difference. 

Let a : b = c : d. 

Then i±i^i±i. 5 332 

a c 

And e^ll = t:il. §333 

a c 



Divide, 



a -{- b c-\- d 



a — b c — d 
Or a-\-b:a — b^c-^-dxc — d. 



Q.B,D. 



Proposition IX. Theorem. 

336. In a series of equal ratios, the sum of the antece- 
dents is to tJie sum of the consequents as any antecedent 
is to its consequent. 

Let a:b = c:d = e:f=g:h. 

To prove that a-\-c-^6 + g:b-\-d-\-f-^h = aib, 

T . a c 6 g 

Then a = br, c =^ dr, e — fr, g — hr. 

And a^c-\- e-{- g = (b'^ d-\-f-\- h)r. 

Divide by (ft 4- c? +/4- A). 
mi. a-{- c -i- e-{- g a 

Or a-f (J 4- e H- ^:ft + rf 4-/4- A = a:ft. q.b.d. 
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Proposition X. Theorem. 

336. The products of the correspondhig terms of two 
or more proportions are in proportion. 

Let a:b = c:d, e:f = g:h, k:l = m:n. 

To prove that aek : hfl = cgm : dhn. 

^y. a c e g h m 

Now 7 = "i» -;; = t' t = --' 

a f h I n 

The products of the first members and of the second mem- 
bers of these equations give 

aek __ cgm 
hfl dhn 

Or aek : bfl = cgm : dhn. q, g. D. 

337. Cor. If three quantitieB are in continued proportion^ 
the first is to the third as the square of the first is to the 
square of the second. 

Proposition XI. Theorem. 

338. Like powers of the terms of a proportion are in 
proportion. 

Let a : b = c : d. 



To prove that a^'.h^ = c^: d\ 

Now 



a _c 
I'^d' 



Raise to the nth. power, t^ = ;^ ' 

Or a''\h'' = c'':d\ q.e.d. 

339. Def. Equimultiples of two quantities are the products 
obtained by multiplying each of them by the same number. 
Thus, ma and mb are equimultiples of a and h. 
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Pboposition XII. Theorem. 

340. Equimultiples of two quantities are in the same 
ratio as the quantities themselves. 

Let a and b be any two quantities. 
To prove that ma : mb = a:b. 

XT a a 

li OW T = T ' 

o 

Multiply both terms of the first fraction by m, 

ma a 

Then ^ = T ' 

vib 

Or ma : mh = a:b. q b^ d^ 

341. Scholium. In the treatment of proportion, it is as- 
sumed that the quantities involved are expressed by their 
num,erical measures. It is evident that the ratio of two quanti- 
ties of the same kind may be represented by a fraction, if the 
two quantities are expressed in integers in terms of a common 
unit. If there is no unit in terms of which both quantities can 
be expressed in integers, it is still possible by taking the unit 
of measure sufficiently small to find a fraction that will repre- 
sent the ratio to any required degree of accuracy, § 269 

If we speak of the product of two quantities, it must be 
understood that we mean simply the product of the numbers 
which represent them when they are expressed in terms of a 
common unit. 

In order that four quantities, a, b, c, d, may form a propor- 
tion, a and b must be quantities of the same kind ; and c and d 
must be quantities of the same kind ; though c and d need not 
be of the same kind as a and b. In alternation, however, the 
four quantities mu^st be of the same kind. 
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Proposition XIII. Theobem. 

342. If a line is drawn through two sides of a triangle 
parallel to the third side^ it divides those sides propor- 
tionally. 

A A 





Fio. 1. 



Fio. 2. 



In the triangle ABC, let £F be drawn parallel to BC. 

To prove that EB\AE = FC\ AF. 

Case 1. When AE and EB (Fig. 1) are commensurable. 

Proof. Find a common measure of AE and EB, as MB. 

Let MB be contained m times in EB, and n times in AE. 

Then EBiAE = m:n. 

At the points of division on BE and AE draw lines II to BC. 
These lines will divide AC into m-{-n equal parts, of which FC 
will contain m, and AF will contain n. § 187 

.'. FCiAF = m:n. 

.\EB:AE=FC:AF. Ax. 1 

Case 2. When AE and EB (Fig. 2) are incommensurable. 

Proof. Divide AE into any number of equal parts, and apply 
one of th«se parts to EB as many times as EB will contain it. 

Since AE and EB are incommensurable, a certain number 
of these parts will extend from E to some point K, leaving a 
remainder KB less than one of these parts. Draw KJff II to BC. 

Then EK:AE = FH.AF. Case 1 
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By increasing the number of equal paxts into which AE is 
divided, we can maJ^e the length of each part less than any 
assigned value, however small, but not zero. 

Hence, KB, which is less than one of these equal parts, has 
zero for a limit. § 275 

And the corresponding segment HC has zero for a limit. 

Therefore, EK approaches EB as a limit, § 271 

and FH approaches FC as a limit. 

.*. the variable -j^ approaches -j-= as a limit, § 280 

FH FC 

and the variable -t-=; approaches -j^ as a limit. 

But -j^ is constantly equal to -j^- Case 1 



EB^FC 
AE" AF 



§284 

Q.E.D. 



343. CoK. 1. One aide of a triangle is to either part cut 
off by a straight line parallel to the base as the other side is 
to the corresponding part. 

For AE:EB=AF:Fa 

By composition, AE + EB :AE = AF-{-FC: AF. § 332 

Or AB:AE = AC:AF. 

344. Cor. 2. // two lines are cut by any number of par- 
allels^ the corresponding intercepts are proportional. 

Draw AN II to CD, Then 

AL = CG, LM = GK, MN = KD. § 180 

Now AH:AM:=AF:AL = FHiLM 

= HBxMK §343 

Or AF:CG^FH:GK=HBiKD. 
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Proposition XIV. Theorem. 

345. If a straight line divides two sides of a triangle 
proportionally, it is parallel to the third side 




In the triangle ABC, let EF be drawn so that 

AB^AC 
A£ AF' 

To prove that EF is II to BC. 

Proof. From U draw UH II to BC. 

Then AB : AH = AC : Alf, §343 

(0716 side of a triangle is to either part cut off by a line parallel to the base 

OS th^ other side to the corresponding part). 

But AB\AE = A C: AF. Hyp. 

.\AC:AF=^ACxAH. Ax. 1 

.-. AF = AH. 

.'. EF and EH coincide. § 47 

But EH is II to BC Const. 

.". EFy which coincides with EH, is II to BC q.e.d. 



Ex. 246. Find the fourth proportional to 91, 65, and 133. 
Ex. 247. Find the mean proportional between 39 and 351. 
Ex. 248. Find the third proportional to 54 and 3. 
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346. If a given line AB is divided at M, a point between 
the extremities A and B, it is said to be divided internally 
into the segments MA and MB ; and if it is divided at M\ 
a point in the prolongation of AB, it is said to be divided 
externally into the segments M^A and M^B, 



J^ — - 1 \ ^ 

A M 

In either case the segments are the distances from the point 
of division to the extremities of the line. If the line is divided 
internally, the sum of the segments is equal to the line; and 
if the line is divided externally, the difference of the segments 
is equal to the line. 

Suppose it is required to divide the given line AB internally 
and externally in the same ratio ; as, for example, the ratio of 
the two numbers 3 and 5. 



'''■•'* 



M' ' ' AM B V 

We divide AB into 5 -h 3, or 8, equal parts, and take 3 parts 
from A ; we then have the point Jf , such that 

MAiMB = Zi6. (1) 

Secondly, we divide -4J5 into 5 — 3, or 2, equal parts, and lay 
off on the prolongation of AB, to the left of A, three of these 
equal parts ; we then have the point M\ such that 

M'AiM'B = 3:5. (2) 

Comparing (1) and (2), 

MA:MB = M'A:M'B. 

347. Def. If a given straight line is divided internally and 
externally into segments having the same ratio, the line is 
said to be divided harmonically. 
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Proposition XV. Theobem. 

348. The bisector of an angle of a tiiangle divides the 
opposite side into segments which are proportixmal to 
the adjacent sides. 




AM B 

Let CM bisect the angle C of the triangle CAB. 

Topr(yue that MAiMB = CAiCB. 

Proof. Draw AE II to MC, meeting BC produced at E, 

Then MA:MB=CE.CB, §342 

(if a liive is drawn through two Bides of a A parallel to the third side, it 

divides those sides proportioruiUy), 

Also, Z ACM= Z CAE, § 110 

{being att.-int. A of II lines) ; 

and ZBCM=Z CEA, § 112 

(being ext.-int. A of II lines). 

But ZACM=ZBCM. Hyp. 

.-. Z CAE = Z CEA. Ax. 1 

.\CE=CA, §147 
Put CA for its equal, CE, in the first proportion. 

Then MA : MB = CA : CB. q.b.d. 



Ex. 249. In a triangle ABC, AB = 12, AC = U, BC = 13. Find the 
segments of BC made by the bisector of the angle A, 

Ex. 260. In a triangle CAB, CA = 6, CB = 12, AB = 15. Fmd the 
segments of AB made by the bisector of the angle C 
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Proposition XVI. Theobem. 

349. The bisector of an exterior angle of a triangle 
divides the opposite side externally into segments which 
are proportional to the adjacent sides. 




Let CM' bisect the exterior angle ACE of the triangle CAB, and 
meet BA produced at M^ 

To prove that M^A : M^B = CA : CB. 

Proof. Draw AF II to WC, meeting BC 2X F. 



Then M'A : W'B = CF: CB. 


§343 


Now ZM'CF = AAFCy 


§ 112 


and ZM'CA=ZCAF, 


§110 


{being att.'int, A o/ll lines). 




But Z.M'CE = Z.WCA. 


Hyp. 


.\Z.AFC = Z.CAF. 


Ax. 1 


.-. CA = CF. 


§ 147 


Put CA for its equal, CF, in the first proportion. 




Then M'A : WB = CA : CB, 


o.w n 



Question. To what case does this theorem not apply ? (See 
Ex. 41, page 69.) 

350. Cor. The bisectors of an interior angle and an exte- 
rior angle at one vertex of a triangle meeting the opposite side 
divide that side harmonically. § 347 
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SIMILAR POLYGONS. 

351. Def. Similar polygons are polygons that have their 
homologous angles equal^ and their homologous sides propor^ 
tional. 

B 





Thus, the polygons ABODE and AB'OD^W are similar, if 

the A Aj B, C, etc., are equal, respectively, to the AA\ B\ C", 

etc., and if 

AB : A'B' = BC : B'C = CD : CD', etc 

352. Def. Homologous lines in similar polygons are lines 
similarly situated. 

353. Def. The ratio of any two homologous lines in similar 
polygons, is called the ratio of similitude of the polygons. 

The primary idea of similarity is likeness of form. The two 
conditions necessary to similarity are : 

1. Eor every angle in one of the figures there mtcst be an 
equal angle in the other, 

2. The homologous sides must be proportional. 

Thus, Q and Q' are not similar ; the homologous sides are 
proportional, but the homologous angles are not equal. Also 
R and R' are not similar ; the homologous angles are equal, 
but the sides are not proportional. 




Q' 




B' 



In the case of triangles, either condition involyes the other 
(see § 354 and § 358). 
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Proposition XVII. Theorem. 
354. Two mutually equiangular triangles are similar. 




In the triangles ABC and A3^(r, let the angles A, B, C be equal 
to the angles A', B', C, respectively. 

To prove that the A ABC and A'B^C are similar. 

Since the A are mutually equiangular, we have only to 
prove that AB : A'B^ = AC:A'a = BC: B'C, § 351 

Prwf. Place the A A'B'C on the A ABC so that Z A' shall 
coincide with its equal, the Z A ; and B'C take the position I^H. 

Then Z AUH = Z B, Hyp. 

.-. UH is II to BC. § 114 

.-. AB:AU = AC: AH, § 343 

That is, AB:A'B' = AC:A' C. 

Similarly, by placing A A'B'C^ on A ABC, so that Z B' 
shall coincide with its equal, the Z B, we may prove that 

AB : A'B' = BC : B'C\ q.b. d. 

355. Cor. 1. Two triangles are similar if two angles of the 
one are equals respectively^ to two angles of the other, 

356. Cor. 2. Two right triangles are similar if an acute 
angle of the one is equal to an acute angle of the other. 
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Proposition XVIII. Theorem. 

357. If tiDO triangles have an angle of the one equal 
to an angle of the other ^ and the including sides propor- 
tionaly they are similar. 





In the triangles ABC and A3^cr, let Z A = Z A', and let 

AB : A'B' = AC : AX'. 

To prove that the A ABC and A'B'C are similar. 

In this case we prove the A similar by proving them mutu- 
ally equiangular. 

Proof. Place the A A'B'C on the A ABC, so that the Z A' 
shall coincide with its equal, the Z.A. 



Then the A A'B'C will take the position of AAUff, 

AB AC 



Now 



That is, 



mi 



A'B' A'C 

AB ^ AC 
AE'^ AH 



Hyp. 



.-. EH is II to BC, § 345 

iff a line divides two sides of a A proportionally^ it is II to the third side). 

.'. Z AEH = ZBy and Z AHE = Z C, § 112 

.-. A AEH is similar to A ABC § 354 

.-.A A'B'C is similar to A ABC. q.b.d. 
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Proposition XIX. Theorem. 

358. If two triangles have their sides respectively pro- 
portionaiy they are similar. 




In the triangles ABC and A3^(r, let 

AB : A'B' = AC : AX' = BC : B'C. 

To prove that the A ABC and A^B'C are similar. 

Proof. Upon AB take AE equal to A'B'y and upon AC take 
-4^ equal to A'C; and draw UJI. 

Now AB:A'B' = AC:A'Cr. Hyp. 

Or, since AE = A'B' and AH = A'C, 

AB:AE = AC:AH. 

.'. A ABC and AEH are similar. § 357 

.-. ABiAE =BC: EH, § 351 
that is, AB : A^B' =^BC:EH. 

But AB : A'B' = BC : B'ff. Hyp. 

.-. BCiEH =BC: B'O, Ax. 1 
.\EH^B'a, 

Hence, the A AEH and A'B'C are equal. § 160 
But A AEH is similar to A ABC. 

.•. A A'B^O is similar to A ABC. q. u. ^ 
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Proposition XX. Theorem. 

359. Two triangles which have their sides respectively 
parallel J or respectively perpendicular^ are similar. 





Let ABC and AfB'C have their sides respectively parallel ; and 
DBF and UTET!^ have their sides respectively perpendicular. 

To prove that the A ABC and A'B'C are similar ; and 
that the A DEF and D^EF are similar. 

Proof. 1. Prolong EC and AO to B'A\ forming A x and y. 
Then /LB'^Axi^ 112), and Z JJ = Z a. § 110 

Therefore, AB' = AB. Ax. 1 

In like manner, Z.A^ = /LA. 

Therefore, A A'B'C is similar to A ABC. § 355 

2. Prolong BE and FD to meet D^E' at H and UF at K, 

The quadrilateral EHEO has A EHE and EOE right 
angles, by hypothesis. 

Therefore, Z E and Z OEH are supplementary. § 206 

But Z JDEF and Z OEH are supplementary. § 86 

Therefore, Z DEF = Z J^'. § 85 

In like manner, Z EDF = Z i)'. 

Therefore, A DEF is similar to A D'EF. § 355 

Q. B. D. 

360, Cor. The parallel sides and the perpendictdar sides 
are homologous sides of the triangles. 
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Pboposition XXI. Theobbm. 

361. Uie homologous attitudes of two similar triangles 
have the same ratio as any two homologous sides. 

(f 






B 




O' B' 



In the two similar triangles ABC and ATB'C^, let CO and CO" be 
homologous altitudes. 

^^ ^ CO AC AB BC 
To prove that -^^ = ^^, = -j^, = ^^^^ . 



Proof. In the rt. A COA and CaA\ 

AA = Z.A\ 
{f)eing homologous A of the similar ^ ABC and A^RCK). 

.'.A COA and C^O^A' are similar, 

{two rt, Ai having an acute Z of the one equal to an acute Z of the 

are similar). 

. CO ^ AC 
' ' CO' A'a 

In the similar A ABO BJid A^B'Cy 

AC AB BC 



§361 
§356 

other 

§351 



Therefore, 



A'C A'B' B'C 
CO AC AB BC 



§351 



CO' A' a A'B' B'C 



Q.B.D. 



Ex. 251. The base and altitude of a triangle are 7 feet 6 inches and 
5 feet 6 inches, respectively. If the homologous base of a similar triangle 
is 5 feet 6 inches, find its homologous altituda 
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Proposition XXII. Theorem. 

362. If two parallels are cut hy three or mare trans- 
versals that pass through the same point j the correspond- 
ing segments are proportional. 



E" D' C B" A' 





BODE 



Let the two parallels AE and A^^ be cut by the transYersals OA, 
OB, OC, OD, OE in A, A^, B, B', etc. 

^^ ^ AB BC CD DE 
Ta prove that -^^ = ^^ = .^^ = ^^^^^ . 

Proof. Since A^E^ is II to AE, the pairs of A GAB and OA'B^, 
OBC and OB^C\ etc., are similar. § 354 

AB OB BC_ _ OB 

' ' A'B' ~ OB' ^ B^a " OB'' ^ "^^^ 

{fiomologouB sides of similar ^ are proportional). 

. AB ^ BC 
''A'B' B'C' 

In a similar way it may be shown that 

BC CD ^ CD DE 
B'C CD' CD' D'E' 

NoTB. A condensed form of writing the above is 

AB /0B\ BC /0C\ CD /0D\ DE 



Ax. 1 



Q. B. D. 



A'BT ~ \^r) ~ WC' ~ \0C') ~ CD" ~ \ OD"/ ~ D'E" 

A paorenthesis about a ratio signifies that this ratio is used to prove the 
equality of the ratios immediately preceding and f ollowiog it 
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Proposition XXIII. Theorem. 

363. Conversely: If three or more non-parallel straight 
lines intercept proportional segments upon two parallels^ 
they pass through a common point. 




Let AB, CD, £F cut the parallels A£ and BF so that 

AC : ED = C£ : DF. 

To prove that AB, CD, EF prolonged meet in a point. 

Proof. Prolong AB and CD until they meet in 0. 

Draw OE. 
Designate by F^ the point where OE cuts BF, 
Then AC:BI)= CEiBF". § 362 

But AC:BD== CEiDF. Hyp. 

.\CE:DF'=CE:DF. Ax. 1 

.-. DF^ = DF. 
.'. F' coincides with F. 
.\EF coincides with EF. § 47 

.'. EF prolonged passes through 0. 
.*. AB, CD, and EF prolonged meet in the point 0. 

Q.R.D. 
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Proposition XXIV. Theobebi. 

364. The perimeters of two similar polygons have the 
sam£ ratio as any two homologous sides. 

E 





Let the two similar polygons be ABCDB and A^'CD'E', and let 
P and F represent their perimeters. 

To prove that F:F' = AB: AB\ 

Proof. AB : AW = BC : B'C' = CD : OD\ etc. § 351 

.-. AB-hBC-^- etc. : A'B' + B'C 4- etc. = AB : A'B\ § 335 
{in a series of equal ratios the sum of the antecedents is to the sum of the 



consequents as any antecedent is to its consequent). 
That is, P:F' = AB: A'B*. 



Q.B.D 



Ex. 252. If the line joining the middle points of the bases of a trape- 
zoid is produced, and the two legs are also produced, the three lines will 
meet in the same point. 

Ex. 253. AB and AC are chords drawn from any point A in the cir- 
cumference of a circle, and AD isA diameter. The tangent to the circle 
at D intersects AB and AC hi E and F, respectively. Show that the 
triangles ABC and AEF are similar. 

Ex. 254. AD and BE are two altitudes of the triangle CAB. Show 
that the triangles CED and CAB are similar. 

Ex. 255. If two circles are tangent to each other, the chords formed 
by a straight line drawn through the point of contact have the same ratio 
as the diameters of the circles. 
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Proposition XXV. Theorem. 

365. If two polygons are similar y they are composed 
of tfie same number of triangles, similar each to ea^hj 
and similarly placed. 





B c B' 

Let the polygons ABCDE and A'BX'IXE' be similar. 

From two homologous vertices, as E and E\ .draw diagonals 
EB, EC, and E'B\ EC. 

To prove that the A EAB, EBC, ECD are similar, 
respectively, to the A E'A'B', E'B'C, ECU. 



Proof. TheAE 


'AB and EA'B' are similar. 


§357 


For 


^A = /LA', 


§351 


and 


AE : A'E = AB : A'B\ 


§351 


Now 


Z ABC = Z A'B'C 


§351 


and 


Z ABE = Z A'B'E". 


§351 


By subtracting, 


Z EBC =Z E'B'C. 


Ax. 3 


Now 


EB.WB'^AB-.A'B', 


§351 


and 


BC:B'C=AB:A'B'. 


§351 


• 
• 


.EB:I?B' = BC:B'C 


Ax. 1 


.-.A EBC and E'B'C are similar. 


§357 



In like manner A ECD and E^CU are similar. 



O.B.D 
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PROPOSITION XXVI. Theorem. 

366. Conversely: If two polygons are composed of 
the same number of triangles^ similar each to each, and 
similarly placed, the polygons are similar. 





In the two polygons ABCDB and A^X'D'E^, let the triangles 
ABB, BEC, CEB be similar, respectively, to the triangles A'E'B', 
B'EX', CE'D'; and similarly placed. 



To prove that ABODE is similar to A'B'C'D'JS', 
Proof. ZA = ZA', 



Also, 
aad 

By adding, 



Z ABU = Z A'B'U', 
ZEBC = ZI!'B'C'. 



§351 

§351 
Ax. 2 



ZABC =ZA'B'C'. 
In like manner, ZBCD = Z B'C'D', Z CDU = Z C'D'IP, etc. 
Hence, the polygons are mutually equiangular. 



AB ( EB\ BC _( EC\_ CD 
^^^^' A'B' " \EB'J ~ B^C ■" V^'^7 "" ^'^'' 



§351 



Hence, the polygons have their homologous sides propor- 
tional. 



Therefore, the polygons are similar. 



§351 

Q.B.D. 
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THBOBBMS. 

Ex. 266. If two circles are tangent to each other externally, the corre- 
sponding segments of two lines drawn through the point of contact and 
terminated by the circumferences are proportional. 

Ex. 257. In a parallelogram A BCD, a line DE is drawn, meeting the 
diagonal AC in. F, the side BC in G, and the side AB produced in E. 
Prove that 5P = FG x FE. 

Ex. 258. Two altitudes of a triangle are inversely proportional to the 
corresponding bases. 

Ex. 259. Two circles touch at P. Through P three lines are drawn, 
meeting one circle in. A, B, C, and the other in A\ R, C% respectively. 
Prove that the triangles ABC, A'RC are similar. 

Ex. 260. Two chords AB, CD intersect at M, and A is the middle point 
of the arc CD. Prove that the product AB x AM\a constant if the chord 
AB is made to turn about the fixed point A. 

Draw the diameter AE, and draw BE, 

Ex. 261. If two circles touch each other, their common external tan- 
gent is the mean proportional between their diameters. 

Let ABloe the common tangent. Draw the diameters AC, BD. Join 
the point of contact P to A, B, C, and D. Show that APD and BPC are 
straight lines ± to each other, and that ^ CAB, ABD are similar. 

Ex. 262. If two circles are tangent Internally, all chords of the greater 
circle drawn from the point of contact are divided proportionally by the 
circumference of the smaller circle. 

Draw any two of the chords, and join the points where they meet the 
circumferences. The ^ thus formed are similar (Ex. 120). 

Ex. 263. In an inscribed quadrilateral, the product of 
the diagonals is equal to the sum of the products of the 
opposite sides. 

Draw DE, making Z CDS = Z ADB, The A ABD and 
ECD are similar ; and the ^ BCD and AED are similar. 

Ex. 264. Two isosceles triangles with equal vertical angles are similar. 

Ex. 265. The bisector of the vertical angle A of the triangle ABC inter- 
sects the base at D and the circumference of the circumscribed circle at E, 
Show that AB x AC = AD x AE, 




160 



BOOK ni. PLANE GEOMETRY. 



NUMERICAL PROPERTIES OF FIGURES. 

Proposition XXVII. Theorem. 

367. If in a right triangle a perpendicular is drawn 
from the vertex of the right angle to the hypotenuse : 

1. The triangles thus formed are similar to the given 
triangle, and to each other. 

2. The perpendicular is the mean proportional between 
the segments of the hypotenuse. 

3. Eaxih leg of the right triangle is the mean proporr 
tional between the hypotenuse and its adjacent segment. 




In the right triangle ABC, let CF be drawn from the vertex of 
the right angle C, perpendicular to AB. 

1. To prove that A BCA, CFA, BFC are similar. 

Proof. The rt. A CFA and BCA are similar, § 366 

since the Z. a' is common. 
The rt. A BFC and BCA are simHar, § 356 

since the Z ^ is common. 

Since the A CFA and BFC are each similar to A BCA, 
they are similar to each other. § 354 

2. To prove that AF\CF^CF\ FB, 

Proof. In the similar A CFA and BFC, 

AF\CF^CFiFB, §361 
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3. To prove that AB'.AC = AC\ AF, 
and AB:BC = BC:BF. 

Proof. In the similar ABCA and CFA, 

AB:AC = AC:AF. §351 

In the similar ABCA and BFC, 

AB:BC = BC:BF. §351 

Q. B. D. 

368. Cor. 1. The squares of the two legs of a right tri- 
angle are proportional to the adjacent segments of the hypote- 
nfise. 

From the proportions in § 367, 3, 

AC^ ==ABX AF, and BC^ = AB x BF. §.327 

7^' ABX AF AF 

Hence, ==i = = 

BC^ ABXBF BF 

369. Cob. 2. The squares of tjte hypotenuse and either leg 
are proportional to the hypotenuse and the adjacent segment. 

Sa& ABxAB AB 



For 



AC^ ABX AF AF 



370. Cob. 3. The perpendicular from any point in the 
circumference to the diameter of a circle 
is the mean proportional between the seg- 
ments of the diameter. 

The chord drawn from any point in If 
the circumference to either extremity of 
the diameter is the mean proportional between the diameter 
and the adjacent segment. 

For the Z ACB is a rt. Z. § 290 
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Proposition XXVIII. Theorem. 

371. The sum of the squares of the two legs of a right 
triangle is equal to the square of the hypotenuse. 




Let ABC be a right triangle with its right angle at C. 

To prove that 

Proof. 



AC ^- CB* = AB\ 
Draw CF ± to AB, 



Then 
and 



AC =ABX AF, 
CB^ = ABX BF, 



§367 

Q.B.D. 



By adding, AC^ + CB^ = AB{AF + BF) = AB". 

372. Cor. 1. The square of either leg of a right triangle is 
equal to the difference of the square of the hypotenuse and 
the square of the other leg, 

373. Cor. 2. The diagonal and a side of a ^ 
square are incommensurable. 

For AC^==aF'\-BC^ = 2AF, 

.\AC = ABV2. 



374. Dep. The projection of any line 
upon a second line is the segment of 
the second line included between the 
perpendiculars di-awn to it from the 
extremities of the first line. Thus, A- 
PR is the projection of CD upon AB, 
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Proposition XXTX. Theorem. 

375. In any triangle^ the square of the side opposite 
an acute angle is equal to the sum of the squares of the 
Qther two sides diminished by twice the product of one of 
those sides hy the projection of the other upon thai side. 

A 





Fia. 2. 

Let C be an acute angle of the triangle ABC, and DC the projec- 
tion of AC upon BC. 

To prove that 1& = 'BC^ + AC* -230 X DC, 

Proof. If D falls upon the base (Fig. 1), 

DB = BC - DC, 

If D falls upon the base produced (Fig. 2), 

DB=^DC- BC. 
In either case, 

55* = ^' + ^' - 25(7 X 2>a 



Add AD to both sides of this equality, and we have 
A& ^-Di^ = 'BC^ -{-AD^ + 'DC^ - 2 BC X DC. 

But Zd" + 'dF = Zb", 

and 'A^-v'DC'^'AC^. 



§ 371 



Put AB and AC for their equals in the above equality. 
Then ll? = BC^ Vac" -2BC X DC. 



Q. B. D. 
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Proposition XXX. Theorem. 

376. In any obtuse triangle^ the square of the side 
opposite the obtuse angle is equal to the sum of the 
squares of the other two sides increased by twice the 
product of one of those sides by the projection of 
the other upon that side. 




Let C be the obtuse angle of the triangle ABC, and CD be the pro- 
jection of AC upon BC produced. 



To prove that AB' = BC +AC +2BCxI)a 
Proof. DB^BC-^DC, 

Squaring, W = BC^ + "Fc^ + 2BCX DC, 



Add AD to both sides, and we have 

AJD^ + BF = BC'' + AD' + DC^ + 2BCxDa 
But Zd' + ^' = 25", and 1& ^BCf = 2^". § 371 



Put AB^ and A(f for their equals in the above equality. 
1^ = 'BC^ -\-'ACf ^2BC % DC, 



Then 



Q. B. D. 



Note 1. By the Principle of Continuity the last three theorems may 
be included in one theorem. Let the student explain. 

Note 2. The last three theorems enable us to compute the lengths of 
the altitudes of a triangle if the lengths of the three sides are known. 
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Proposition XXXI. Theorem. 

377. 1. The sum of the squares of two sides of a tri- 
angle is equal to twice the square of half the third side 
increased by twice the square of the median upon that 
side. 

2. The difference of the squares of two sides of a tri- 
angle is equal to twice the product of the third side by 
the projection of the median upon that side. 




M D 



In the triangle ABC, let AM be the median and MD the projection 
of AM upon the side BC. Also, let AB be greater than AC. 

Toprovethat 1. A^ + 1c^ = 2BM^ + 2AM\ 

2.aF-AC^ = 2BC XMD. 

Proof. Since AB > AC, the Z AMB will be obtuse, and the 
Z. AMG will be acute. § 155 

Then A£^ =^'BM'' + ^^ + 2BM X MD, §376 

and 'AC^^MC^^-AM'-2MC XMD. §375 

Add these two equalities, and observe that BM = MC. 

Then A^-{-AC^=^2mi^ + 2AM\ 

Subtract the second equality from the first. 

Then A& - AC* =2BC X MD. q.b.d. 

Note. This theorem enables us to compute the lengths of the medians 
of a triangle if the lengths of the three sides are known. 
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Proposition XXXII. Theorem. 

378. If two chords intersect in a circle^ the product 
of the segments of one is equal to the product of the 
segments of the other. 




Let any two chords MN and PQ intersect at 0. 
To prove that OM X. 0N= OQ X OF. 
Proof. 



And 



Draw MF a-nd NQ. 

• 




Z a = Z a', 


§289 


(each being measured by \ arc FN). 




Z.c = Z.c\ 


§289 


(each being measured by \ arc M(^, 




.'. the A NOQ and FOM are similar. 


§355 


.-. OQ:OM=ON:OF. 


§351 


.-. 0MX0N=0QX OF. 


§327 




Q.B.D. 



379. Scholium. This proportion may be written 

OM^OF OJf_ 1 ^ 

OQ - oy' ^^ OQ " ON' 

OF 

that is, the ratio of two corresponding segments is equal to the 
reciprocal of the ratio of the other two segments. 

Hence, these segments are said to be redprocaZly proportional. 
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380. Def. a secant from a point to a circle is understood to 
mean the segment of the secant lying between the point and 
the second point of intersection of the secant and circumference. 

Proposition XXXIII. Theorem. 

381. If from a point without a circle a secant and a 
tangent are drawn, the tangent is the mean proportional 
between the whole secant and its external segment. 




Let AD be a tangent and AC a secant drawn from the point A to 
the circle BCD. 

To prove that AC : AD = AD: AB. 

Proof. Draw DC and DB. 

The A ^iZ)C and ABD are similar. § 365 

For Z ft is common ; and Z.a^ = Z.ay §§ 289, 295 
(each being measured by i arc BD), 

.\AC:AD = AD:AB. §351 

• Q.B.I). 

382. Cor. If from a fixed point without a circle a secant 
18 dravm^ the product of the secant and its external segment 
is constant in whatever direction the secant is drawn. 

For ACxAB = AD\ § 327 
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Proposition XXXIV. Theorem. 

383. The square of the bisector of an angle of a tri- 
angle is equal to the product of the sides of this angle 
diminished by the product of the segments made by 
the bisector upon the third side of the triangle. 




Let NO bisect the angle MNP of the triangle MNP. 



To prove that NO^ = NM X NF - OM X OF. 

Pitwf . Circumscribe the O MNF about the A MNF. § 314 
Produce NO to meet the circumference in Q, and draw FQ. 

The A NQF and NMO are similar. § 355 

For Zb=Z h\ Hyp. 

and Z.a = Z.a\ §289 

Whence NQ : NM = NF : NO. § 361 

.-. NM X NF = Ni3xN0 

= (N0+0Q)N0 

= n6^+noxoq. 

But NO X OQ = MO X OF. - § 378 

.-. MN XNF = NO' + MO X OF. 



Whence NO^ = NM X NF - MO X OF. Ax. 3 

Q. E. D. 

Note. This theorem enables us to compute the lengtlis of the bisectors 
ol the angles of a triangle if the lengths of the sides are known. 
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Proposition XXXV. Theorem. 

384. In any triangle the product of two sides is equal 
to the product of the diameter of the circumscribed circle 
by the altitude upon the third side. 




Let NMQ be a triangle, NO the altitude, and QNMP tlie circle cir- 
cumscribed about the triangle NMQ. 

Draw the diameter NP, and draw PQ, 

To prove that NM X NQ = NP X NO. 

Proof. In the A NOM BJid NQP, 

Z NOM is a rt. Z, Hyp. 

Z NQP is a rt. Z, § 290 

and Z a = Z a', § 289 

(each being measured by \ arc JVQ). 

.-.A NOM and NQP are similar. § 356 

Whence NM : NP = NO: NQ. § 351 

.-. NM XNQ = NPX NO, § 327 

Q.E.D. 

Note. This theorem enables us to compute the length of the radius of 
a circle circumscribed about a triangle, if the lengths of the three sides of 
the triangle are known. 

Ex. 266. If OE, OF, OG are the perpendiculars from any point O 
with in th e triangle ABC upon the sides AB^ BC, CA, respectively, show 
that AI^ + BF^ + CG^ = E^ + FCf^ + GA\ 
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THEOREMS. 

Ex. 267. The sum of the squares of the segments of two peipendiculai 
chords is equal to the square of the diameter of the circle. 

If AB, CD are the chords, draw the diameter BE^ draw AC, ED, BD, 
Prove that AC = ED, and apply § 371. 

Ex. 268. The tangents to two intersecting circles drawn from any point 
in their common chord produced, are equal. (§ 381.) 

Ex. 269. The common chord of two intersecting circles, if produced, 
will bisect their common tangents. (§ 381.) 

Ex. 270. If three circles intersect one another, the common chords all 
pass through the same point. 

Let two of the chords AB and CD meet at O. Join 
the point of intersection ^ to 0, and suppose that EO 
produced meets the same two circles at two different 
points P and Q. Then prove that OP = OQ (§ 378); 
hence, that the points P and Q coincide. 

Ex. 271. If two circles are tangent to each other, the common internal 
tangent bisects the two common external tangents. 

Ex. 272. If the perpendiculars from the vertices of the triangle ABC 
upon the opposite sides intersect at D, show that 

Iff - Ixf' = B&- ~C&. 

Ex. 273. In an isosceles triangle, the square of a leg is equal to the 
square of any line drawn from the vertex to the base, increased by the 
product of the segments of the base. 

Ex. 274. The squares of two chords drawn from the same point in a 
circumference have the same ratio as the projections of the chords on the 
diameter drawn from the same point. 

Ex. 275. The difference of the squares of two sides of a triangle is 
equal to the difference of the squares of the segments of the third side, 
made by the perpendicular on the third side from the opposite vertex. 

Ex. 276. E is the middle point of JBC, one of the parallel sides of the 
trapezoid ABCD ; AE and DE produced meet DC and AB produced at 
jP and Cr, respectively. Show that FO is parallel to DA. 

ib> AOD and BGE are similar ; and ^ AFD and EEC are similar. 
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Ex. 277. If two tangents are drawn to a circle at the extremities of a 
diameter, the portion of a third tangent intercepted between them is 
divided at its point of contact into segments whose product is equal to the 
square of the radius. 

Ex. 278. If two exterior angles of a triangle are bisected, the line 
drawn from the point of intersection of the bisectors to the opposite angle 
of the triangle bisects that angle. 

£x. 279. The sum of the squares of the diagonals of a quadrilateral is 
equal to twice the sum of the squares of the lines that join the middle 
points of the opposite sides. 

Ex. 280. The sum of the squares of the four sides of any quadrilateral 
is equal to the sum of the squares of the diagonals, in- 
creased by four times the square of the line joining the 
middle points of the diagonals. 

Apply § 377_to the ^ABC and ADC, add the results, 
and eliminate BE^ + DI? by applying § 377 to the A BDE. 

Ex. 281. The square of the bisector of an exterior angle of a triangle is 
equal to the product of the external segments determined 
by the bisector upon one of the sides, diminished by the T^- 
product of the other two sides. 

Let CD bisect the exterior Z BCH of the A ABC. j^— — ,^ 
i^ ^CD and FCB are similar (§ 355). Apply § 382. 

Ex. 282. If a point O is joined to the vertices of a triangle ABC ; 
through any point A' in OA a line parallel to -42? is drawn, meeting OB 
at R ; through R a line parallel to BC, meeting OC at C ; and C is 
joined to A^ ; the triangle A'RC is similar to the triangle ABC. 

Ex. 283. If the line of centres of two circles meets the circumferences 
at the consecutive points A, B, C, D, and meets the common external tan- 
gent at P, then PA x PD = PB x PC. 

Ex. 284. The line of centres of two circles meets the conunon external 
tangent at P, and a secant is drawn from P, cutting the circles at the 
consecutive points E, F, G, H. Prove that PE x PH = PF x PG. 

Draw radii to the points of contact, and to E, P, G, R. Let fall _b on 
PH from the centres of the (D. The various pairs of ii are similar. 

Ex. 285. If a line drawn from a vertex of a triangle divides the oppo- 
site side into segments proportional to the adjacent sides, the line bisects 
the angle at the vertex. 
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PR0BLSM8 OF CONSTRUCTION. 
Proposition XXXVI. Pboblem. 

385. To divide a given straight line into parts pro- 
portional to any number of given lines. 



V 



H K B 



«\\ \ 

tl" ■ -^ \ 

Let AB, m, n, and p be given straight lines. 
To divide AB into parts proportional to m, n, and p. 
Draw AXy making any convenient Z with AB, 
On AX take AC equal to m, CE to n, EF io p. 

Draw BF, 
From ^ and (7 draw EK and CH 11 to FB. 

Through A draw a line II to BF. 
K and H are the division points required. 

AH HK KB D f>AA 

(if two lines are cut by any number of parallels, the corresponding inter- 
cepts are proportional). 

Substitute m, n, and^ for their equals AC, CE, and EF, 

AH HK KB 



Then 



m n p Q.E.F. 



Ex. 286. Divide a line 12 inches long into three parts proportional to 
the numbers 3, 5, 7. 
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Proposition XXXVII. Problem. 

386, To jmd the fourth proportional to three given 
straight lines. 




jy- 



Let the three given lines be m, n, and p. 

To find the fourth proportional to m, w, and p. 

Draw Ax and Ay containing any convenient angle. 

On Ax take AB equal to m, BC to n. 

On Ay take AD equal to p. 

Draw BD, 

From C draw OF II to BD, meeting Ay at F. 

DF is the fourth proportional required. 

Proof. AB : BC = AD : DF, § 342 

(a lims drawn through two sides of a ti, W to the third aide divides those sides 

proportionally). 

Substitute m, n, andjp for their equals AB, BC, and AD. 
Then m : n =p: DF, q.b.p. 



Ex. 287. The square of the altitude of an equilateral triangle is equal 
to three fourths of the square of one side of the triangle. 
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Proposition XXXVIII. Problem. 

387. To find the third proportional to two given 
straight lines. 



A 



\ 
\ 

\ 



m , 



b/ ^(; 

/ \ — 2 , 

/ 
/ 

p^ 1b 

Let m and n be the two given straight lines. 
To find the third proportional to m and n. 

Construct any convenient angle A, 
and take AB equal to m, AC equal to n. 
Produce AB to D, making BD equal to AC, 

Draw BC 
Through D draw DE II to BC, meeting AC produced at E, 
CE is the third proportional required. 

Proof. AB:BD = AC:CE, §342 

(a line drawn through two sides of a A parallel to the third side divides 

those sides proportionally). 

Substitute, in the above proportion, AC for its equal BD. 
Then AB:AC = AC:CE, 

that is, m:n = n: CE. q.b.p. 



ab cfi 

Ex. 288. Construct x, if (1) x = — , (2) x = — 

c c 

Special cases : (1) a = 2, 6 = 3, c = 4 ; (2) a = 3, 6 = 7, c = 11 ; (8) 

a = 2, c = 8 ; (4) a = 8, c = 5 ; (5) a = 2c. 



PROBLEMS OF CONSTRUCTION. 176 

Proposition XXXIX. Problem. 

388. To find the rriean propcyrtUmal hetween two given 
straight lines. 



H 



/ 

t , 
t 
I 

I 



\ 



\ 
\ 



n 



Let the two given lines be m and n. 
To find the mean proportional between m and n. 

On the straight line AU 

take AC equal to m, and CB equal to n. 

On AB as a diameter describe a semicircumference. 

At C erect the 1. CM meeting the circumference at H. 

CH is the mean proportional between m and n. 

Proof. AC:CH=CHi CB, § 370 

ifhe ± let faU from a point in a circumfereme to the diameter of a circle is 
the mean proportional between the segments of the diameter). 

Substitute for AC and CB their equals m and n. 

Then * m : CK = CH : n. q. gp, 

389. Def. a straight line is divided in extreme and mean 
ratio^ when one of the segments is the mean proportional 
between the whole line and the other segment. 



Ex. 289. Construct a, if x = Va6. 

Special cases : (1) a = 2, 6 = 3 ; (2) a = 1, 6 = 6 ; (8) a = 8, 6 = 7. 
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Proposition XL. Problem. 



390. To divide a given line in extreme and mean ratio. 



oi-- 




Let AB be the given line. 

To divide AB in extreme and mean ratio. 

At B erect a JL BE equal to half of AB, 

From J^ as a centre, with a radius equal to EB, describe a O. 

Draw AE, meeting the circumference in F and G. 

On AB take AC equal to AF. 

On BA produced take AC^ equal to AG. 

Then AB is divided internally at C and externally at O in 



extreme and mean ratio. 



Proof. 



AG:AB = AB:AF. 



§381 



AB' = AFXAG 

= AC(AF + FG) 
= AC(AC + AB) 
= AC^ + ABxAa 

.\AF-ABxAC=:AC\ 



.'. AB (AB - AC) = AC\ 
.\ABX CB = AC\ 



AB' = AG XAF 

= C'A(AG-FG) 
= C'A(C'A-AB) 

= oa" -ABx ca. 



.'. AB^ ^- AB X CA^'CA\ 



.\AB(AB + C'A)=C'A\ 
.'.ABx C'B=aA\ 

Q B.F 
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Proposition XLI. Problem. 

39L Upon a given line homologous to a given side of 
a given polygon^ to construct a polygon similar to the 
given polygon. 





Let A^ be the given line homologous to AE of .the given polygon 
ABODE. 

To construct on A^E^ a polygon similar to the given polygon. 

From E draw the diagonals EB and EC. 

From W draw E^B^ EC, and ED\ 

making A A'EB', B'EC, and C'ED' equal, respectively, to 

A AEB, BEC, and CED. 
From A^ draw A'B\ making Z EA'B^ equal to Z EAB, 

and meeting EB^ at B\ 
From B' draw B^C\ making Z EBO equal to Z EBC, 

and meeting EC at C". 
From C draw C'2>', making Z ^'(7'i>' equal to Z ECD, 

and meeting ^'Z>' at D\ 
Then A^B^CiyE is the required polygon. 

Piwrf. The A ABE, A'B'E, etc., are similar. § 354 

Therefore, the two polygons are similar. § 366 

Q.B.F. 
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PROBLEMS OF CONSTRUCTION. 

Ex. 290. To divide one side of a given triangle into segments propor- 
tional to the adjacent sides (§ 348). 



z—yC 






Ex. 291. To find in one side of a given triangle a point whose distances 
from the other sides shall be to each other in the given ratio m : n. 

Take AG = m±U) AC, GH = n±tjoBa Draw CD II to OG. 

Ex. 292. Given an obtuse triangle ; to draw a line from the vertex of 
the obtuse angle to the opposite side which shall be the mean proportional 
between the segments of that side. 

Ex. 293. Through a given point P within a given circle to draw a chord 
AB so that the ratio AP : BP shall equal the given ratio m : n. 

Draw OPC so that OP : PC = n:m. Draw CA equal to the fourth 
proportional to n, m, and the radius of the circle. 

Ex. 294. To draw through a given point P in the arc subtended by a 
chord AB a chord which shall be bisected by AB, 

On radius OP take CD equal to CP. Draw DE II to BA. 




Ex. 295. To draw through a given external point P a secant PAB to a 
given circle so that the ratio PA : AB shall equal the given ratio m : n. 

PD:DC = m:n. PD:PA = PA: PC. 

Ex. 296. To draw through a given external point P a secant PAB to a 
given circle so that AB^ = PA x PB. 

PC : CD = CD: PD. PA = CD. 
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297. To find a point P in the arc subtended by a given chord AB 
so that the ratio PA : PB shall equal the given ratio m : n, 

Ex. 298. To draw through one of the points of intersection of two 
circles a secant so that the two chords that are formed shall be in the 
given ratio m : n. 

Ex. 299. Having given the greater segment of a line divided in extreme 
and mean ratio, to construct the line. 

Ex. 300. To construct a circle which shall pass through two given points 
and touch a given straight line. 

Ex. 301. To construct a circle which shall pass through a given point 
and touch two given straight lines. 

Ex. 302. To inscribe a square in a semicircle. 

Ex. 303. To inscribe a square in a given triangle. 

Let DEFG be the required inscribed square. Draw CM II to AB, meet- 
ing AF produced in M. Draw CH and MN ±to AB, and 
produce AB to meet MN at N. The ^ACM, AGF are 
similar; also, the ^ AMN, AFE are similar. By these g. 

triangles show that the figure CMNH is a square. By A 

constructing this square, the point F can be found. A dheb N 

Ex. 304. To inscribe in a given triangle a rectangle similar to a given 
rectangle. 

Ex. 305. To inscribe in a circle a triangle similar to a given triangle. 

Ex. 306. To inscribe in a given semicircle a rectangle similar to a given 
rectangle. 

Ex. 307. To circumscribe about a circle a triangle similar to a given 

triangle. 

«^« r« . . .^ . 2dbc ^. ^ . 2db c 

Ex. 308. To construct the expression, x = —=— ; that is, -j- x -• 

Ex. 309. To construct two straight lines, having given their sum and 
their ratio. 

Ex. 310. To construct two straight lines, having given their difference 
and their ratio. 

Ex. 311. Given two circles, with centres O and (X, and a point A in 
their plane, to draw through the point A a straight line, meeting the cir- 
cumferences at B and C, so that AB : AC = m : n. 
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PROBLEMS OF COMPUTATION. 
Ex. 312. To compute the altitudes of a triangle in tenns of its sides. 

O 




B c A D 

At least one of the angles ^ or J3 is acute. Suppose B is acute. 

In the A CDB, h^ = a^- B&. 

In the A ABC, l^ z=a^ Jf c^ -2c y. BD, 

a2 + ca - 62 



372 
376 



Whence 
Hence, 



5D = 



2c 



h^ 



^ (ga 4- eg - 6g)g _ 4 a2c2 -(a^ + c^ - 6g)« 



4c2 



4c2 



_ (2 oc + g^ + eg - &2) (2 oc - gg - c2 + 6^) 

4ca 
_ {(g 4- c)2 - 62} |52 _ (a _ c)2} 
" 4c2 

__ (g 4- 6 4- c) (g 4- c - 6) (6 + g - c) (6 ~ g + c) 
~ 4c2 

Let a4-& + c = 2«. 

Then a + c - 6 = 2 (« - 6), 

6 4- g — c = 2 (« — c), 

6 — g 4- c = 2 (5 — a). 

„ . , 2 « X 2 (« - a) X 2 (« - 6) X 2 (s - c) 
Hence, ^2 =; ^ i — _v i v / . 

4 c* 

By simplifying, and extracting the square root, 

2 J 

A = - V8(5 - a) (« - 6) (« - c). 
c 

Ex. 313. To compute the medians of a triangle in terms of its sides. 



By § 377, 
Whence 



g2 + 62 = 2m2-f2(|y. 

4m2 = 2(g2-i-62)-c2. 
.-. m = i V2(a2 4-62)-c2. 




F D 
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Ex. 314. To compute the bisectors of a triangle in terms of the sides. 
By § 383, P^ = ab-ADxBD. 

By§348, _=_ = ___ 

be 



.-. AD = 



, and BD = 



Whence 



a + 6 
1^ = ab- 



a + 6 
ac 
a + 6' 



a6c2 



Whence 



(o + 6)2 
_ ad (g + 6 + c) (g + 6 — c) 
"■ (a + 6)2 

__a6x2sx2(« — c) 
~ (g + 6)2 

Vg6s(s — c). 




t = 



g + 6 



Ex. 315. To compute the radius of the circle circumscribed about a tri- 
angle in terms of the sides of the triangle. 

By § 384, AC xAB = AEx AD, 



or. 



bc = 2R X AD. 



But AD = - V«(a-a)(«-6)(«-c). Ex. 312 



.-.5 = 



a6c 



4 V« (s - a) {8 - 6) (s - c) 




Ex. 316. If the sides of a triangle are 3, 4, and 5, is the angle opposite 
6 right, acute, or obtuse ? 

Ex. 317. If the sides of a triangle are 7, 9, and 12, Is the angle opposite 
12 right, acute, or obtuse ? 

Ex. 318. If the sides of a triangle are 7, 9, and 11, is the angle opposite 
11 right, acute, or obtuse ? 

Ex. 319. The legs of a right triangle are 8 inches and 12 inches ; find 
the lengths of the projections of these legs upon the hypotenuse, and the 
distance of the vertex of the right angle from the hypotenuse. 

Ex. 320. If the sides of a triangle are 6 inches, 9 inches, and 12 inches, 
find the lengths (1) of the altitudes ; (2) of the medians ; (3) of the bisec- 
tors ; (4) of the radius of the circumscribed circle. 
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Ex. 321. A line is drawn parallel to a side AB of a triangle ABC, 
cutting AC m D, BC m E, If AB : DC = 2 : 3, and AB = 20 inches, 
find BE, ^ 

Ex. 322. The sides of a triangle are 9, 12, 15. Find the segments of 
the sides made by bisecting the angles. 

Ex. 323. A tree casts a shadow 90 feet long, when a post 6 feet high 
casts a shadow 4 feet long. How high is the tree ? 

Ex. 324. The lower and upper bases of a trapezoid are a, 6, respec- 
tively; and the altitude is h. Find the altitudes of the two triangles 
formed by producing the legs until they meet. 

Ex. 325. The sides of a triangle are 6, 7, 8, respectively. In a similar 
triangle the side homologous to 8 is 40. Find the other two sides. 

Ex. 326. The perimeters of two similar polygons are 200 feet and 300 
feet. If a side of the first is 24 feet, find the homologous side of the 
second. 

Ex. 327. How long a ladder is required to reach a window 24 feet high, 
if the lower end of the ladder is 10 feet from the side of the house ? 

Ex. 328. If the side of an equilateral triangle is a, find the altitude. 

Ex. 329. If the altitude of an equilateral triangle is /i, find the side. 

Ex. 330. Find the length of the longest chord and of the shortest chord 
that can be drawn through a point 6 inches from the centre of a circle 
whose radius is 10 inches. 



•S^'V/ 



Ex. 331. The distance from the centre of a circle to a chord 10 feet long 
is 12 feet. Find the distance from the centre to a chord 24 feet long. ^ 

Ex. 332. The radius of a circle is 5 inches. Through a point 3 inches 
from the centre a diameter is drawn, and also a chord perpendicular to 
the diameter. Find the length of this chord, and the distance from one 
end of the chord to the ends of the diameter. 

Ex. 333. The radius of a circle is 6 inches. Find the lengths of the 
tangents drawn from a point 10 inches from the centre, and also the 
length of the chord joining the points of contact. 

Ex. 334. The sides of a triangle are 407 feet, 868 feet, and 361 feet 
Find the three bisectors and the three altitudes. 



/ 
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t 

Ex. 336. If a chord 8 inches long is 3 inches distant from the centre of 
the circle, find the radius, and the chords drawn from the end of the chord 
to the ends of the diameter which bisects the chord. 

Ex. 336. From the end of a tangent 20 inches long a secant is drawn 
through the centre of the circle. If the external segment of this secant is 
8 inches, find the radius of the circle. 

Ex. 337. The radius of a circle is 13 inches. Through a point 6 inches 
from the centre any chord is drawn. What is the product of the two 
segments of the chord ? What is the length of the shortest chord that 
can be drawn through the point ? 

Ex. 338. The radius of a circle is 9 inches and the length of a tangent 
12 inches. Find the length of a line drawn from the extremity of the 
tangent to the centre of the circle. 

Ex. 339. Two circles have radii of 8 inches and 3 inches, respectively, 
and the distance between their centres is 16 inches. Find the lengths of 
their common tangents. 

Ex. 340. Find the segments of a line 10 inches long divided in extreme 
and mean ratio. 

Ex. 341. The sides of a triangle are 4, 6, 6. Is the largest angle acute, 
right, or obtuse ? 

Ex. 342. Find the third proportional to two lines whose lengths are 
28 feet and 42 feet. 

Ex. 343. If the sides of a triangle are a, 6, c, respectively, find the j\^ 
lengths of the three altitudes. 

Ex. 344. The diameter of a circle is 30 feet and is divided into five 
equal parts. Find the lengths of the chords drawn through the points of 
division perpendicular to the diameter. 

Ex. 346. The radius of a circle is 2 inches. From a point 4 inches 
from the centre a secant is drawn so that the internal segment is 1 inch. 
Find the length of the secant. 

Ex. 346. The sides of a triangular psusture are 1661 yards, 2068 yards, 
2686 yards. Find the median to the longest side. 

Ex. 347. The diagonal of a rectangle is d, and the perimeter is p. 
Find the sides. 

Ex. 348. The radius of a circle is r. Find the length of a chord whose 
distance from the centre is i r. 
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AEEAS OF POLYGONS. 



392. Def. The unit of surface is a square whose side is a 
unit of length, 

393. Def. The area of a surface is the number of units of 
surface it contains. 

394. Def. Plane figures that have equal areas but cannot 
be made to coincide are called equivalent 

Note. In propositions relating to areas^ the words " rectangle," " tri- 
angle, ' ' etc. , are of teu used for ' * area of rectangle, " " area of triangle, ' ' etc. 



Proposition I. Theorem. 

395. Two rectangles having equal altitudes are to 
each other as their bases. 
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Let the rectangles AC and AF have the same altitude AD. 

To prove that red, AC : rect. AF = base AB : ba^e AE. 

Case 1. When AB and AE are commensurable. 

Proof. Suppose AB and AE have a common measure, as 
AO, which is contained m times in AB and n times in AE, 

Then AB : AE = m . n. 
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Apply ^0 as a unit of measure to AB and AE^ and at the 
several points of division erect Ja. 

The rect. ^C is divided into m rectangles, 

and the rect. AF is divided into n rectangles. § 107 

These rectangles are all equal. § 186 

■ 

Hence, rect. AC ; rect. AF = m:n. 

Therefore, rect. A C : rect. AF = AB : AF. Ax. 1 

Case 2. When AB and AF are incommensurable. 



D 



! : : : r 

• •III 

! ! I : 

i 1 i i 
it'll 
i I > I I 
■ I'll 

: ! ! : 



D 



H 



K 



H 



Proof. Divide AB into any number of equal parts, and apply 
one of them to AF as many times as AF will contain it. 

Since AB and AF are incommensurable, a certain number 
of these parts will extend from A to some point K, leaving a 
remainder KF less than one of the equal parts of AB. 

Draw KH II to FF, 



Then AB and AK are commensurable by construction. 

rect. AH AK 



Therefore, 



Case 1 



rect. AC AB 

If the number of equal parts into which AB is divided is 
indefinitely increased, the varying values of these ratios will 
continue equal, and approach for their respective limits the 



ratios 



rect. AF AF . 

—^-j^^A^- (See §287.) 

. E!£*i^ = i^. §284 

rect^C AB ^^^ 

396. Cob. Two rectangles having etjual bases are to each 
other as their altitudes. 
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Proposition II. Theorem. 



397. Two rectangles are to each other as the products 
of their bases by their altitudes. 






Let R and R^ be two rectangles, having for their bases b and b', 
and for their altitudes a and a', respectively. 



To prove that 



B a Xb 

Ji'^ a' Xb' 



Proof. Construct the rectangle S, with its base equal to that 
of Jt, and its altitude equal to that of H', 



Then 



B_a 



§396 



and 



§395 



M'" b'' 

The products of the corresponding members of these equa- 
tionsgive R axb 



B' a' xb 



Q. E. D. 



Ex. 349. Find the ratio of a rectangular lawn 72 yards by 49 yards to 
a grass turf 18 inches by 14 inches. 

Ex. 350. Find the ratio of a rectangular courtyard 18^ yards by 15^ 
yards to a flagstone 31 inches by 18 inches. 

Ex. 351. A square and a rectangle have the same perimeter, 100 yards. 
The length of the rectangle is 4 times its breadth. Compare their areas. 

Ex. 352. On a certain map the linear scale is 1 inch to 5 miles. How 
many acres are represented on this map by a square the perimeter of 
which is 1 inch? 
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Proposition III. Theorem. 



398. Tlie area of a rectangle is equal to the product 
of its base by its aliitude. 





Let R be a rectangle, b its base, and a its altitude. 
To prove that the area of It = a y. b. 
Proof. Let U be the unit of surface. 

R a -Kb 

U 



= a X b, 



§ 397 



1 X 1 

{two rectangles are to each other as the products of their bases and altitudes). 
But — = the number of units of surface in M, § 393 

.*. the area oi B = a X b, q.e.d. 

399. Scholium. When the base and altitude each contain 
the linear unit an integral number of times, this proposition 
is rendered evident by dividing the figure into squai-es, each 



equal to the unit of surface. Thus, if the baee contains seven 
linear units, and the altitude four, the figure may be divided 
into twenty-eight squares, each equal to the unit of surface. 
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Pboposition IV. Theorem. 



400. The area of a parallelogram is equal to the 
product of its hose hy its altitude. 



B E 



C F 





Let AEFD be a parallelogram, b its base, and a its altitude. 

To prove that the area of the O AEFD = a X b. 

Proof. From A draw AB II to DC to meet FE producjed. 

Then the figure ABCD is a rectangle, with the same base 
and the same altitude as the O AEFD. 

The rt. A ABE and DCF are equal. § 151 

For AB = CD, and AF = DF. § 178 

Yvom ABFD take the A DCF] the rect. ABCD is left. 

From ABFD take the A ABE, the O AEFD is left. 

.-. rect. ABCD^^O AFFD. Ax. 3 

But the area of the rect. ABCD = aXb, § 398 

.-. the area of the O AEFD = a X k Ax. 1 

Q. E. D. 

401. Cor. 1. Parallelograms having equal bases and equal 
altitudes are equivalent. 

402. Cor. 2. Parallelograms having equal bases are to each 
other as their altitudes; parallelograms having equal alti- 
tudes are to each other as their bases; any two parallelo- 
grams are to each other as the products of their bases by 
their altitudes* 
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Proposition V. Theorem. 

403. The area of a triangle is equal to half the 
product of its base by its altitude. 



Let a be the altitude and b the base of the triangle ABC. 

To prove that the area of the A ABC = ^a X b. 

Proof. Construct on AB and BC the parallelogram ABCH, 

Then AABC^^O ABCH. § 179 

The area of the CJABCH^aXb, § 400 

Therefore, the area of A ABC = ^a X b. Ax. 7 

Q. E. D. 

404. CoR. 1. . Triangles having equal bases and equal alti- 
tudes are equivalent, 

405. Cor. 2. Triangles having equal bases are to each other 
as their altitudes; triangles having equal altitudes are to 
each other as their bases; any two triangles are to each 
other as the products of their bases by their altitudes. 

406. Cor. 3. The product of the legs of a right triangle is 
equal to the product of the hypotenuse by the altitvde from 
the vertex of the right angle. 



Ex. 363. The lines which join the middle point of either diagonal of a 
quadrilateral to the opposite vertices divide the quadrilateral into two 
equivalent parts. 



\J 
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Pboposition VL Theobem. 



407, The area of a trapezoid is equal to half the sum 
of its bases multiplied by the altitude. 



E b' c 




A F b B 

Let b and b^ be the bases and a the altitude of the trapezoid ABCH. 

To prove that the area of ABCH = ^a(b-{- b'). 
Proof. Draw the diagonal AC. 

Then the area of the A ABC ^^a X b, 
and the area of the A AMC = iaX b', § 403 

.-.the areaof ^^aiB'=^a(J + ^>'). Ax. 2 

Q. B. D. 

408. Cor. The area of a trapezoid is equal to the product 
of the median by the altitude. § 190 

409. Scholium. The aiea of an irregular polygon may be 
found by dividing the poly- 
gon into triangles, and by find- 
ing the area of each of these 
triangles separately. Or, we 
may draw the longest diago- 
nal, and let fall perpendiculars 
upon this diagonal from the 
other vertices of the polygon. 

The sum of the areas of the right triangles, rectangles, and 
trapezoids thus formed is the area of the polygon. 
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Proposition VII. Theorem. 

4.7 
410. The areas of two triangles lohich have an angle 

of the one equal to an angle of the other are to each 

other as the prod/acts of tlie sides including the equal 

angles, 

A 




Let the triangles ABC and ADE have the common angle A. 

^^ ^ A ABC AB X AC 

To prove that XAD^ = ADxAU' 



Proof. 



Now 



and 



Draw BK 

A ABC ^ AC 
AABE" AE' 

A ABE AB 



§ 405 



A ADE AD 

The products of the first members and of the second members 
of these equalities give 

A ABC ABXAC 

Q. E. D. 



A ADE ADxAE 



Ex. 354. The areas of two triangles which have an angle of the one 
supplementary to an angle of the other are to each other as the products 
of the sides including the supplementary angles. 
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COMPARISON OF POLYGONS. 

Proposition VIII. Theorem. 

411. The areas of two similar triangles are to each 
other as the squares of any two homologous sides. 




DBA' 




Let the two similar triangles be ACB and AfOTB'. 

_ _ ^ AACB Z? 

To prove that 



Proof. Draw the altitudes CO and CO', 



Then 



AACB ABxCO 



AB CO 



§ 405 



AA'C'B' A'B' X CO' A'B' " CO' 
(tioo ^ are to each other as the products of their bases by their altitudes). 

AB CO 



But 



A'B' CO 



inr 



§361 



(the homologous attitudes of two similar ^ have the same ratio as any two 

homologous sides). 

Substitute, in the above equality, for -pTF)^ ^^ equal -77^, ; 



then 



AACB 



AB AB 
X 



IW 



AACB' A'B' A'B' A'B'' 



Q.B.D. 



Ex. 355. Prove this proposition by § 410. 
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Proposition IX. Theorem. 



412. The areas of two similar polygons are to each 
'her lis the squares of any two homologcyus sides. 





Let S and S^ denote the areas of the two similar polygons ABC 
etc. and X'BfC^ etc. 



S'.S'^AB^: A'B'\ 



To prove that 

Proof. By drawing all the diagonals from any homologous 
vertices JE and W, the two similar polygons are divided into 



similar triangles. 



AB" 



_ A ABE _ / BE' \_ 



ABCE 



A'B^ AA'B'E' KB^E'J AB'OE 
A ABE ABCE ACDE 



= etc. 



§ 365 
§411 



That is, 



AS" 



A A'B'E' A B' C'E' A C'D'E' 
A ABE + ABCE + ACDE A ABE 

^^^^^^Bi— ^^^^.— W^^^^^^^^^^B^^^^^B^— B_HH.B»i^B^_^^i^H^WB^B^— M^BV^^H^i^^^^^^^^^^^ ^^^ ^^^^■^^■^^■—^^^^^^^^^ ^^M» " ' "~ 

AA'B'E-hAB'C'E-hAC'D'E AA'B'W A'B'' 

/.S'.S'^l&iA^B^. 



§335 



Q.B.D. 



413. Cor. 1. The areas of two similar polygons are to each 
other as the squares of any two homologous lines, 

414. Cor. 2. The homologous sides of two similar polygons 
have the same ratio as the square roots of their areas. 



\J 
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Proposition X. Theorem. 

415. The square on the hypotervase of a right triangle 
is equivalent to the sum of the squares on the two legs. 

Let BE, CH, AF be squares on the three sides of the right tri- 
angle ABC. 

To prove that BE =0= CH + AF. 

Proof. Through A draw AL II to 
CE, and draw AD and CF. 

Since A BACy BAG, and CAH 
are rt. A, CA G and BAH are straight 



lines. 
The 
For 



A ABD = A FBC. 
BD = BCy 
BA = BFy 

ZABD = ZFBC, 



§90 
§ 143 




L E 



§168 
and Z ABD = Z FBC, Ax. 2 

(each being the sum of art. /. and the ZABC). 

Now the rectangle BL is double the A ABD, 

{having the same base BB^ and the same altitude, the distance between thS' 

IIb AL and BD), 

and the square AF is double the A FBC, 
{hmirvg the same base FB, and the same aXtUwde AB), 

.'. the rectangle BL is equivalent to the square AF. Ax. G 
In like manner, by drawing AE and BK, it may be proved 

that the rectangle CL is equivalent to the square CH, 

Hence, the square BE, the sum of the rectangles BL and CL, 

is equivalent to the sum of the squares (7^ and AF. q.e.d. 

416. Cor. The square on either leg of a right triangle is 
equivalent to the difference of the square on the hypotenuse 
and the square on the other leg. 



EXERCISES. 
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THEOREMS. 

Ex. 356. The square constructed upon the sum of two straight lines 
is equivalent to the sum of the squares constructed upon these two lines, 
increased by twice the rectangle of these lines. 

Let AB and BC be the two straight lines, and AC their sum. Con- 



struct the squares ACGK and ABED upon AC and 
AB^ respectively. Prolong BE and DE until they 
meet KO and CO, respectively. Then we have the 
square EFOH, with sides each equal to BC. Hence, 
the square ACGK is the sum of the squares ABED 
and EFOH, and the rectangles DEHK and BCFE, 
tlie dimensions of which are equal to AB and BC. 



A 



D 



K 



BC 









E 



F 



H 



£x. 357. The square constructed upon the difference of two straight 
liaes is equivalent to the sum of the squares constructed upon these two 
lines, diminished by twice the rectangle of these lines. 

Let AB and AC he the two straight lines, and BC their difference. 



Construct the square ABFG upon AB, the square 
ACKII upon AC, and the square BEDC upon BC 
(as shown in the figure). Prolong ED to meet AG in L. 
The dimensions of the rectangles LEFG and HKDL 
are AB and AC, and the square BCDE ts evidently 
tlie difference between the whole figure and the sum uf 
these rectangles ; that is, the squai*e constructed upon 
BC is equivalent to the sum of the squares constructed 
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F 



upon AB and AC, diminished by twice the rectangle of AB and AC, 



Ex. 358. The difference between the squares constructed upon two 
[/ straight lines is equivalent to the rectangle of the sum and difference of 
these Unes. 

Let ABDE and BCGF be the squares constructed upon the two 
straight lines AB and BC. The difference between 
these squares is the polygon ACGFDE, which is com- 
posed of the rectangles A CHE and GFDH. Prolong 
AE and CH to I and K, respectively, making EI and 
UK each equal to BC, and draw IK The rectangles 
GFDH and EHKI are equal. The difference between 
the squares ABDE and BCGF is then equivalent to 
the rectangle ACKI, which has for dimensions AI, 
equal to AB + BC, and EH, equal to AB - BC. 
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Bz. 369. The area of a rhombus is equal to half the product of its 
diagonals. 

Ex. 360. Two isosceles triangles are equivalent if their legs are equal 
each to each, and the altitude of one is equal to half the base of the other. 

Ex. 361. The area of a circumscribed polygon is equal to half the 
product of its perimeter by the radius of the inscribed circle. 

Ex. 362. Two parallelograms are equal if two adjacent sides of the one 
are equal, respectively, to two adjacent sides of the other, and the included 
angles are supplementary. 

Ex. 363. If ABC is a right triangle, C th e vertex of the right angle, 
BD a line cutting AC in D, then Bif + AC^ = Z? + DC\ 

Ex. 364. Upon the sides of a right triangle as homologous sides three 
similar polygons are constructed. Prove that the polygon upon the 
hypotenuse is equivalent to the sum of the polygons upon the legs. 

Ex. 365. If the middle points of two adjacent sides of a parallelogram 
are joined, a triangle is formed which is equivalent to one eighth of the 
parallelogram. 

Ex. 366. K any point within a parallelogram is joined to the four ver- 
tices, the sum of either pair of triangles having parallel bases is equivalent 
to half the parallelogram. 

Ex. 367. Every straight line drawn through the intersection of the 
diagonals of a parallelogram divides the parallelogram into two equal 
parts. 

Ex. 368. The line which joins the middle points of the bases of a trape- 
zoid divides the trapezoid into two equivalent parts. 

Ex. 369. Every straight line drawn through the middle point of the 
median of a trapezoid cutting both bases divides the trapezoid into two 
equivalent parts. 

Ex. 370. If two straight lines are drawn from the middle point of either 
leg of a trapezoid to the opposite vertices, the triangle thus formed is 
equivalent to half the trapezoid. 

Ex. 371. The area of a trapezoid is equal to the product of one of the 
legs by the distance from this leg to the middle point of the other leg. 

Ex. 372. The figure whose vertices are the middle points of the sides 
of any quadrilateral is equivalent to half the quadrilateral. 
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Proposition XI. Problem. 

417. To construct a square equivalent to the sum of 
two given squares. 







s! 
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Let R and R^ be two given squares. 
To construct a square equivalent to R^ -\- R, 

Construct the rt. Z A, 

Take AC equal to a side of jB', 

and AB equal to a side of R ; and draw BC, 

Construct the square S, having each of its sides equal to BC. 

Then S is the square required. 

Proof. 'BC^^AC^-\-Aff, §415 

iphe square on the hypotenuse of a rt, h is equivalent to the sum of the 

squares on the two legs). 

.-. S ^R'^-R, 

Q.B.F. 



Ex. 373. If the perimeter of a rectangle is 72 feet, and the length is 
equal to twice the width, find the area. 

Ex. 374. How many tiles 9 inches long and 4 inches wide will be 
required to pave a path 8 feet wide surrounding a rectangular court 
120 feet long and 36 feet wide ? 

Ex. 375. The bases of a trapezoid are 16 feet and 10 feet ; each leg is 
equal to 5 feet. Find the area of the trapezoid. 
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Proposition XII. Problem. 

418. To construct a square equivalent to the difference 
of two given squares. 







Let R be the smaller square and R^ the larger. 
To constrtict a square equivalent to H' — R. 

Construct the rt. Z A, 
Take AB equal to a side of R, 
From ^ as a centre, with a radius equal to a side of R\ 

describe an arc cutting the line AX at C, 
Construct the square S, having each of its sides equal to AC. 
Then aS^ is the square required. 

Proof. AC^ =0= 'BC^ - Zb", § 416 

{pie square on either leg of a rt. ^ is eqmnaJLent to the difference of the 



square on the hypotenuse and the square on the other leg). 

.-. So=R'--R. 



Q.B.F. 



Ex. 376. Construct a square equivalent to the sum of two squares 
.whose sides are 3 inches and 4 inch&s. 

Ex. 377. Construct a square equivalent to the difference of two squares 
whose sides are 2^ inches and 2 inches. 

Ex. 378. Find the side of a square equivalent to the sum of two squares 
whose sides are 24 feet and 32 feet. 

Ex. 379. Find the side of a square equivalent to the difference of two 
squares whose sides are 24 feet and 40 feet. 

Ex. 380. A rhombus contains 100 square feet, and the length of one 
diagonal is 10 feet. Find the length of the other diagonal. 
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Proposition XIII. Problem. 

419. To construct a polygon similar to two given simi- 
lar polygons and equivalent to their sum. 



Let R and R' be two similar polygons, and AB and A^' two 
homologous sides. 

To construct a similar polygon equivalent to R-\- R\ 

Construct the rt. Z P. 

Take PH equal to A'B\ and PO equal to AB, 

Draw OH, and take ^"^" equal to OH, 

Upon A"B'', homologous to AB, construct B" similar to B, 

Then B" is the polygon required. 



Proot . P0^-{- PH^ = 0H\ § 41 5 

Put for PO, PH, and OH their equals AB, A'B\ and A"B". 

Then aF + A^'"" = AJW^, 



B AB" . B' A'B 



2 



Now — = =5, and — = , • §412 

B" A^'B"^ B'' A''B'^ 

By addition, = — ^ — = 1. Ax. 2 

B' A'^B"^ 

.'. B" =0= -B + B\ Q. n, p. 
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Pboposition XIV. Problem. 

420. To construct a triangle equivalent to a given 
polygon. 

c D 




E F 



Let ABCDHE be the given polygon. 

To construct a triangle equivalent to the given polygon. 

Let Dy H, and E be any three consecutive vertices of the 
polygon. Draw the diagonal DE. 

From H draw HE II to DE. 

Produce AE to meet HE at E^ and draw DE. 

Again, draw CEy and draw DK II to CE to meet AE pro- 
duced at Ky and draw CK, 

In like manner continue to reduce the number of sides of 
the polygon until we obtain the A CIK, 

Then A CIK is the triangle required. 

Proof. The polygon ABODE has one side less than the poly 
gon ABCDHEy but the two polygons are equivalent. 

For the part ABODE is common, 

and the A DEE =0= A DEH, § 404 

(for the base DE is common, and their vertices F and H are in the linf> 

FH II to the base). 

In like manner it may be proved that 

ABCK =0= ABODE, and OIK ^ ABCK. q.b.p. 
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Proposition XV. Problem. 

421. To construct a square equivalent to a given par- 
allelogram. 




a 
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Let ABCD be the parallelogram, b its base, and a its altitude. 

To construct a square equivalent to the O ABCD. 

Upon a line MX take MN equal to a, NO equal to b. 

Upon MO as a diameter, describe a semicircle. 

At N erect iVP i. to MO, meeting the circumference at P. 

Then the square -B, constructed upon a line equal to iVP, is 
equivalent to the O ABCD. 

Proof. MN : NF = iVrP; NO, § 370 

(a ± let fall from any point of a circumference to the diameter is the mean 
proportional between the segments of the diameter). 



.'. iVrp' = MN xNO = aXb. § 327 

Therefore, B ^ O AB CD. q. e. f. 

422. Cor. 1. A square may he constructed equivalent to a 
given triangle^ by taking for its side the mean proportional 
between the base and half the altitude of the triangle. 

423. Cor 2. A square may be constructed equivalent to a 
given polygon^ by first reducing the polygon to an equivalent 
triangle^ and then constructing a square equivalent to the 
triangle^ 
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Proposition XVI. Problem. 

424. To construct a parallelogram equivalent to a given 
square, and having the sum of its base and altitude equal 
to a given line. 





Let R be the given square, and let the sum of the base and alti- 
tude of the required parallelogram be equal to the given line MN. 

To construct a O equivalent to Ry with the sum of its hose 
and altitude equal to MN, 

Upon MN as a diameter, describe a semicircle. 

At M erect MP, a ± to MN, equal to a side of the given 
square R, 

Draw P© II to MN, cutting the circumference at S, 

Draw SC i. to MN 

AxLY O having CM for its altitude and CN for its base is 
equivalent to R, , 



Proof. 



SC = PM. 



§§ 104, 180 



,',SC =PM' = R, 

But MC:SC= SCiCN, § 370 

(a ± let fall from any point of a circumference to the diameter is the mean 



Then 



proportional between the segments of the diameter). 
'SC^ ^MCx CN 



§327 

Q.B.F. 

NoTB. This problem may be stated as follows : 

To construct two straight linjes the sum and product of which are hnjown. 
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Proposition XVII. Problem. 

425. To construct a parallelogram equivalent to a 
given square^ and having the difference of its base and 
altitude equal to a given line, 

s 





y 



/ 



/ 



7 



Let R be the given square, and let the difference of the base and 
altitude of the required parallelogram be equal to the given line MN. 

To construct a O equivalent to R, with the difference of the 
base and altitude equal to MN, 

Upon the given line MN as a diameter, describe a circle. 

From M draw MS, tangent to the O, and equal to a side of 
the given square R, 

Through the centre of the O draw SB intersecting the cir- 
cumference at C and B, 

Then any O, as R\ hav^ing aS^^ for its base and SC for its 
altitude, is equivalent to R, 

Proof. SB:SM=SM: SC, § 381 

{if from a point loitJiout aOa secant and a tangent are draion, the tangent is 
the mean proportional between the whole secant and the external segment). 

Then SM* ^ SB X SC, § 327 

and the difference between SB and SC is the diameter of the 
O, that is, MN q.b.f. 

Note. This problem may be statea : To construct two straight lines 
the difference and product of which are known. 
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Pboposition XVIII. Problem. 

426. To construct a polygon similar to a given poly- 
gon P and equivalent to a given polygon Q. 









Let P and Q be the two given polygons, and AB a side of P. 
To construct a polygon similar to P and equivalent to Q, 

Find squares equivalent to P and Q, § 423 

and let m and n respectively denote their sides. 
Find A'B'f the fourth proportional to m, n, and AB, § 386 
Upon A'B'y homologous to AB, construct P' similar to P. 



Then 


P'^Q. 




Proof. 


m:n = AB: A'B'. 


Const. 




.'.rrv^in^^AB'^iAB^. 


§338 


But 


P =c= m", and Q =c= nl 


Const. 




.'.PiQ = m« ; 7i« = AB" : A'B'\ 




But 


P:P' = AB':A'B^. 


§412 




.',P:Q = P:P'. 


Ax. 1 




.-. P'^G. 


Q.E.F. 



Ex. 381. Ta construct a square equivalent to the sum of ajiy number 
of given squares. 

Ex. 382. To construct a polygon similar to two given similar polygons 
and equivalent to their difference. 
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Proposition XIX. Problem. 

427. To construct a square which shall have a given 
ratio to a given square. ^ 

*i \ - 

#-.. / 




y 



Let R be the given square, and — the given ratio. 



To construct a square which shall be to R a^ n is to m. 

Take AB equal to a side of E, and draw Ay, making any 
convenient angle with AB. 

On Ay take AIH equal to m, UF equal to n, and draw ^B, 

Draw FC II to FB meeting AB produced at C. 

On AC as a diameter, describe a semicircle. 

At B erect the JL BD, meeting the semicircumference at D. 

Then BD is a side of the square required. 

Proof. Denote AB hj a, BC by b, and BB by x. 

Now a:x = x:b, § 370 

Therefore, a^ : x^ = a : b. § 337 

But a:b = m:n. § 342 

Therefore, a^:x^ = m:n. Ax. 1 

By inversion, x^:a^ = n:m. § 331 

Hence, the square on BD will have the same ratio to H as 
n has to m. q. b. f 
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Proposition XX. Problem. 

428. To construct a polygon similar to a given poly- 
gon and having a given ratio to it. 




/^x 



• 



X. 



N,. 



m / \ 

n \ 5 / 

\ 

\ J 

J^ B' 

Let R be the giyen polygon, and — the given ratio. 

To construct a polygon similar to R, which shall he to R as 
n is to m. 

Construct a line A^B\ such that the square on A^B* shall be 
to the square on AB as ?i is to ??i. § 427 

Upon A^B\ as a side homologous to AB, construct the poly- 
gon S similar to -R. § 391 

Then S is the polygon required. 
Proof. SiR = ~A^^:A&. §412 



But A^B^ : Alf = n:m. Const. 

Therefore, S : R = n:m. Ax. 1 

Q.E.F. 

Ex. 383. To construct a triangle equivalent to a given triangle, and 
having one side equal to a given length I. 

Ex. 384. To transform a triangle into an equivalent right triangle. 

Ex. 385. To transform a given triangle into an equivalent right tri- 
angle, having one leg equal to a given length. 

Ex. 386. To transform a given triangle into an equivalent right tri- 
angle, having the hypotenuse equal to a given length. 



/ 
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Ex. 387. To transform a triangle ABC into an equivalent triangle, 
having a side equal to a given length I, and an angle equal to angle BAC, 

Upon AB (produced if necessary), take AD equal to 2, draw BE II to 
CD, meeting A C (produced if necessary) at E, A BED o A BEC. 

Ex. 388. To transform a given triangle into an equivalent isosceles tri- 
angle, having the base equal to a given length. 

To construct a triangle equivalent to : 
Ex. 389. The sum of two given triangles. 

Ex. 390. The difference of two given triangles. 

Ex. 391. To transform a given triangle into an equivalent equilateral 
triangle. 

To transform a parallelogram into an equivalent : 

Ex. 392. Parallelogram having one side equal to a given length. 

Ex. 393. Parallelogram having one angle equal to a given angle. 

Ex. 394. Rectangle having a given altitude. 

To transform a square into an equivalent : 
Ex. 395. Equilateral triangle. 

Ex. 396. Right triangle having one le^ equal to a given length. 

Ex. 397. Rectangle having one side equal to a given length. 

To construct a square equivalent to : 
Ex. 398. Five eighths of a given square. 

Ex. 399. Three fifths of a given pentagon. 

Ex. 400. To divide a given triangle into two equivalent parts by a line 
through a given point P in one of the sides. 

Ex. 401. To find a point within a triangle, such that the lines joining 
this point to the vertices shall divide the triangle into three equivalent 
parts. 

Ex. 402. To divide a given triangle into two equivalent parts by a line 
parallel to one of the sides. 

Ex. 403. To divide a given triangle into two equivalent parts by a line 
. perpendicular to one of the sides. 

A 
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PBOBLBM8 OF COMPUTATION. 
Ex. 404. To find the area of an equilateral triangle in terms of its slda 
Denote the side by a, the altitude by h, and the area by 8, 

Then ^a = aa --= — = — x 3. §372 

4 4 4 



Bui 



,.h 


_-V3. 




s. 


a X h 
2 




,'.8. 


a aV3 
= 2^ 2 ^ 


4 



$403 




Ex. 406. To find the area of a triangle in terms of its sides. 



By Ex. 312, h = - V«(a - a)(« - 6)(« - c). 

b 



b 2 



Hence, 8 = -x - V«(« - a)(«-6)(«-c) §403 
= V«(«-a)(«-6)(«-c). 




Ex. 406. To find the area of a triangle in terms of the radius of the 
circumscribed circle. 

If R denotes the radius of the circumscribed circle, and h the altitude 
of the triangle, we have, by § 384, 

bxc = 2Rxh. 

Multiply by a, and we have, 

a xb X c = 2R x a x h. 

But axh = 2 8. 

r. axb X c = 4Rx 8, 



§403 




a dbc 
4i2 



JP^ ^^ 



Show that the radius of the circumscribed circle is equal to 



dbc 
45' 



/ 



EXERCISES. 209 

Ex. 407. Pind the area of a right triangle, if the length of the hypote- 
nuse is 17 feet and the length of one leg is 8 feet. 

Ex. 408. Find the ratio of the altitudes of two equivalent triangles, if 
the base of one is three times that of the other. 

Ex. 409. The bases of a trapezoid are 8 feet and 10 feet, and the alti- 
tude is 6 feet. Find the base of the equivalent rectangle that has an 
equal altitude. 

Ex. 410. Find the area oi a rhombus, if the sum of its diagonals is 
12 feet, and their ratio is 3 : 5. 

Ex. 411. Find the area of an isosceles right triangle, if the hypotenuse 
is 20 feet. 

Ex. 412. In a right triangle the hypotenuse is 13 feet, one leg is 5 feet. 
Find the area. 

Ex. 413. Find the area of an isosceles triangle, if base = 6, and leg = c. 

Ex. 414. Find the area of an equilateral triangle, if one side = 8 feet. 

Ex. 415. Find the area of an equilateral triangle, if the altitude = h. 

Ex. 416. A house* is 40 feet long,- 30 feet wide, 25 feet high to the roof, 
and 35 feet high to the ridge-pole. Find the number of square feet in its 
entire exterior surface. 

Ex. 417. The sides of a right triangle are as 3 : 4 : 5. The altitude upon 
the hypotenuse is 12 feet. Find the area. 

Ex. 418. Find the area of a right triangle, if one leg = a, and the alti- 
tude upon the hypotenuse = h. 

Ex. 419. Find the area of a triangle, if the lengths of the sides are 
104 feet, 111 feet, and 175 feet. 

Ex. 420. The area of a trapezoid is 700 square feet. The bases are 
30 feet and 40 feet, respectively. Find the altitude. 

Ex. 421. ABCD is a trapezium ; AB = 87 feet, BC = 119 feet, CD = 
41 feet, DA = 169 feet, ^C = 200 feet. Find the area. 

Ex. 422. What is the area of a quadrilateral circumscribed about a 
circle whose radius is 25 feet, if the perimeter of the quadrilateral is 400 
feet ? What is the area of a hexagon that has a perimeter of 400 feet and 
is circumscribed about the same circle of 25 feet radius (Ex. 361) ? 

Ex. 423. The base of a triangle is 15 feet, and its altitude is 8 feet 
Find the i>erimeter of an equivalent rhombus, if the altitude is 6 feet. 
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Ex. 424. Upon the diagonal of a rectangle 24 feet by 10 feet a triangle 
equivalent to the rectangle is constructed. What is its altitude ? 

Ex. 425. Find the side of a square equivalent to a trapezoid whose bases 
are 56 feet and 44 feet, and each leg is 10 feet. < > ^ 

Ex. 426. Through a point P in the side AB of a triangle ABC, a line 
is drawn parallel to £C so as to divide the triangle into two equivalent 
parts. Find the value of AP in terms of AB. 

Ex. 427. What part of a parallelogram is the triangle cut off by a line 
from one vertex to the middle point of one of the opposite sides ? 

Ex. 428. In two similar polygons, two homologous sides are 15 feet 
and 25 feet. The area of the first polygon is 450 square feet. Find the 
area of the second polygon. -^ } *- 

Ex. 429. The base of a triangle is 32 feet, its altitude 20 feet. What is 
the area of the triangle cut off by a line parallel to the base at a distance 
of 15 feet from the base ? \ V t? 

Ex. 430. The sides of two equilateral triangles are 3 feet and 4 feet. 
Find the side of an equilateral triangle equivalent to their sum. 

Ex. 431. If the side of one equilateral triangle is equal to the altitude 
of another, what is the ratio of their areas ? 

Ex. 432. The sides of a triangle are 10 feet, 17 feet, and 21 feet. Find 
the areas of the parts into which the triangle is divided by the bisector of 
the angle formed by the first two sides. 

Ex. 433. In a trapezoid, one base is 10 feet, the altitude is 4 feet, the 
area is 32 square feet. Find the length of a line drawn between the legs 
parallel to the bases and distant 1 foot from the lower base. 

Ex. 434. The diagonals of a rhombus are 90 yards and 120 yards, 
respectively. Find the area, the length of one side, and the perpendicu- 
lar distance between two parallel sides. 

Ex. 435. Find the number of square feet of carpet that are required to 
cover a triangular floor whose sides are, respectively, 26 feet, 35 feet, and 
51 feet. 

Ex. 436. If the altitude ^ of a triangle is increased by a length m, how 
much must be taken from the base a that the area may remain the same ? 

Ex. 437. Find the area of a right triangle, having given the segments 
p, g, into which the hypotenuse is divided by a perpendicular drawn to 
the hypotenuse from the vertex of the right angle. 
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Book V. 

REGULAR POLYGONS AND CIRCLES. 



429. Def. a regular polygon is a polygon which is both 
equilateral and equiangular. The equilateral triangle and the 
square are examples. 

Proposition I. Theorem. 

430. An equilateral polygon inscribed in a circle is a 
regular polygon. 

c 




Let ABC etc. be an equilateral polygon inscribed in a circle. 

To prove that the polygon ABC etc, is a regular polygon. 

Proof. The arcs AB, BC, CD, etc., are equal. § 243 

Hence, arcs ABC, BCD, etc., are equal. Ax. 2 

Therefore, arcs CFA, DFB, etc., are equal. Ax. 3 

Therefore, A A, B, C, etc., are equal. § 289 

Therefore, the polygon ABC etc. is a regular polygon, being 
equilateral and equiangular. § 429 

Q. B. D. 
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Proposition II. Theorem. 

431. A circle may be circumscribed ahout^ and a circle 
may be inscribed in, any regular polygon 




Let ABODE be a regular polygon. 

1. To prove that a circle may he circumscribed about 
ABODE, 

Proof. Let be the centre of the circle which may be passed 
thi-ough A, Bj and C, § 258 

Draw OA, OB, 00, and OD. 

Then Z ABO = Z BOD, § 429 

and Z OBO = Z OOB . § 145 

By subtraction, Z DBA =^Z.OOD, Ax. 3 

The A OBA and OOD are equal. § 143 

For Z OBA = Z OOD, 

OB = 00, § 217 

and AB = CZ>. § 429 

.-. OA = OD. § 128 

.'.the circle passing through A, B, C, passes through D. 

In like manner it may be proved that the circle passing 
through B, 0, and D also passes through E] and so on. 
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Therefore, the circle described from as a centre, with a 
radius OA, will be circumscribed about the polygon. § 231 

2. To prove that a circle may he inscribed in ABODE. 

Proof. Since the sides of the regular polygon are equal 
chords of the circumscribed circle, they are equally distant 
from the centre. § 249 

Therefore, the circle described from as a centre, with the 
distance from to a side of the polygon as a radius, will be 
inscribed in the polygon (§ 232). q.b.d. 

432. Def. The radius of the circumscribed circle, OA, is 
called the radius of the polygon. 

433. Def. The radius of the inscribed circle, OF^ is called 
the apothem of the polygon. 

434. Def. The common centre, 0, of the circumscribed and 
inscribed circles is called the centre of the polygon. 

435. Def. The angle between radii drawn to the extremi- 
ties of any side is called the angle at the centre of the polygon. 

By joining the centre to the vertices of a regular polygon, 
the polygon can be decomposed into as many equal isosceles 
triangles as it has sides. 

436. Cor. 1. The angle at the centre of a regular polygon 
is equal to four right angles divided by the number of sides 
of the polygon. Hence^ the angles at the centre of any regu- 
lar polygon are all equal. 

437. Cor. 2. The radius drawn to any vertex of a regular 
polygon bisects the angle at the vertex. 

438. Cor. 3. The angle at the centre of a regular polygon 
and an interior angle of the polygon are supplementary. 

For A FOB and FBO are complementary. § 135 

.'. their doubles AOB and FBO are supplementary. Ax 6 
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Proposition III. Theorem. 

439. If the circumference of a circle is divided into 
any number of equal arcs, the chords joining tJie suc- 
cessive points of division form a regular inscribed poly- 
gon ; and the tangents drawn at the points of division 
form a regular circumscribed polygon. 




Suppose the circumference divided into equal arcs AB, BC, etc. 
Let AB, BC, etc., be the chords, FB6, GCH, etc., the tangents. 

1. To prove that ABODE is a regular polygon. 

Proof. The sides AB, BC, CD, etc., are equal. § 241 

Therefore, the polygon is regular. § 430 

2. To prove that FGHIK is a regular polygon. 

Proof. The A AFB, BGC, CHD, etc., are all equal isosceles 
triangles. §§ 295, 139 

.', A F, G, Hy etc., are equal, and FB, BG, GC, etc., are equal. 

.-. FG = GH = HI, etc. Ax. 6 

/» FGHIK is a regular polygon. § 429 

Q.B.D. 

440, Cor, 1. Tangents to a circle at the vertices of a regular 
inscribed polygon form a regular circumscribed polygon of 
the same number of sides as the inscribed polygon. 



REGULAR POLYGONS AND CIRCLES. 



215 




441. Cor. 2, Tangents to a circle at the middle points of 
the arcs subtended by the sides of a regular inscribed polygon 
form a circumscribed regular polygon^ 
whose sides are parallel to the sides of 
the inscribed polygon and whose vertices 
lie on the radii {prolonged) of the irv- 
scribed polygon. 

For two corresponding sides, AB and 
A^B\ are perpendicular to OM (§§ 248, 
254), and are parallel (§ 104) ; and the tangents MB^ and NB\ 
intersecting at a point equidistant from OM and ON (§ 261), 
intersect upon the bisector of the Z MON (§ 162) ; that is, 
upon the radius OB, § 437 

442. Cor. 3. If the vertices of a regular inscribed polygon 
are joined to the middle points of the arcs sub- 
tended by the sides of the polygon^ the joining 
lines form a regular inscribed polygon of 
double the number of sides. 

443. Cor. 4. Tangents at the middle points 
of the arcs between adjacent points of contact 
of the sides of a regular circumscribed poly- 
gon form a regular circumscribed polygon of m 
double the number of sides, 

444. Cor. 5. The perimeter of an inscribed polygon is 
less than the perimeter of an inscribed polygon of double 
the number of sides ; and the perimeter of a circumscribed 
polygon is greater than the perimeter of a circumscribed 
polygon of double the number of sides. 

For two sides of a triangle are together greater than the 
third side. § 138 
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Proposition IV. Theorem. 

445. Two regular polygons of the same number of 
sides are similar. 




Let Q and Q^ be two regular polygons, each having n sides. 

To prove that Q and Q' are similar. 

Proof. The sum of the interior A of each polygon is equal to 

(n- 2)2 It, A, §205 

{tJie sum of tJie interior A of a polygon is equal to 2rt. A taken aa many 

times less two as the polygon has sides). 

Each angle of either polygon = ^^ ^ '■ — > § 206 

n 

{for the A of a regular polygon are all equals and hence each Z. is equal to 

the sum of the A divided by their number). 

Hence, the two polygons Q and Q' are mutually equiangular. 

Since AB==BC, etc., and A'B' = B'C, etc., § 429 

AB:A'B' = BC:B'C',Qto. 

Hence, the two polygons have their homologous sides pro- 
portional. 

Therefore the two polygons are similar. § 351 

Q. B. D. 

446. Cor. The areas of two regular polygons of the same 
number of sides are to each other as the squares of any two 
homologous sides. S 412 
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Proposition V. Theorem. 



447. The perimeters of two regular polygons of the 
same nurriber of sides are to each other as the radii of 
their circumscribed circles ^ and also as the radii of their 
inscribed circles. 




M B 




A' M' B' 



Let P and P' denote the perimeters, and (X the centres, of the 
two regular polygons. 

From 0, 0' draw OA, 0'A\ OB, 0'B\ and the Js OJf, O'Jf' . 

To prove that F:P' = OA: O'A' = OM : CW, 

Proof. Since the polygons are similar, 

F:F' = AB : AB\ 

The A OAB and O^A'B^ are isosceles. 



Now 
and 



AO = Z.O\ 
OA:OB = O'A' : O'B', 
the A OAB and O'A'B' are similar. 
.\AB:A'B'==OA:0'A'. 
AB:A'B' = OM:0'M^, 
.-. F:F' = OA: O'A' = OM : O^M'. 



§445 
§364 
§431 
§436 



§357 

§351 

Also, AB :A'B' = OM: O'W, § 361 

Ax. 1 

Q. B. D. 

448. Cor. The areas of two regular polygons of the same 
number of sides are to each other as the squares of the radii 
of the circumscribed circles^ and of the inscribed circles, § 413 
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Pboposition VI. Thkokkm. 

449. If the number of sides of a regular inscribed 
polygon is indefinitely increased^ tlie apothem of the 
polygon approaches tlie radius of the circle as its limit 




Let AB be a side and OP the apothem of a regular polygon of n 
sides inscribed in the circle whose radius is OA. 

To prove that OP approaches OA as a limit, when n in- 
creases indefinitely. 

Proof. OP < OA, § 97 

and OA-OP< AP. § 138 

.-. OA-OP< ABy which is twice AP. § 245 

Now, if n is taken sufficiently great, ABy and consequently 
OA — OPy can be made less than any assigned value, however 
small, but cannot be made zero. 

Since OA — OP can be made less than any assigned value 
by increasing w, but cannot be made zero, OA is the limit of 
OP by the test for a limit. § 275 

Q. E. D. 

450. CoR. If the number of sides of a regular inscribed 
polygon is indefinitely increased^ the square of the apothem 
approaches the square of the radius of the circle as a limit. 

For 04" - a? = aF, § 372 

But by taking n sufficiently .great, AB and consequently AP^ 
the half of AB, can be made less than any assigned value. 
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Therefore, AJE^^ the product of AP by APy can be made less 
than any assigned value ; for the product of two finite factors 
approaches zero as a limit, if either factor approaches zero as 
a limit (§ 276) ; and for a still stronger reason, the product 
approaches zero as a limit, if each of the factors approaches 
zero as a limit. 

Proposition VII. Theorem. 

451. An arc of a circle is less than any line which 
envelops it and has the same extremities. 



Let ACB be an arc of a circle, and AB its chord. 

To prove that the arc ACB is less than any other line which 
envelops this arc and terminates at A and B. 

Proof. Of all the lines that can be drawn, each to include 
the area ACB between itself and the chord AB; there must 
be at least one shortest line ; for all the lines are not equal. 

Now the enveloping line ADB cannot be the shortest; 
for drawing EOF tangent to the arc ACB at (7, the line 
AECFB < AEDFBy since ECF < EDF, § 49 

In like manner it can be shown that no other enveloping 
line can be the shortest. Therefore, ACB is the shortest. 

Q. B. D. 

452. Cor. 1. The circumference of a circle is less than the 
perimeter of any polygon circumscribed about it, 

453. Cor. 2. Any convex curve is less than the perimeter 
of a polygon circumscribed about it. 
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Proposition VIII. Theorem. 

454. The drcunfiference of a circle is the limit which 
the perimeters of regular inscribed polygons and of sim- 
ilar circumscribed polygons approach, if the number of 
sides of the polygons is indefinitely increased ; and the 
area of a circle is the limit which the areas of these 
polygons approach. 




Let P and P^ denote the lengths of the perimeters, AB and A^' 
two homologous sides, R and R' the radii, of the polygons, and C 
the circumference of the circle. 

1. To prove that C is the limit of P and of P\ if the nurnber 
of sides of the polygons is indefinitely increased. 

Proof. Since the polygons are similar by hypothesis, 





P'',P = R'iR. 


§447 


Therefore, 


P'-P:P = E'-R:E. 


§333 


Whence, 


R(P'-P)=P(R' -R). 


§327 


Therefore, 


^'~^ = |(^'"^>- 






Now F is always less than C. 


§ 273 




.: F'-P <:%(£• -R). 
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But W — E, which is less than A'C (§ 138), can be made 

less than any assigned quantity by increasing the number of 

C 
sides of the polygons ; and therefore — (E' — E) can be made 

less than any assigned quantity. § 276 

Hence, F' — F can be made less than any assigned quantity. 

Since F' is always greater than C (§ 452), and F is always 
less than C (§ 273), the difference between C and either F' or 
F is less than the difference F' — F, and consequently can be 
made less than any assigned quantity, but cannot be made zero. 

Therefore, C is the common limit of F' and F, § 275 

Let K denote the area of the circle, S the area of the inscribed 
polygon, and S' the area of the circumscribed polygon. 

2. To prove that K is the limit of S and S\ 

Proof. S':S=E^:E^ §448 

By division, S* - S: S = E'^ - E^:E\ § 333 

Whence S' - S = -^,(E'' - E'). 

Now K is always greater than S, Ax. 8 

Therefore, S'-S<^,(E'^- E^). 

But E'^-E^ which is equal to (E'+E)(E'-E), can be made 

less than any assigned quantity ; and therefore —(E*^ — E^) 

can be made less than any assigned quantity. § 276 

Hence, S' — S can be made less than any assigned quantity. 

Since S'>K always, and S<K always (Ax. 8), the differ- 
ence between K and either S' ov S is less than the difference 
S' — S, and consequently can be made less than any assigned 
quantity, but cannot be made zero. 

Therefore, K is the common limit of S' and S, § 275 

Q.B.D. 
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Proposition IX. Theorem. 

455. Two drcumferences have the same ratio as their 
radii. 





Let C and C be the circumferences, R and R' the radii, of the two 
circles Q and Q^. 

To prove that C:C' = Ii:E'. 

Proof. Inscribe in the © two similar regular polygons, and 
denote their perimeters by F and P'. 

Then F:F' = It:E\ §447 

Conceive the number of sides of these regular polygons to 
be indefinitely increased, the polygons continuing similar. 
Then F and F' will have C and C" as limits. § 454 

But P : P' will always be equal to E : R\ § 447 

Q.B.D. 

456. Cor. The ratio of the circumfererice of a circle to it% 
diameter is constant. 

For C:C = R:B\ §455 

.\C:C = 2R:2R\ §340 

By alternation, C:2R= a:2R\ § 330 

457. Def. The constant ratio of the circumference of a 
circle to its diameter is represented by the Greek letter tt. 

C 



458. Cor. tt = 



2R 



.'. C==2irR, 
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Proposition X. Theorem. 

459. The area of a regular polygon is equal to half 
the product of its apothem hy its perimeter. 



A M B 

Let P represent the perimeter, R the apothem, and S the area of 
the regular polygon ABC etc. 

To prove that S = ilt X F. 

Proof. Draw the radii OA, OB, OC, etc. 

The polygon is divided into as many A as it has sides. 

The apothem is the common altitude of these A, 

and the area of each A = ^ JK multiplied by the base. § 403 

Hence, the area of all the A is equal to ^-B multiplied by 
the sum of all the bases. 

But the sum of the areas of all the A is equal to the area of 
the polygon. Ax. 9 

And the sum of all the bases of the A is equal to the perim- 
eter of the polygon. Ax. 9 

460. Def. In different circles similar arcs, similar sectors, 
and similar segments are such as correspond to equal angles at 
the centre. 
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Proposition XI. Theorem. 

461. The area of a circle is equal to half the product 
of its radius by its circumference. 




M 

Let R represent the radius, C the circumference, and S the area, 
' of the circle whose centre is 0. 

To prove that S = i R x C. 

Proof. Circumscribe any regular polygon about the circle, 
and denote its perimeter by P, and its area by S\ 

Then S'=^iRxP. §459 

Conceive the number of sides of the polygon to be indefi- 
nitely increased. 

Then P approaches C as its limit, § 454 

^ -B X P approaches iR x (7 as its limit, § 279 

and S' approaches S as its limit. § 454 

But S' = iR X P, always. § 459 

.\S=iRxa ^ §284 

Q. B. D. 

462. Cor. 1. The area of a sector is equal to half the ' 
product of its' radius by its arc. 

For the sector and its arc are like parts of the circle and 
its circumference, respectively. 

463. Cor. 2. The area of a circle is equal to ir times ths 
square of its radius. 

For the area of the O = .i^^ x C -= ^^ x 27rjK = 7rR\ 
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464. Cob. 3. The areas of two circles are to each other as 
the squares of their radii. 

For, if S and S^ denote the axeas, and B and R^ the radii, 

465. Cob. 4. Similar arcs are to each other as their radii; 
similar sectors are to each other as the squares of their radii. 

Pboposition XII. Theobem. 

466. The areas of two similar segments are to each 
other as the squares of their radii. 





Let AC and A'C be the radii of the two similar sectors AC6 and 
AX3^, and let ABP and A^l^ be the corresponding segments. 

To prove that ABF : A'B'F' = 1C^ : A^'\ 



Pnxrf . Sector A CB : sector A'C'B' = AC^ : A^. § 465 

The AACBBud A'C^B' are similar. § 357 

.\AACB:AA'C'B'==AC'':A^. § 411 

.-. sector ACS : sector A^C^B' = A ACB : A A'C'B'. Ax. 1 

. • . sector ACB: A ACB == sector A' CB' :AA' CB'. § 330 

sector ACB - A ACB A ACB AC^ , ^^^ 

sector A'CB' - A A'CB' A A'CB^ A'C^ 

That is, ABP : A'B'P[ = AC^ : A^^. q. b. d. 



226 



BOOK V. PLANE GEOMETRY. 



PROBLEMS OF CONSTRUCTION. 



Proposition XIII. Problem. 



467. To inscribe a square in a given circle. 




Let be the centre of the given circle. 

To inscribe a square in the given circle. 

Draw two diameters AC and BD JL to each other. 

Draw AB, BC, CD, and DA. 

Then ABCD is the square required. 

Proof. The A ABC, BCD, etc., are rt. A, 

(each being inscribed in a semicircle), 

and the sides AB, BCy etc., ai*e equal, 

{in the same O equal arcs are subtended by equal chords). 

Hence the quadiilateral ABCD is a square. 



§290 
§241 
§168 

Q.E.F. 



468. Cor. By bisecting the arcs AB, BC, etc., a regular 
polygon of eight sides may be inscribed in the circle ; and, by 
continuing the process, regular polygons of sixteen, thirty- 
two sixty-four, etc., sides may be inscribed. 



Ex. 438. The area of a circumscribed square is equal to twice the area 
of the inscribed square. 

Ex. 439. The area of a circular ring is equal to that of a circle whose 
diameter is a chord of the outer circle tangent to the inner circle. 
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Pboposition XIV. Pboblem. 

469. To inscribe a regular hexagon in a given circle. 
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Let be the centre of the g^ven circle. 
To inscribe a regular hexagon in the given circle. 
From draw any radius, as 0(7. 
From (7 as a centre, with a radius equal to OC, 
describe an arc intersecting the circumference at F. 

Draw OF and CF. 
Then CF is a side of the regulgj hexagon required. 

Proof. The A OFC is equiangular, § 146 

(since it is equilateral by construction). 
Hence, the Z FOG is ^ of 2 rt. 4 or J of 4 rt. A. § 136 

.*. the arc FC is J of the circumference, 
and the chord FC is a side of a regular inscribed hexagon. 
Hence, to inscribe a regular hexagon apply the radius six 
times as a chord. q.e.f. 

470. Cor. 1. By joining the alternate vertices A^ C, D, an 
equilateral triangle is inscribed in the circle. 

471. Cor. 2. By bisecting the arcs AB., BC^ etc.^ a regular 
polygon of twelve sides may be inscribed in the circle ; and^ 
by continuing the process^ regular polygons of twenty-four, 
forty-eighty etc.^ sides may be inscribed. 
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Proposition XV. Problem. 

472. To i7iscribe a regular decagon in a given circle. 




Let be the centre of the given circle. 

To inscribe a regular decagon in the given circle. 

Draw any radius 0(7, 

and divide it in extreme and mean ratio, so that OC shall 
be to OS as OS is to SC, § 389 

From (7 as a centre, with a radius equal to OS, 

describe an arc intersecting the circumference at B. 

Draw Ba 

Then -B(7 is a side of the regular decagon required. 



Draw BS and BO. 

OC:OS = OS: SC, Const 

BC = OS. Const. 
.\OC:BC==BC:SC. 

Z OCB = Z SCB. Iden. 

Hence, the A OCB and BCS are similar. § 357 

But the A OC^ is isosceles. § 217 
.•.A BCSf which is similar to the A OCB, is isosceles, 

and CB==BS = SO, § 120 



Proof. 

Kow 
and 

Moreover, 
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.-. the A SOB is isosceles, and the Z = Z SBO. § 145 
But theext.Z C/S^ = Z0 + Z;S^0 = 2Z0. § 137 
Hence, Z SCB = 2 Z 0, 

and Z.OBC=2Z.O. 

.'. the sum of the A of the A OCB = 5 Z = 2 rt. 2$, 
and Z = J of 2 rt. ^, or T^ of 4 rt. ^. 

Therefore, the arc BC \a ^ oi the circumference, 
and the chord ^C is a side of a regular inscribed decagon. 

Therefore, to inscribe a regular decagon, divide the radius 
internally in extreme and mean ratio, and apply the greater 
segment ten times as a chord. q.b.f. 

473. Cor. 1. By joining the alternate vertices of a regular 
inscribed decagon^ a regular pentagon is inscribed, 

474. Cor. 2. By bisecting the arcs BC^ CF^ etc.^ a regular 
polygon of twenty sides may be inscribed in the circle; and^ 
by continuing the process^ regular polygons of forty ^ eighty^ 
etc,^ sides may be inscribed. 



If R denotes the radius of a regular inscribed polygon, r the apothem, 
a one side, A an interior angle, and C the angle at the centre, show that 

Ex. 440. In a regular inscribed triangle a = R Vs, r = \R, A = 60% 
C = 120*'. 

Ex. 441. In an inscribed square a = R V2, r = iR >^, A = 90®, 
a = 90*>. 

Ex. 442. In a regular inscribed hexagon a = R, r = iijVs, A = 120^ 
= 60®. 

Ex. 443. In a regular inscribed decagon 

a = ^^ 6-1) ^ y^j2jVlO + 2V6, ^ = 144% (7 = 36®. 
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Proposition XVI. Problem. 

475. To uLscrtbe in a given circle a regular pentedeca- 
goHy or polygon of fifteen sides. 



Let Q be the g^ven circle. 

To inscribe in Q a regular pentedecagon. 

Draw EH equal to the radius of the circle; 
and EF equal to a side of the regular inscribed decagon. § 472 

Draw FH. 
Then FH is a side of the regular pentedecagon required. 

Proof. The arc EH is J of the circumference, § 469 

and the arc EF is ^ of the circumference. Const. 

Hence, the arc FH is J — -j'^, or -^^ of the circumference. 

And the chord FH is a side of a regular inscribed pente- 
decagon. 

By applying FH fifteen times as a chord, we have the poly- 
gon required. q.b.f. 

476. Cor. By bisecting the arcs FH^ HA^ etc,^ a regular 
polygon of thirty sides may be inscribed ; and, by continuing 
the process, regular polygons of sixty, one hundred twenty, 
etc., sides may be inscribed. 
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Pboposition XVII. Problem. 

477. To inscribe in a given circle a regular polygon 
similar to a given regular polygon. 





Let ABC etc. be the given regular polygon, and (K the centre of 
the given circle. 

To inscribe in the circle a regular polygon similar to ABC etc. 

From 0, the centre of the given polygon, 

draw OD and OC. 

From 0', the centre of the given circle, 

draw O'C and O'D', 

making the Z 0' equal to the Z 0. 

Draw CD'. 

Then CD^ is a side of the regular polygon required. 

Proof. Each polygon has as many sides as the Z 0, or Z 0\ 
is contained times in 4 rt. ^4. 

Therefore, the polygon CD^IP etc. is similar to the polygon 
CDE etc., § 445 



ipwo regular polygons of the same number of sides are similar). 



Q.B.F. 



Ex. 444. The area of an inscribed regular octagon is equal to that of 
the rectangle whose sides are equal to the sides of the inscribed and the 
oircamscribed squares. 
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Pbopositiok XVIII. Problem. 

478. Given the side and the radius of a regular inr 
sorihed polygon^ to find the side of the regular inscribed 
polygon of double the number of sides. 




Let AB be a side of the regular inscribed polygon. 

To find ADy a side of the regular inscribed polygon of dovJble 
the number of sides. 

Denote the radius by R, and AB by a. 

From D di-aw DH through the centre 0, and draw OA, AH. 



DH is -L to AB at its middle point C. 



In the rt. A OCA, OC = JK* - i a\ 
Therefore, OC = V^« - i a^, 

and 



§161 
§372 



The Z DAR is a rt. Z. 



In the i-t. A DAff, AD' = DH X DC. 



§290 
§367 



But DH==2Ry2iJidDC = R-VR^ia\ 

.-. AD = V2R(R--y/R''-ia^ 
= Vr(2R - ^4.R^ - a^. 
479. Cob. i/- jK = 1, ^2> = V2 - Vi - a«. 



Q.B.F. 
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Proposition XIX. Problem. 

480. To find the numerical value of the ratio of the 
ciraumference of a circle to its diameter. 




Let C be the circumference, when the radius is unity. 

To find the numerical value of ir. 

By § 458, 2irB=^C, .'. tt = ^ C when jK = 1. 

Let S^ be the length of a side of a regular polygon of 6 sides, 
Sn of 12 sides, and so on. 

If ^ = 1, by § 469, aS; = 1 and by § 479 we have 



Form of Computation. 



5„ =V2-vr=n^ 



Length of Side. Length of Perimeter. 

0.61763809 6.21165708 



S^ = V2 - V4 - (0.51763809)2 0.26105238 

S^^ = V2 - VT- (0.2610523^ 0.13080626 

S^ = V2 - V4 - (0.130806^6)^ 0.06543817 

aS^im = V2 - V4 - (0.06543817)2 0.03272346 

Szu = V2 - V4 - (0.03272346)2 0.01636228 

/Sf^es = V2 - V4 - (0.01636228)2 0.00818121 6.28316941 
.'. C = 6.28317 approximately ; that is, tt = 3.14159 nearly. 

Q.E.F. 

481. Scholium, tt is incommensurable. We generally take 

TT = 3.1416, and - = 0.31831. 



6.26525722 
6.27870041 
6.28206396 
6.28290510 
6.28311544 
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MAXIMA ARD HimiU. 

482. Def. Among geometrieal magnitudes which satisfy 
given conditions, the greatest is called the mazlmiun; and 
the smallest is called the minimum. 

Thus, IbB diameter of a circle is the maximum among all chord* ; aud 
the perpendicular ia the minimum among aU lines drawn to a givwi line 
from a given eatemal point 

483. Dkf, Isoperimetric polygons are polygons which have 
equal perimeters. ^ 

Proposition XX. Theorem. 

484. Of all triangles having two given sides, that in 
whish these sides include a Tight angle is the maximum. 



Let tlu> frtanfrld 




MAXIMA AND MINIMA. 
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Proposition XXL Theorem. 

485. Of all isoperimetric triangles having the same 
base the isosceles triangle is the maximum. 




Let the ^ ACB and ADB have equal perimeters, and let AC and 
CB be equal, and AD and DB be unequal. 

To prove that A ACB > A ADB. 

Proof. Produce AC to If, making Clf = AC', and draw HB. 

Produce HB, take DP equal to DB, and draw AP. 

Draw CU and DF ± to AB, and CK and DM II to AB. 

The Z ABIT is a right Z, for it may be inscribed in the 
semicircle whose centre is C and radius CA. § 290 

ADP is not a straight line, for then the A DBA and DAB 
would be equal, being complements of the equal A DBM and 
DPM, respectively ^ and DA and DB would be equal (§ 147), 
which is contrary to the hypothesis. Hence, 

AP<AD-\-DP, .-. <AD^-DB, .\ < AC -{- CB, ,\ < AH, 

.\BH>BP. §102 

.\ C^(= i BH) > DF(= i BPy Ax. 7 

Therefore, A ACB > A ADB. § 405 

Q.B.D 
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Pbopositiok XXIL Theorem. 

486. Of all polygons with sides all given hut onej the 
rriaxirrturrt can he inscribed in a semicircle which hxis the 
undetermined side for its diameter. 




Let A6CDE be the maximum of polygons with sides AB, EC, CD, 
D£, and the extremities A and E on the straight line MN. 

To prove that ABODE can he inscribed in a semicircle. 

Proof. From any vertex, as (7, draw CA and CE. 

The A ACE must be the maximum of all A having the 
sides CA and CEy and the third side on JOT; otherwise, by 
increasing or diminishing the AACE, keeping the lengths of 
the sides CA and CE unchanged, but sliding the extremities 
A and E along the line MN, we could increase the IS. ACE, 
while the rest of the polygon would remain unchanged; and 
therefore increase the polygon. But this is contrary to the 
hypothesis that the polygon is the maximum polygon. 

Hence, the A ACE is the maximum of A that have the sides 
CA and CE, 

• 

Therefore, the /.ACE is a right angle. § 484 

Therefore, C lies on the semicircumference. § 29C 

Hence, every vertex lies on the circumference ; that is, the 
maximum polygon can be inscribed in a semicircle having the 
undetermined side for a diameter. Q.Biix 



MAXIMA AND MINIMA. 
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Pbopositiok XXIII. Theorem. 

487. Of all poly gems with given sideSy that which can 
be inserted in a circle is the maximum. 





Let ABCDE be a polygon inscribed in a circle, and A'B'CTD'E' be 
a polygon, equilateral with respect to ABCDE, which cannot be in- 
scribed in a circle. 

To prove that ABCDE > A'B'CTD'Ii:'. 

Proof. Draw the diameter Aff, and draw Cff and DJf. 

Upon CD^ construct the A C'ff'D' = A CffD, and draw^'^. 

Since, by hypothesis, a O cannot pass through all the 
vertices of A^B'CIf'D'E', one or both of the parts ABCff, 
AEDH must be greater than the corresponding pait of 
A'B'CB'D'E, § 486 

If either of these parts is not greater than its corresponding 
pait, it is equal to it, § 486 

(for ABCR and AEDH are the maxima of polygons that have sides equal 
to AB, EC, CHj and AEy ED, DH, respectively, and the remaining 
side undetermined), 

.'. ABCHDE > A'B'OWD'E'. Ax. 4 

Take away from the two figures the equal A CHDdixA OWjy, 
Then ABCDE > A'B'C'D'E. Ax. 5 

Q.B.D. 
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Proposition XXIV. Theorem. 

488. Of isoperimetric polygons of tJie same number of 
sides, tJie maximum is equilateral. 



^ K 





Let ABCD etc. be the maximum of isoperimetric polygons of 
any given number of sides. 

To prove that AB, BC, CD, etc, are equal. 

Proof. Draw AC, 

The A ABC must be the maximum of all the A which ai'e 
formed upon AC with a perimeter equal to that of A ABC, 

Otherwise a greater A AKC could be substituted iov AABC, 
without changing the perimeter of the polygon. 

But this is inconsistent with the hypothesis that the poly- 
gon ABCD etc. is the maximum polygon. 

.'. the A ABC is isosceles. § 485 

.',AB = BC, 

In like manner it may be proved that BC = CD, etc. q.b.d. 

489. CoR. The maximum of isoperimetric polygons of the 
same number of sides is a regular polygon. 

For the maximum polygon is equilateral (§ 488), and can be 
inscribed in a circle (§ 487), and is, therefore, regular. § 430 

O.B.D. 
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Proposition XXV. Theorem. 

« 

490. Of isoperimetric regular polygons^ that which has 
the greatest nuniher of sides is the maximum. 





D B 



Let Q be a regular polygon of three sides, and Q' a regular poly- 
gon of four sides, and let the two polygons have equal perimeters. 

To prove that Q' is greater than Q. 

Proof. Draw CD from C to any point in AB. 

Invert the A CD A and place it in the position DCE, letting 
D fall at C, C at D, and A at E, 

The polygon DBCE is an irregular polygon of four sides, 
which by construction has the same perimeter as Q\ and the 
same area as Q. 

Then the irregular polygon DBCE of four sides is less than 
the isoperimetric regular polygon $' of four sides. § 489 

In like manner it may be shown that §' is less than an iso- 
perimetric regular polygon of five sides, and so on. q.e.d. 



Ex. 445. Of all equivalent parallelograms that have equal bases, the 
rectangle has the minimum perimeter. 

Ex. 446. Of all equivalent rectangles, the square has the minimum 
perimeter. 

Ex. 447. Of all triangles that have the same base and the same alti- 
tude, tlie isosceles has the minimum perimeter. 

Ex. 448. Of all triangles that can be inscribed in a given circle, the 
equilateral is the maximum and has the maximum perimeter. 
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Pkoposition XXVL Theorem. 

491. Of regular polygons having a given area, that 
which has the greatest number of sides has the least 
perimeter. 




Q' 






Let Q and Q' be regular polygons having the same area, and let 
Q' have the greater number of sides. 

To prove the perimeter of Q > the perimeter of Q'. 

Proof. Let Q" be a regular polygon having the same perim- 
eter as Q'y and the same number of sides as Q. 

Then e' > ©", § 490 

{of isoperimetric regular polygons, that which Jias the greatest number of 

sides is the majcimum). 

But 6=0=©'. Hyp. 

.*. the perimeter oi Q > the perimeter of Q", 
But the perimeter of Q* = the perimeter of Q". Hyp. 
.*. the perimeter oi Q> the perimeter of Q'. q.e.d. 



Ex. 449. To inscribe in a semicircle the maximum rectangle. 

Ex. 450. Of all polygons of a given number of sides which may be 
inscribed in a given circle, that which is regular has the maximum area 
and the maximum perimeter. 

Ex. 451. Of all polygons of a given number of sides which may be 
circumacribed about a given circle, that which is regular has the minimum 
area and the minimum perimeter. 
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THBOBBMS. 

Ex. 452. Every equilateral polygon circumscribed about a circle is 
regular if it hsus an odd number of sides. 

Ex. 453. Every equiangular polygon inscribed in a circle is regular if 
it has an odd number of sides. 

Ex. 454. Every equiangular polygon circumscribed about a circle is 
regular. 

Ex. 455. The side of a circumscribed equilateral triangle is equal to 
twice the side of the similar inscribed triangle. 

Ex. 456. The apothem of an inscribed regular hexagon is equal to half 
the side of the inscribed equilateral triangle. 

Ex. 457. The area of an inscribed regular hexagon is three fourths of 
the area of the circumscribed regular hexagon. 

Ex. 458. The area of an inscribed regular hexagon is the mean propor- 
tional between the areas of the inscribed and the circumscribed equilateral 
triangles. 

Ex. 459. The square of the side of an inscribed equilateral triangle is 
equal to three times the square of a side of the inscribed regular hexagon. 

Ex. 460. The area of an inscribed equilateral triangle is equal to half 
the area of the inscribed regular hexagon. 

Ex. 461. The square of the side of an inscribed equilateral triangle is 
equal to the sum of the squares of the sides of the inscribed square and of 
the inscribed regular hexagon. 

Ex. 462. The square of the side of an inscribed regular pentagon is 
equal to the sum of the squares of the radius of the circle and the side of 
the inscribed regular decagon. 

If R denotes the radius of a circle, and a one side of an inscribed regular 
polygon, show that : 

Ex. 463. In a regular pentagon, a = i R ylO - 2 Vs. 

Ex. 464. In a regular octagon, a = R V^J — '^^ 

Ex. 465. In a regular dodecagon, a = R V2 — v3. 

Ex. 466. If two diagonals of a regular pentagon intersect, the longer 
segment of each is equal to a side of the pentagon. 
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Ex. 467. The apothem of an inscribed regular pentagon is equal to half 
the sum of the radius of the circle and the side of the inscribed regular 
decagon. 

Ex. 468. The side of an inscribed regular pentagon is equal to the 
hypotenuse of the right triangle which has for legs the radius of the 
circle and the side of the inscribed regular decagon. 

Ex. 469. The radius of an inscribed regular polygon is the mean pro- 
portional between its apothem and the radius of the similar circumscribed 
regular polygon. 

Ex. 470. If squares are constructed outwardly upon the six sides of a 
regular hexagon, the exterior vertices of these squares are the vertices of 
a regular dodecagon. 

Ex. 471. If the alternate vertices of a regular hexagon are joined by 
straight lines, show that another regular hexagon is thereby formed. 
Find the ratio of the areas of these two hexagons. 

Ex. 472. If on the legs of a right triangle as diameters semicircles are 
described external to the triangle, and from the whole figure a semicircle 
on the hypoteuuse is subtracted, the remaining figure is equivalent to the 
given right triangle. 

Ex. 473. The star-shaped polygon, formed by producing the sides of a 
regular hexagon, is equivalent to twice the given hexagon. 

Ex. 474. The sum of the perpendiculars drawn to the sides of a regular 
polygon from any point within the polygon is equal to the apothem multt- 
piied by the number of sides. 

Ex. 475. If two chords of a circle are perpendicular to each other, the 
sum of the four circles described on the four segments as diameters is 
equivalent to the given circle. 

Ex. 476. If the diameter of a circle is divided into any two segments, 
and upon these segments as diameters semicircumferences are described 
upon opposite sides of the diameter, these semicircumferences divide the 
circle into two parts which have the same ratio as the two segments of 
the diameter. 

Ex. 477. The diagonals that join any vertex of a regular polygon to 
ail the vertices not adjacent divide the angle at that vertex into as many 
equal parts less two as the polygon has sides. 
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PBOBLBM8 OF CONSTRUCTION. 

Ex. 478. To circumscribe au equilateral triangle about a given circle. 

Ex. 479. To circumscribe a square about a given circle. 

Ex. 480. To circumscribe a regular hexagon about a given circle. 

Ex. 481. To circumscribe a regular octagon about a given circle. 

Ex. 482. To circumscribe a regular pentagon about a given circle. 

Ex. 483. To draw through a given point a line so as to divide a given 
circumference into two parts having the ratio 3 : 7. 

Ex. 484. To construct a circumference equal to the sum of two given 
circumferences. 

Ex. 485. To construct a circumference equal to the difference of two 
given circumferences. 

Ex. 486. To construct a circle equivalent to the sum of two given 
circles. 

Ex. 487. To construct a circle equivalent to the difference of two given 
circles. 

Ex. 488. To construct a circle equivalent to three times a given circle. 

Ex. 489. To construct a circle equivalent to three fourths of a given 
circle. 

Ex. 490. To construct a circle whose ratio to a given circle shall be 
equal to the given ratio m : n. 

Ex. 491. To divide a given circle by a concentric circumference into 
two equivalent parts. 

Ex. 492. To divide a given circle by concentric circumferences into five 
equivalent parts. 

Ex. 493. To construct an angle of 18® ; of 36° j of 9°. 

Ex. 494. To construct an angle of 12° ; of 24° ; of 6°. 

To construct with a side of a given length : 

Ex. 495. An equilateral triangle. Ex. 499. A regular pentagon. 

Ex. 496. A square. Ex. 500. A regular decagon. 

Ex. 497. A regular hexagon. Ex. 501. A regular dodecagon. 

Xx. 498. A regular octagon. Ex. 502. A regular pentedecagon 
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PROBLEMS OF COMPUTATION. 
Ex. 603. Find the area of a circle whose radius is 12 inches. 

Ex. 604. Find the circumference and the area of a circle whose diameter 
is 8 feet. 

Ex. 505. A regular pentagon is Inscribed in a circle whose radius is R. 
If the length of a side is a, find the apothem. 

Ex. 506. A regular polygon is inscribed in a circle w hose radiu s is R. 
If the length of a side is a, show that the apothem is ^V4 If* — a^. 

Ex. 507. Find the area of a regular decagon inscribed in a circle whose 
radius is 16 inches. 

Ex. 508. Find the side of a regular dodecagon inscribed in a circle 
whose radius is 20 inches. 

Ex. 509. Find the perimeter of a regular pentagon inscribed in a circle 
whose radius is 25 feet. 

Ex. 510. The length of each side of a park in the shape of a regular 
decagon is 100 yards. Find the area of the park. 

Ex. 511. Find the cost, at |2 per yard, of building a wall around a 
cemetery in the shape of a regular hexagon, that contains 16,627.84 square 
yards. 

Ex. 512. The side of an inscribed regular polygon of n sides is 16 feet. 
Find the side of an inscribed regular polygon of 2 n sides. 

Ex. 513. If the radius of a circle is R, and the side of an inscribed 
regular polygon is a, show that the side of the similar circumscribed regu- 

lar polygon is . = • 

V4 ija - a2 

Ex. 514. What is the width of the circular ring between two concentric 
circumferences whose lengths are 650 feet and 425 feet ? 

Ex. 515. Find the angle subtended at the centre by an arc 5 feet 10 
inches long, if the radius of the circle is 9 feet 4 Inches. 

Ex. 516. The chord of a segment is 10 feet, and the radius of the circle 
is 16 feet. Find the area of the segment. 

Ex. 517. Find the area of a sector, if the angle at the centre is 20°, and 
the radius of the circle is 20 inches. 
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Ex. 518. The chord of half an arc is 12 feet, and the radius of the 
cu-cle is 18 feet. Find the height of the segment subtended by the whole 
arc. 

Ex. 519. Find the side of a square which is equivalent to a circle whose 
diameter is 35 feet. 

Ex. 520. The diameter of a circle is 15 feet. Find the diameter of a 
circle twice as large. Three times as large. 

Ex. 521. Find the radii of the concentric circumferences that divide a 
circle 11 inches in diameter into five equivalent parts. 



:. 522. The perimeter of a regular hexagon is 840 feet, and that of a 
regular octagon is the same. By how many square feet is the octagon 
larger than the hexagon ? 

Ex. 523. The diameter of a bicycle wheel is 28 inches. How many 
revolutions does the wheel make in going 10 miles ? 

Ex. 524. Find the diameter of a carriage wheel that makes 264 revolu- 
tions in going half a mile. 

Ex. 525. The sides of three regular octagons are 6 feet, 7 feet, 8 feet, 
respectively. Find the side of a regular octagon equivalent to the sum of 
the three given octagons. 

Ex. 526. A circular pond 100 yards in diameter is surrounded by a walk 
10 feet wide. Find the area of the walk. 

Ex. 527. The span (chord) of a bridge in the form of a circular arc is 
120 feet, and the highest point of the arch is 1 5 feet above the piers. Find 
the radius of the arc. 

Ex. 528. Three equal circles are described each tangent to the other 
two. If the common radius is R, find the area contained between the 
circles. 

Ex. 529. Given p, P, the perimeters of regular polygons of n sides 
inscribed in and circumscribed about a given circle. Find p\ P', the 
perimeters of regular polygons of 2 n sides inscribed in and circumscribed 
about the given circle. 

Ex. 530. Given the radius R, and the apothem r of an inscribed regular 
polygon of n sides. Find the radius B' and the apothem r' of an isoperi- 
motrical regular polygon of 2 n sides. 
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MISCELLANEOUS EXERCISES. 

THEOREMS. 

Ex. 631. If two adjacent angles of a quadrilateral are right angles, the 
bisectors of the other two angles are perpendicular. 

Ex. 632. If two opposite angles of a quadrilateral are right angles, the 
bisectors of the other two angles are parallel. 

Ex. 633. The two lines that join the middle points of the opposite sides 
of a quadrilateral bisect each other. 

Ex. 534. The line that joins the feet of the perpendiculars dropped from 
the extremities of the base of an isosceles triangle to the opposite sides is 
parallel to the base. 

Ex. 535. If AD bisects the angle ^ of a triangle ABC^ and BB bisects 
the exterior angle CBF^ then angle ADB equals one half angle ACB. 

Ex. 536. The sum of the acute angles at the vertices of a pentagram 
(five-pointed star) is equal to two right angles. 

Ex. 537. The altitudes AB, BE, CF of the triangle ABC bisect the 
angles of the triangle DEF. 

Circles with AB, BC, AC 2i& diameters will pass through E and Z), E 
and F, D and F, respectively. 

Ex. 538. The segments of any straight line intercepted between the cir- 
cumferences of two concentric circles are equal. 

Ex. 539. If a circle is circumscribed about any triangle, the feet of the 
perpendiculars dropped from any point in the circumference to the sides 
of the triangle lie in one straight line. 

Ex. 540. Two circles are tangent internally at P, and a chord AB oi 
the larger circle touches the smaller circle at C. Prove that PC bisects 
the angle APB. 

Ex. 541. The diagonals of a trapezoid divide each other into segments 
which are proportional. 

Ex. 542. If through a point P in the circumference of a circle two 
chords are drawn, the chords and the segments between P and a chord 
parallel to the tangent at P are reciprocally proportional. 
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£z. 543. The perpendiculars from two vertices of a triangle upon tlie 
opposite sides divide each other into segments reciprocally proportional. 

Ex. 544. The perpendicular from any point of a circumference upon a 
chord is the mean proportional between the perpendiculars from the same 
point upon the tangents drawn at the extremities of the chord. 

Ex. 545. In an isosceles right triangle either leg is the mean propor- 
tional between the hypotenuse and the perpendicular upon it from the 
vertex of the right angle. 

Ex. 546. If two circles intersect in the points A and J?, and through A 
any secant CAB is drawn limited by the circumferences at C and D, the 
straight lines BC^ BD are to each other as the diameters of the circles. 

Ex. 547. The area of a triangle is equal to half the product of its perim- 
eter by the radius of the inscribed circle. 

Ex. 548. The perimeter of a triangle is to one side as the perpendicular 
from the opposite vertex is to the radius of the inscribed circle. 

Ex. 549. If three straight lines AA\ BR, CC\ drawn from the vertices 
of a triangle ABC to the opposite sides, pass through a common point O 
within the triangle, then 

OA' OR OC , 

+ ^7777+^77^=1. 



AA' BR CC 

Ex. 650. ABC is a triangle, M the middle point of AB, P any point 
In AB between A and M. If MU is drawn parallel to PC^ meeting BC 
at D, the triangle BPD is equiv^ent to half the triangle ABC. 

Ex. 551. Two diagonals of a regular pentagon, not drawn from a com- 
mon vertex, divide each other in extreme and mean ratio. 

Ex. 552. If all the diagonals of a regular pentagon are drawn, another 
regular pentagon is thereby formed. 

Ex. 553. The area of an inscribed regular dodecagon is equal to three 
times the square of the radius. 

Ex. 554. The area of a square inscribed in a semicircle is equal to two 
tifths the area of the square inscribed in the circle. 

Ex. 555. The area of a circle is greater than the area of any polygon 
of equal perimeter. 

Ex. 556. The circumference of a circle is less than the perimeter of any 
polygon of equal area. 
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PROBLEMS OF LOCI. 

Ex. 567. Find the locus of the centre of the circle inBcribed in a tri- 
angle that has a given base and a given angle at the vertex. 

Ex. 558. Find the locus of the intersection of the altitudes of a triangle 
that has a given base and a given angle at the vertex. 

Ex. 559. Find-the locus of the extremity of a tangent to a given circle, 
if the length of the tangent is equal to a given line. 

Ex. 560. Find the locus of a point, tangents drawn from which to a 
given circle form a given angle. 

Ex. 561. Find the locus of the middle point of a line drawn from a 
given point to a given straight line. 

Ex. 562. Find the locus of the vertex of a triangle that has a given 
base and a giv«n altitude. 

Ex. 563. Find the locus of a point the sum of whose distances from 
two given parallel lines is equal to a given length. 

Ex. 564. Find the locus of a point the difference of whose distances 
from two given parallel lines is equal to a given length. 

Ex. 565. Find the locus of a point the sum of whose distances from two 
given intersecting lines is equal to a given length. 

Ex. 566. Find the locus of a point the difference of whose distances 
from two given intersecting lines is equal to a given length. 

Ex. 567. Find the locus of a point whose distances from two given 
points are in the given ratio m : n. 

Ex. 568. Find the locus of a point whose distances from two given 
parallel lines are in the given ratio m : n, 

Ex. 569. Find the locus of a point whose distances from two given 
intersecting lines are in the given ratio m : n. 

Ex. 570. Find the locus of a point the sum of the squares of whose 
distances from two given points is constant. 

Ex. 571. Find the locus of a point the difference of the squares of whose 
distances from two given points is constant. 

Ex. 572. Find the locus of the vertex of a triangle that has a given base 
and the other two sides in the given ratio mm. 
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PROBLEMS OF CONSTRUCTION. 

673. To divide a given trapezoid into two equivalent parts by a 
line parallel to the bases. 

Ex. 674. To divide a given trapezoid into two equivalent parts by a 
tine through a given point in one of the bases. 

Ex. 676. To construct a regular pentagon, given one of the diagonals. 

Ex. 676. To divide a given straight line into ^wo segments such that 
their product shall be the maYimuTn. 

Ex. 677. To find a point in a semicircumference such that the sum of 
its distances from the extremities of the diameter shall be the mfLTimn m 

Ex. 678. To draw a common secant to two given circles exterior to 
each other such that the intercepted chords shall have the given lengths 
a, b. 

Ex. 679. To draw through one of the points of intersection of two 
intersecting circles a common secant which shall have a given length. 

Ex. 680. To construct an isosceles triangle, given the altitude and one 
of the equal base angles. 

Ex. 681. To construct an equilateral triangle, given the altitude. 

Ex. 682. To construct a right triangle, given the radius of the inscribed 
circle and the difference of the acute angles. 

Ex. 683. To construct an equilateral triangle so that its vertices shall 
lie in three given parallel lines. 

Ex. 584. To draw a line from a given point to a given straight line 
which shall be to the perpendicular from the given point as m : n. 

Ex. 686. To find a point within a given triangle such that the perpen- 
diculars from the point to the three sides shall be as the numbers m, n, p. 

Ex. 686. To draw a straight line equidistant from three given points. 

Ex. 587. To draw a tangent to a given circle such that the segment 
intercepted between the point of contact and a given straight line shall 
have a given length. ^ 

Ex. 688. To inscribe a straight line of a given length between two given 
circumferences and parallel to a given straight line. 
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Ex. 589. To draw through a given point a straight line so that its dis- 
tances from two other given points shall be in a given ratio. 

Ex. 590. To construct a square equivalent to the sum of a given tri- 
angle and a given parallelogram. 

Ex. 591. To construct a rectangle having the difference of its base and 
altitude equal to a given line, and its area equivalent to the sum of a given 
triangle and a given pentagon. 

Ex. 692. To construct a pentagon similar to a given pentagon and 
equivalent to a given trapezoid. 

Ex. 593. To find a point whose distances from three given straight 
lines shall be as the numbers m, n, p. 

Ex. 594. Given an angle and two points P and P" between the sides ox 
the angle. To find the shortest path from P to P' that shall touch both 
sides of the angle. 

Ex. 595. To construct a triangle, given its angles and its area. 

Ex. 596. To transform a given triangle into a triangle similar to 
another given triangle. 

Ex. 597. Given three points A^ B, C. To find a fourth point P such 
that the areas of the triangles APB^ A PC, BPC shall be equal. 

Ex. 598. To construct a triangle, given its base, the ratio of the other 
sides, and the angle included by them. 

Ex. 599. To divide a given circle into n equivalent parts by concentric 
circumferences. 

Ex. 600. In a given equilateral triangle to inscribe three equal circles 
tangent to each other, each circle tangent to two sides of the triangle. 

Ex. 601. Given an angle and a point P between the sides o£ the angle. 
To draw through P a straight line that shall form with the sides of the 
angle a triangle with the perimeter equal to a given length a. 

Ex. 602. In a given square to inscribe four equal circles, so that each 
circle shall be tangent to two of the others and also tangent to two sides 
of the square. 

Ex. 603. In a given square to inscribe four equal circles, so that each 
circle shall be tangent to two of the others and also tangent to one side 
of the square. 
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LINES AND PLANES IN SPACE. 



DEFINITIONS. 

492. Def. a plane is a surface such that a straight line 
joining any two points in it lies wholly in the surface. A 
plane is understood to be indefinite in extent ; but is usually 
represented by a parallelogram lying in the plane. 

493. Def. A plane is said to be determined by given lines 
or points, if no other plane can contain the given lines or 
points without coinciding with that plane. 

494. Cob. 1. One straight line 
does not determine a plane. 

For a plane can be made to 
turn about any straight line AB 
in it, and thus assume as many 
different positions as we please. 

495. Cob. 2. A straight line and a point not in the line 
determine a plane. 

For, if a plane containing a straight line AB and any point 
C not in AB is made to revolve either way about AB, it will 
no longer contain the point C, 

496. Cob. 3. Three points not in a straight line determine 
a plane. 

For by joining two of the points we have a straight line 
and a point without it, and these determine the plane. § 495 

261 
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497. Cob. 4. Two intersecting lines determine a plane. 

For the plane containing one of these lines and any point 
of the other line not the point of intersection is determined. 

§495 

li, — — 




W 



498. Cor. 5. Two parallel lines determine a plane. 

For two parallel lines lie in a plane (§ 103), and a plane con- 
taining either parallel and a point in the other is determined. 

§ 495 



-D 



499. Def. When we suppose a plane to be drawn through 
given points or lines, we are said to pass the plane through the 
given points or lines. 

500. Def. When a straight line is drawn from a point to a 
plane, its intersection with the plane is called its foot 

501. Def. A straight line is perpendicular to a plane, if it is 
perpendicular to every straight line drawn through its foot in 
the plane ; and the plane is perpendicular to the line. 

502. Def. A straight line and a plane are parallel if they 
cannot meet, however far both are produced. 

503. Def. A straight line neither perpendicular nor par- 
allel to a plane is said to be obliqut to the plane. 
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504. DsT. Two planes are parallel if they cannot meet, how- 
ever far they are produced. 

505. Def. The intersection of two planes contams all the 
points common to the two planes. 



LINES ABD PLANES. 
Proposition I. Theobem. 
506. If two planes cut each other ^ their intersection is 
a straight line. 



Let Mil and PQ be two planes whldi cut one another. 

To prove that their intersection is a straight line. 

Proof. Let A and B be two points common to the two planes. 
Diav a straight line through the points A and S. 
Then the straight line AB lies in both planes. § 492 

Ko point not in the tine AB can be in hoth planes ; for one 
plane, and only one, can contain a straight line and a point 
without the line. § 495 

Therefore, the straight line throi^h A and B contains all 
the points common to the two planes, and is consequently 
the intersection of the planes. S ^5 

Q.B.B. 
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Proposition II. Theorem. 



507. If a straight line is perpendicular to ea>ch of two 
other straight lines at their point of intersection^ it ispefr- 
pendicular to the plane of the two lines. 






A 



' : — : \ T'-^N 






Let AB be perpendicular to BC and BD at B. 

To prove that AB is l.to the plane MN of these lines. 

Proof. Through B draw in MN any other straight line BE^ 
and draw CD cutting BC, BE, BD, at C, E, and 2). 

Prolong AB to F, making BF equal to AB, and join A and 
F to each of the points (7, E, and D. 

Then BC and BD are each 1. to AF at its middle point. 

.-. AC = FC, and AD = FD. § 160 

.\AACD = AFCD. §150 

.\ZACD = ZFCD. §128 

That is, ZACE = Z FCE. 

Hence, the A ACE and 7^(7^ are equal. § 143 

For AC = i^^C, C^ = CE, and Z JCJS' = Z i^Oi^. 

.-. ^^ = FE] and J?j^ is ± to ^i?' at ^. § 161 
/. AB is ± to any and hence every line in MN through B. 

.'. AB is ± to MN. § 601 

Q.B.D. 
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Proposition III. Theorem. 

508. All the perpendiculars that can he drawn to a 
straight line at a given point lie in a plane which is 
perpendicular to the line at the given point 




Let the plane MN be perpendicular to AB at B. 

To prove that BE, any _L to AB at B, lies in MN. 

Proof. Let the plane containing AB and BE intersect 3fN 
in the line BE' ; then AB is ± to BE. § 501 

Since in the plane ABE only one ± can be drawn to AB at 
B (§ 83), BE and BE' coincide, and BE lies in MN. 

Hence, every _L to AB at B lies in the plane MN q.e.d. 

509. Cor. 1. At a given point in a straight line only one 
plane perpendicular to the line can be drawn, 

510. Cor. 2. Through a given external pointy one plane 
can be drawn perpendicular to a line^ and only one. 

Let AC he the line, and the point. 

Draw OC ± to AC, and CD ± to AC 
Then CO and CD determine a plane ^ 
through ± to AC /~ i ^^^^—"o 

Only one such plane can be drawn; / ^""--^ 
for only one ± can be drawn to AC from / ""^-D 

the point 0. § 96 '^ 
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Pboposition IV. Theorem. 



511. Through a given point there can he one perpeiv 
dicuiar to a given plane^ and only one. 




FlO. 1. 



FlO. 2. 



Case 1. WTien the given point is in the given plane. 

Let A be the given point in the plane MN (Fig. 1). 

To prove that there can be one perpendicular to the plane 
MN at A, and only one. 

'PtQcd. Through A draw in MN any line BC, and pass 
through A a plane KS 1. to BC, cutting MN in DJEJ. 

At A erect in the plane KS the line AJF ± to DJEJ. 

The line BC, being ± to the plane KS by construction, is 
X to AF, which passes through its foot in the plane. § 501 

That is, AF is A. to BC; and as it is ± to DJEJ by construc- 
tion, it is _L to the plane MN § 507 

Moreover, any other line AG drawn from A is oblique to 
MN. For AF and AG intersecting in A determine a plane 
KS, which cuts MN in the straight line DF; and as AF is 
± to MN, it is ± to DF (§ 501) ; hence, AG is oblique to 
DF (§ 83), and therefore to MN. § 503 

Therefore, AF is the only ± to MN at the point A, 
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Case 2. When the given point is withotU the given plane. 

Let A be the given point, and MN the given plane (Fig. 2). 

To prove that there can he one perpendicular from A to 
MN, and only one. 

Proof. Draw in MN any line HK, and pass through A a 
plane FQ _L to HKy cutting MN in FG, and HK in C, 

Let fall from A, in the plane PQ, a ± AB upon FG. 

Draw in the plane MN any other line BD from B, inter- 
secting HK in D. 

Prolong AB to E, making BE equal to AB, 

and join A and E to each of the points C and i>. 

Since i>(7 is ± to P^ by construction, and CA and CE lie 
in PQ, the A DCA and i>C^ are right angles. § 601 

The rt. A DCA Bjid DCE aie equal. § 144 

For DC ia common ; and 04 = CE. § 160 

.-. DA = DE. § 128 

.-. BD is ± to AE at P. § 161 

That is, AB is ± to BD, any straight line drawn in MN 
through its foot, and therefore is ± to MN. § 601 

Moreover, every other straight line AI drawn from A to 
the plane is oblique to MN. For the lines AB and AI deter- 
mine a plane FQ which cuts the plane MN in the line FG. 

The line AB, being ± to the plane MN, is ± to PG. § 601 

.'. AI is oblique to FG, and consequently to JOT. § 603 

Therefore, AB is the only ± from 4 to MN. q.e.d. 

512. Cor. The perpendicular is the shortest line from a 
point to a plane. 

513. Def. The distance from a point to a plane is the length 
of the perpendicular from the point to the plane. 
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Proposition V. Theorem. 

514. Oblique lines drawn from a point to a plane^ 
meeting the plane at equal distances from, the foot of 
the perpendicular y are equal ; and of two oblique lines 
meeting the plane at unequal distances from the foot 
of the perpendicular the more rernote is the greater. 




Let AC and AD cut off the equal distances BC and BD from the 
foot of the perpendicular AB, and let AD and A£ cut off the unequal 
distances BD and BE, and BE be greater than BD. 

To prove that AC = AD, and AE > AD, 

Proof. The rt. AABC BJid ABD are equal. § 144 

For AB is common, and BC = BD. Hyp. 

.-. AC = AD. § 128 

The rt. A ABE, ABC have AB common, and BE >BC. 

.\AE>AC{% 101), and hence AE > AD. q. b. d. 

515. Cor. 1. Equal oblique lines from a point to a plane 
meet the plane at equal distances from the foot of the perpen- 
dicular ; and of two unequul lines the greater meets the plane 
at the greater distance from the foot of the perpendicular, 

516. Cor. 2. The locus of a point in space equidistant from 
all points in the circumference of a circle is a straight line 
through the centre^ perpendicular to the plane of the circle. 
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517. Cor 3. The locus of a point in space equidistant 
from the extremities of a straight line is the plane perpen- 
dicular to this line at its middle point. 

For any point C in this plane lies in a ± to 
AB at Of its middle point; hence, CA and 
CB are equal. § 160 

And any point D without the plane JOT 
cannot lie in a J. to AB at 0, and hence is unequally distant 
from A and B, § 160 



\:: X. 



O 



B 



N 



Proposition VI. Theorem. 



518. If from the foot of a perpendiculjor to a plane a 
straight line is drawn at right angles to any line in the 
planey the line drawn from its intersection with the line 
in the plane to any point of the perpendicular is per- 
pendicular to the line of the plane. 




Let AB be a perpendicular to the plane MN, BE a perpendicular 
from B to any line CD in MN, and £A any line from £ to AB. 

To prove that AJEJ is A. to CD. 

Proof. Take EC and ED equal ; draw BC, BD, AC, AD. 
Now BC = BD, § 95 

.\AC = AD. §514 

.\AE ia± to CD. § 161 

Q.B.D 
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Pboposition VII. Theorem. 

519. Two straight lines perpendicular to the same 
plane are parallel. 




Let AB 1)6 perpendicular to MN at B, and CD to MN at D. 

To prove that AB and CD are parallel. 
Proof. From A^ any external point in AB, draw AD, 
Draw BD, and through i>, draw EF in the plane MNl. to BD. 
Then CD is ± to EF (§ 501), and AD is ± to EF. § 618 
Therefore, CD, AD, and BD lie in the same plane. 

Also the line AB lies in this plane. 

But AB and CD are both ± to BD. 

Therefore, AB and CD are parallel. 



§608 
§ 492 
§601 
§104 

Q.B.D. 



520. Cor. 1. If one of two parallel lines is perpendicular 
to a plane^ the other is also perpendicular to the plane. 

Por if through any point of CD a line is ^ <^ 

drawn ± to MN, it is II to AB (§ 519), and CD j^^ 
coincides with this ± and is ± to MN, § 105 



o 



521. Cor. 2. If two straight lines are par- 
ailel to a third straight line^ they are par- 
allel to each other. 

For a plane MN ± to CD is ± to AB and 
EF. § 520 






Jfr 



S 
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Pboposition VIII. Theobem. 

522. If two straight lines are parallel^ every plane 
containing one of the lines, and only one, is parallel to 
the other line. 




Let AB and CD be two parallel lines, and MN any plane contain- 
ing CD but not AB. 

To prove that AB and MN are parallel. 

Froci. The lines AB and CD are in the same plane, § 103 
and this plane intersects the plane MN in the line CD. Hyp. 

Therefore, if AB meets the plane MN at all, the point of 
meeting must be in the line CD. 

But since AB is II to CD, AB cannot meet CD. 

Therefore, AB cannot meet the plane MN. 

Hence, AB is II to MN § 502 

Q. B. D. 

523. Cob. 1. , Through either of two straight lines not in 
the same plane one plane^ and only one^ 
can he passed parallel to the other. ^ ^ 

For if AB and CD are the lines, and we '' 
pass a plane through CD and the line CE 
drawn II to AB, the plane MN determined 
by CD and CE is II to AB. § 522 
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524. Cor. 2. Through a given point a plane can he passed 
parallel to any two given straight lines in space, 

For if is the given point, and AB and 
CD the given lines, by drawing through 
a line A'B' II to AB, and also a line CD' II to 
CD, we shall have two lines A'B' and CD' 
which determine a plane passing through 
and II to each of the lines AB and CD. § 522 



yTz> 



M 



'-^ 'iV 



Proposition IX. Theorem. 



525. If a straight line is parallel to a plane^ the inter- 
section of the plane with any plane passed through the 
given line is parallel to that line. 




Let the line AB be parallel to the plane MN, and let CD be the 
intersection of MN with any plane AD passed through AB. 

To prove that AB and CD are parallel. 

Proof. The lines AB and CD are in the same plane AD. 

Since CD lies in the plane MN, if AB meets CD it must 
meet the plane MN. 

But AB is by hypothesis II to MN, and therefore cannot 
meet it ; that is, it cannot meet CD, however far they may be 
produced. 

Hence, AB and CD are parallel. § 103 

Q.B.D. 
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526. Cor. If a given straight line and a plane are parallel^ 
a parallel to the given line drawn through any point of the 
plans lies in the plane. 

For the plane determined by the given line AB and any 
point C of the plane cuts MN in a line CD II to AB (§ 525) ; 
but through C only one parallel to AB can be drawn (§ 105) ; 
therefore, a line drawn through C II to AB coincides with (72), 
and hence lies in the plane MN, 

Proposition X. Theorem. 

527. Two planes perpendicular to the same straight 
line are parallel. 




Let MN and PQ be two planes perpendicular to the straight 
line AB. 

To prove that MN and FQ are parallel. 

Proof. MN and PQ cannot meet. 

For if they could meet, we should have two planes from a 
point of their intersection X to the same straight line. 

But this is impossible. § 510 

Therefore, MN and P^ are parallel. § 504 

Q. B. D. 



Ex. 604. Find the locus of points in space equidistant from two given 
parallel planes. 

Ex. 605. Find the locus of points in space equidistant from two given 
points and also equidistant from two given parallel planes. 
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FBOFoaiiioN XI. Theokeh. 

528. The intersections of two paralld planes by a 
third plane are parallel lines. 



let the parallel planes UN and PQ be cnt by BS. 

To prove that the intersections AB and CD are parallel. 
Proof. AB and CD are in the same plane RS. 
They are also in the parallel planes MN and PQ, which 
cannot meet, however far they extend. § 604 

Therefore, AB and CD cannot meet, and are parallel. § 103 

(J.E.D. 

529. CoK. 1. Parallel Unei included between parallel 
planes are equal. 

For if the linea AC and BD are parallel, the plane of these 

lines will intersect MN and PQ in the parallel lines AB and 

CD. S 528 

.'. ABDC ia a parallelogram. § 166 

.-. AC and BD are equal. S 178 
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530. Cob. 2. Two parallel planet are everywhere equally 
distant. 

For Ja dropped from any points in MN iio FQ measure the 
distances of these points from FQ, But these Js are parallel 
(§ 519), and hence equal (§ 529). Therefore, all points in 
MN are equidistant from FQ, 



Proposition XII. Theorem. 

531. A straight line perpendicular to one of two 
parallel planes is perpendicular to the other also. 




Let AB be perpendicular to MN and PQ parallel to MN . 

To prove that AB is perpendicular to FQ. 

Proof. Pass through the line AB any two planes intersect- 
ing MN in the lines AC and AD, and FQ in BU and BF. 
Then AC BJid AD are II to BJEJ and BF, respectively. § 528 

But AB is ± to AC and AD. § 501 

.-. ^^ is ± to their parallels BF and BF. § 107 

Therefore, AB is ± to FQ. § 507 

Q. B. D. 

532. Cor. Through a given point one plane^ and only one^ 
can be drawn parallel to a given plane. 

For if a line is drawn from A A. to FQ, a plane passing 
through -4 J- to this line is 11 to P^ (§ 527) ; and since through 
a point in a line only one plane can be drawn ± to the line 
(§ 509), only one plane can be drawn through A W to FQ. 
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Proposition XIII. Theorem. 

533. If two intersecting straight lines are each parallel 
to a plane^ the plane of these lines is parallel to that 
plane. 



M 




! I 



■4 I 



F' ^ "~ -^ 'E 



X 



:a 



Q 



Let AC and AD be each parallel to the plane PQ, and let MN be 
the plane passed through AC and AD. 

To prove that MN is parallel to PQ. 

Proof. Draw AB ± to FQ. 

Pass a plane through AB and AC intersecting FQ in BJE, 
and a plane through AB and AD intersecting PQ in BF, 

Then AB is ± to BF and BF. § 601 

Also, BF is II to AC, and BF is II to AD. § 525 

Therefore, AB is ± to AC and to AD. § 107 

Therefore, AB is X to the plane MN. § 507 

Hence, MN and P<3 are parallel. § 527 

Q. E. D. 



Ex. 606. Find the locus of all lines drawn through a given point, 
parallel to a given plane. 

Ex. 607. Find the locus of points in a given plane which are equi- 
distant from two given points not in the plane. 

Ex. 608. Find the locus of a point in space equidistant from three 
given points not in a straight line. 

Ex. 609. Find a point in a plane such that the sum of its distances from 
two given points on the same side of the plane shall be a minimum. 
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Proposition XIV. Theorem. 

534. If two angles not in the same plane have their 
sides respectively parallel and lying on the same side of 
the straight line joining their vertices^ they are equals 
and their planes are parallel. 



Mr 



-A ^^^^ \ 

I I 1 




Let the corresponding sides of angles A and Af in the planes MN 
and PQ be parallel, and lie on the same side of AA^ 

To prove that AA^^AA\ and that MN is II to PQ. 

Frooi, Take AD and A'D' equal, also AC and A'C equal. 

Draw DD', CC\ CD, CD'. 

Sincje AI> is equal and II to A^D\ the figure ADD^A is a 
parallelogram, and AA^ is equal and II to DD\ § 183 

In like manner AA^ is equal and II to CC\ 

Also, since CO and DD^ are each II to AA\ and equal to 
AA\ they are II and equal. 

r.CD=aD\ §183 

.-. A ADC = A A'D'C. § 150 

,\ZA==ZA'. §128 

Now P© is II to each of the lines ^C and AD. § 622 

Therefore, P^ is II to MN, the plane of these lines. § 533 

Q.B.D. 
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Proposition XV. Theorem. 

535. If two straight lines are cut hy three parallel 
planes, their corresponding segments are proportional. 

•My ;; 1 




Let AB and CD be intersected by the parallel planes MN, PQ, RS, 
in the points A, E, B, and C, F, D. 

To prove that AE :EB=CF: FD, 

Proof. Draw AD cutting the plane FQ in G. 

Pass planes through AB and AD, AD and DC, cutting MN, 
FQ, BSmAC, EG, GF, BD, 

Then EG is II to BD, and GF is II to ^C. § 528 

.\AEiEB = AG:GD, §342 

and CF:FD==AG:GD. 

.\AE:EB=CF:FD. Ax. 1 

Q. B. D. 

Ex. 610. The line AB meets three parallel planes in the points A^ JS, 
B; and the line CD meets the same planes in the points C, Fj D. If 
AE = 6 inches, BE = S inches, CD = 12 inches, compute CF and FD. 

Ex. 611. To draw a perpendicular to a given plane from a given point 
without the plane. 

Ex. 612. To erect a perpendicular to a given plane at a given point in 
the plane. 
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DIHEDRAL AKGLBS. 



536. Def. The opening between two intersecting planes is 
called a dihedral angle. 

537. Def. The line of intersection AB of the planes is the 
edge, the planes MA and NB are the faces, of the dihedral angle. 

538. A dihedral angle is designated hy Its edge, or by its two 
faces and its edge. Thus, the 

dihedral angle in the margin 
may be designated by AB, or 
by M-AB-N. 

539. In order to have a 
clear notion of the tnagni- 
tude of the dihedral angle 

M-AB-N, suppose a plane at first in coincidence with the plane 
MA to turn about the edge AB, as indicated by the arrow, 
until it coincides with the plane NB. The magnitude of the 
dihedral angle M-AB-N is proportional to the amount of rota- 
tion of this plane. 

540. Def. Two dihedral angles M-AB-N and F-AB-N are 
adjacent if they have a . 

common edge AB, and 
a common face NB, be- 
tween them. 

541. Def. When a 
plane meets another 
plane and makes the ad- 
jacent dihedral angles equal, each of these angles is called a 
tight dihedral angle. 

542. Def. A plane is perpendicular to another plane if it 
forms with this second plane a right dihedral angle. 
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543. Def. Two vertical dihedral angles are dihedral angles 
that have the same edge and the faces of the one are the 
prolongations of the faces of the other. 

544. Def. Dihedral angles are acute^ obtuse^ complementary, 
supplementary, under the same conditions as plane angles. 

545. Def. The plane angle of a dihedral angle is the plane 
angle formed by two straight lines, one in each plane, perpen- 
dicular to the edge at the same point. 

546. Cor. The plane angle of a dihedral angle has the 
same magnitude from whatever point in the edge 
the perpendiculars are drawn. 

For any two such angles, as CAD, GIH, have 
their sides respectively parallel (§ 104), and hence - 
are equal. § 534 




a 



H 
F 



E 



547. The demonstrations of many properties of dihedral 
angles are identically the same as the demonstrations of analo- 
gous theorems of plane angles. 

The following are examples : 

1. If a plane meets another plane, it forms with it two 
adjacent dihedral angles whose sum is equal to two right 
dihedral angles. 

2. If the sum of two adjacent dihedral angles is equal to 
two right dihedral angles, their exterior faces are in the same 
plane. 

3. If two planes intersect each other, their vertical dihedral 
angles are equal. 

4. If a plane intersects two parallel planes, the alternate- 
interior dihedral angles are equal ; the exterior-interior dihe- 
dral angles are equal ; the two interior dihedral angles on the 
same side of the transverse plane are supplementary. 
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6. When two plaaes are cut by a thitd plane, if the altemate- 
interior dihedral angles are equal, or the exterior-interior di- 
hedral angles are equal, and the edges of the dihedral angles 
thus formed are parallel, the two planes are parallel. 

6. Two dihedral angles whose faces are parallel each to 
each are either equal or supplementary. 

Peoposition XVI. Theorem. 
548. Two dihedral angles are equal if their plane 
angles are equal. 



Let the two pUne angles ABD and A3'D' of the two dlhedntl 
angles D-CB-E and D'-C3'-E' be equal. 

To prove tkn dihedral angles D-CB-E and D'-CB'-£' equal. 

Proof. Apply D'-C'B'-E' to D-CB-E, making the plane angle 
A'B'D' coincide with its equal ABD. 

The line B'C being ± to the plane A'B'D' will likewise be 
J- to the plane ABD at B, and fall on BC, since at B only 
one J. can be erected to this plane. § 511 

The two planes A'B'C and ABC, having in common two 
intersecting lines AB and BC, coincide. § 497 

In like maoner the planes D'B'C and DBC coincide. 

Therefore, the two dihedral angles coincide and are equal. 

Q.B.D 
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Pboposition XVII. Teeobsh. 

549. 2hvo dihedral angles have ihe same ratio as their 
plane angles. 



Tia. 1. FlO. 3. Fio. 3. 

Let A-BC-D and A'-B'C-D' be two dihedral angles, and let tbeli 
plane angles be ABD and A'B'D', respectively. 

To prove that A'-B'C'-D' : A-BC-D = Z A'B'D' : Z ABD. 

Case 1. When the plane angles are commensurable. 

Proof. Suppose the A ABD and A'B'D' {Figs. 1 and 2) have 
a common measure, which is contained m, times in Z ABD 
and n times in Z A'B'D'. 

Then Z A'B'D' : Z ABD = n:m. 

Apply this measure to Z ABD and Z A'B'D', and through 
the lines of division and the edges BC and B'C pass planes. 

These planes divide A-BC D into m parts, and A'-B'C'-D' into 
n parts, equal each to eafih. § 548 

Therefore, A'-B'C-D' : A-BC-D = n:m. 

Therefore, A'-B'C'-D' : A-BC-D = Z A'B'D' : Z ABD. Ax. 1 

Case 2. When the plane angles are incommensurable. 

Proof. Divide the Z ABD into any number of equal parts, 
and apply one of these parts to the Z.'A'B'D' (Figs. 1 and 3) 
as a unit of measura 
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Since Z ABD and Z A'B^D' are incommensurable, a certain 
number of these parts will form the Z.A'B'JS, leaving a re- 
mainder Z EB^D\ less than one of the parts. 

Pass a plane through B^E and B^C\ 

Since the plane angles of the dihedral angles A-BC-D and 
A'-B'C'E are commensurable, 

A'-B' C-E : A'B C-D = Z A'B'E : Z ^J?i>. Case 1 

By increasing the number of equal parts into which Z ABD 
is divided, we can diminish at pleasure the magnitude of each 
part, and therefore make Z EB'D* less than any assigned 
value, however small, since Z EB'D' is always less than one 
of the equal parts into which Z.ABD is divided. 

But we cannot make Z EB'D' equal to zero, since by hy- 
pothesis Z ABD and Z A'B'D' are incommensurable. § 269 

Therefore, Z EB'D' approaches zero as a limit, if the num- 
ber of parts into which Z ABD is divided is indefinitely 
increased; and the corresponding dihedral angle E-B'C'-D' 
approaches zero as a limit. § 275 

Therefore, Z A'B'E approaches Z A'B'D' as a limit, § 271 

and A'-B'C'E approaches A'-B'C'-D' as a limit. 

„ Z A'B'E . Z A'B'D' ,. .^ . ^^^ 

Hence, . . ^.^ approaches ^ .^^ as a lunit, § 280 

Z.ABD ^^ A ABD 

, A'-B'C'-E , A'-B'C'-D' ,. .^ . ^^^ 

and . p^ y, approaches . p^ y. as a limit. § 280 

^ ■ Z A'B'E . ^ ^. . ^ A'-B'C'-E ^ , 

But . ..-^ ' IS constantly equal to . ^^ ^ ^ Case 1 
Z.ABD ^ ^ A-BC-D 

as Z EB'D' varies in value and approaches zero as a limit. 
Therefore, the limits of these variables are equal. § 284 

. A'-B'C'-D' __ Z ^^^^D^ 

^^^* '"' A-BC-D - A ABD ' Q. B. D. 

550. Cor. ^A« plane angle of a dihedral angle may he 
taken as the measure of the dihedral angle. 
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Pboposition XVIII. Thbobbm. 

551. If two planes are perpendicular to each other ^ a 
straight line drawn in one of them perpendicular to their 
intersection is perpendicular to the other plane. 




Let the plane PQ be perpendicukr to MN, and let CD be drawn 
in PQ perpendicular to AB, the intersection of PQ and MN. 

To prove that CD is perpendicular to MN, 

Proof. In the plane MN draw DE A. to AB at D, 

Then CDE is the measure of the right dihedral angle 
P'AB'N, and is therefore a right angle. § 550 

But, by hypothesis, CDA is a right angle. 

Therefore, CD is ± to DA and DE at their point of inter- 
section, and consequently ± to their plane MN § 507 

Q.B.D. 

552. Cor. 1. If two planes are perpendicular to each other^ 
a perpendicular to one of them at any point of their inter- 
section will lie in the other plane. 

For a line CD drawn in the plane PAB ± to AB at the 
point D will be ± to MN{% 551). But at the point D only 
one ± can be drawn to MN {% 511). Therefore, a ± to MN 
erected at D will coincide with CD and lie in the plane PAB, 
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553. Cob. 2. ^ two planes are perpendicular to each other^ 
a perpendicular to one of them from any point of the other 
will lie in the other plane. 

Por a line CD drawn in the plane FAB from the point C ± 
to AB will be ± to MN (§ 551). But from the point C only 
one ± can be drawn to MN (§ 511). Therefore, a ± to MN 
drawn from C will coincide with CD and lie in FAB. 



Proposition XIX. Theorem. 

554. ijT a straight line is perpendicular to a plane^ 
efo&ry plane parsed through this line is perpendicular to 
the plane. 




Let CD be perpendicular to MN, and PQ be any plane passed 
through CD intersecting MN in AB. 



To prove that FQ is perpendicular to the plane MN, 

Proof. Draw DE in the plane MN JL to AB, 
Since CD is ± to MN, it is ± to AB. 
Therefore, Z CDE is the measure of F-AB-N 
But Z CDE is a right angle. 
Therefore, P© is ± to MN. 



§501 
§550 
§501 
§542 

Q. B. D. 



555. Cor. A plane perpendicular to the edge of a dihedral 
angle is perpendicular to each of its faces. 
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Proposition XX. Theorem. 

556. If two intersecting planes are each perpendicular 
to a third plane, their intersection is also perpendicular 
to that plane. 



Let the planes BD and BC interBecting in tlie line AB be perpen- 
dicular to the plane PQ. 

To prove that AB is perpendicular to the plane PQ. 

Proof. A X erected to PQ at B, a point common to the three 
planes, will lie in the two planes BC and BD. § 562 

And since this ± lies in both the planes BC and BD, it must 
coincide with their intersection AB. % 506 

.'. AB is X to the plane PQ. q.b.d. 

557. CoE. 1. ^f a plane is perpendicular to each of two 
intersecting planet, it is perpendicular to their intersection. 

558. CoR. 2. If a plane it perpendicular to each of two 
planet that include a right dihedral angle, the intertection 
of any two of theie planes is perpendicular to the third plane, 
and each of the three intersectiont is perpendicular to, the 
other two. 
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Proposition XXL Theorem. 

559. Every point in a plane which Insects a dihedral 
angle is equidistant from the faces of the angle. 




Let the plane AM bisect the dihedral angle formed by the planes 
AD and AC ; and let PE and PF be perpendiculars drawn from any 
point P in the plane AM to the planes AC and AD. 

To prove that PE = PF. 

Proof. Through PE and PF pass a plane intersecting the 
planes AC, AD, and AM in the lines OE, OF, and PO, 

The plane PEF is 1. to ^C and to AD. § 554 

Hence, the plane PEF is ± to their intersection AG, % 557 



and 
But 



.'. AO is -L to OE, OPy and OF, 
.-. Z POE is the measure of M-AO-C, 
ZP OF is the measure of M-AO-D. 
M-AO-C -= M-AO-D, 
.\ZPOE = ZPOF. • 
.-. rt. A POE = It. A POF. 
.-. PE = PF. 



§501 
§550 

Hyp. 

§141 
§ 128 

Q.B.D. 
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Proposition XXII. Theorem. 

560. Through a given straight line not perpendicular 
to a planCj one plane^ and only one^ can he parsed per- 
pendicular to the given plane. 




Let AB be the given line not perpendicular to the plane MN. 

To prove that one plane can he passed through AB perpen- 
dicular to MN, and only one. 

Proof. Prom any point H of AB draw HK 1. to MN, 

and through AB and HK pass a plane AF, 

The plane AF is ± to MN, since it passes through HK, a 
line ± to MN, § 564 

Moreover, if two planes could be passed through AB Jl to the 
plane MN, their intersection AB would be ± to MN, § 66^ 

But this is impossible, since AB is by hypothesis not per- 
pendicular to the plane MN, 

Hence, through AB only one plane can be passed J. to MN, 



Q.B.D. 




Afr 



561. Def. The projection of a point on a 
plane is the foot of the perpendicular from 
the point to the plane. 

562. Def. The projection of a line on a 
plane is the locus of the projections of its points on the plane. 



B 

j;;irTTT|lj 
' 11 1 { I I I 



X 
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Proposition XXIII. Theorem. 

563. The projection of a straight line not perpendicur 
lar to a plane upon that plane is a straight line. 




Let AB be the given line, MN the given plane, and CD the projec- 
tion of AB upon MN. 

To prove that CD is a straight line. 

Proof. From any point H of AJB di'aw HKA. to MN, and 
pass a plane AF through HK and AB, 

The plane AF is ± to MN, § 554 

and contains all the Js drawn from AB to MN, § 553 

Hence, CD must be the intersection of these two planes. 

Therefore, CD is a straight line. § 506 

Q. B. D. 

564. Cob. The projection of a straight line perpendicular 
to a plane upon that plane is a point, 

565. Def. The plane ABCD is called the projecting plane of 
the line AB upon the plane MN. 

566. Def. The angle which a line makes with a plane is the 

angle which it makes with its projection on the plane ; and is 
called the inclination of the line to the plane. 
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Proposition XXIV. Theorem. 

567. The acute angle which a straight line makes 
with its projection upon a plane is the least angle which 
it makes with any line of the plane. 




Let BA meet the plane MN at A, and let AC be its projection upon 
the plane MN, and AD any other line drawn through A in the plane. 

To prove that Z. BAC is less than Z. BAD, 

Proof. Take AD equal to AC, and draw BD. 

In the ABAC zJiA BAD, 

BA = BA, Iden. 

AC = AD, Const. 

but BC <BD, §512 

.-. Z j5^(7 is less than Z BAD. § 155 

Q. E. D. 



Ex. 613. From a point A^ 4 inches from a plane MN^ an oblique line 
AC ^ inches long is drawn to the plane and made to turn around the 
perpendicular AB dropped from A to the plane. Find the area of the 
circle described hy the point C 

Ex. 614. From a point -4, 8 inches from a plane JOT, a perpendicular 
AB\b drawn to the plane ; with B as centre, and a radius equal to 6 inches, 
a circle is described in the plane ; at any point C of this circumference a 
tangent CD 24 inches long is drawn. Find the distance from -4 to D. 

Ex. 615. Describe the relative position to a given plane of a line if its 
projection on the plane is equal to its own length. 
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Proposition XXV. Theorem. 

568. Between two straight lines not in the same plane^ 
there can he one common perpendicular, and only one. 




Let AB and DC be two lines not in the same plane. 

To prove that there can he one common perpendicular between 
AB and DCy and only one. 

Proof. Through any point A of AB draw AG W to DCf and 
let MN be the plane determined by AB and AG. 

Since AG is II to DC, MN is II to DC. § 622 

Through DC pass the plane PQ JL to MN, intersecting the 

plane MN in D'C. Then D'C is II to DC. § 525 

D^C must cut AB at some point C\ otherwise AB would 

be II to D'C (§ 103), and hence II to DC (§ 521). But this is 

impossible; for AB and DC are not in the same plane. Hyp. 

Draw aC ± to MN. ' Then CC is J. to AB. § 501 

But aC is in the plane PQ {% 662) and is ± to D'C\ § 501 

.\CC\Ql,toDC. §107 

.-. CC i% A. to AB and DC. 

Again, CC is the only ± to both AB and DC. Por, if pos- 
sible, let EA be any other line ± to AB and DC. Then EA 
\Q 1. to AG (§ 107), and hence ± to MN. • § 507 

Draw EE:±toD' C. Then EH is ± to MN (§ 551), and we 
have two Ja from E to JfJV". But this is impossible. § 511 

Hence, CC is the only common J. to DC and AB, q.b.d. 
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POLYHEDRAL ANGLES. 

569. Def. The opening of three or more planes which meet 
at a common point is calJed a polyhedral angle. 

570. Def. The common point S is the vertex of the angle, 
and the intersections of the planes SAj SB, etc., 
are its edges ; the portions of the planes included 
between the edges are its faces, and the angles 
formed by the edges are its face angles. 

571. The magnitude of a polyhedral angle de- 
pends upon the relative position of its faces, and not upon their 
extent. 

572. In a polyhedral angle, every two adjacent edges form 
a face angle, and every two adjacent faces form a dihedral 
angle. These face angles ^nd dihedral angles are the parts of 
the polyhedral angle. 

573. Def. A polyhedral angle is convex, if every section 
made by a plane that cuts all its edges is a convex polygon. 

574. Def. A polyhedral angle is called trihedral, tetrahedral, 
etc., according as it has three faces, four faces, etc. 

575. Def. A trihedral angle is called rectangular, bi-rectan- 
gular, tri-rectangular, according as it has one, two, or three 
right dihedral angles. 

576. Def. A trihedral angle is called isosceles if it has two 
of its face angles equal. g g^ 

577. Def. Two polyhedral angles ^yX J\ 
can be made to coincide and are equal // \ // \ 

if their corresponding parts are equal /^~----..\^/^^----.>.\ * 
and arranged in the same order. iB ^ 'b'' \ 

578. A polyhedral angle is designated by its vertex, or by 
its vertex and all the faces taken in order. Thus the poly- 
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hedral angle in the margin may be designated by S, or by 
SAB CD. 

579. If the faces of a polyhedral angle S-ABCD are 
produced through the vertex S, another polyhedral angle 
S-A'B'C'D' is formed, sym- 
metrical with respect to 
S-ABCD. The face angles 
ASB, BSC, etc., are equal, re- 
spectively, to the face angles 
A'SB', B'SC, etc. § 93 

Also the dihedral angles 
SA, SB, etc., are equal, re- 
spectively, to the dihedral 
angles SA\ SB', etc. § 547 
(The second figure shows a pair of vertical dihedral angles.) 

The edges of S-ABCD are arranged from left to right (counter 
clockwise) in the order SA, SB, SC, SD, but the edges of 
S-A'B'C'D' are arranged from right to left (clockwise) in the 
order SA'^ SB', SC, SD' ; that is, in an order the reverse of 
the order of the edges in S-ABCD. 

Two symmetrical polyhedral angles, therefore, have all their 
parts equal, each to each, hut arranged in reverse order. 

In general, two symmetrical polyhedral angles are not super- 
posable. Thus, if the trihedral angle S-A'B'C is made to turn 
180° about XY, the bisector of the angle A'SC, then SA' wiU 
coincide with SC, SC with SA, and the face 
A'SC with ASC', but the dihedral angle SA, 
and hence the dihedral angle SA', not being 
equal to SC, the plane A' SB' wiU not coincide 
with BSC ; and, for a similar reason, the plane 
C'SB' will not coincide with ASB, Hence, the 
edge SB' takes some position SB" not coinci- 
dent with SB ; that is, the trihedral angles are not superposable. 
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Proposition XXVI. Theorem. 

580. The sum of any two face angles of a trihedral 
angle is greater than the third face angle. 



In the trihedral angle S-ABC, let the angle ASC be greater than 
ASB or BSC. 

To prove Z ASB -f- Z BSC greater than Z ASC, 

Proof. In ASC draw SIX, making Z ASD equal to Z ASB, 

Through any point D of SD draw ADC in the plane ASC. 

Take SB equal to SD. 

Pass a plane through the line AC and the point B. 

The A ^^2> and ASB are equal. § 143 

For AS =*AS, SD = SB, and Z ASD = Z ASB. 

.'. AD = AB. § 128 

In the A ABC, AB + BC> AC. § 138 

But AB = AD, 

By subtraction, BC > DC. Ax. 5 

In the A BSC and DSC, 

SC = /SC; and SB = /S2>, but BC> DC 
Therefore, Z .B/SC is greater than Z jDaSC § 166 

.-. Z ^aS^ -f- Z ^/SC is greater than Z ^/SZ> + Z D/SC. 

That is, Z ^aS^ 4- Z ^/S(7 is greater than Z ^iSC. q b.p. 
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Proposition XXVII, , Theorem. 

581. The sum of the face angles of any convex poly- 
hedral angle is less than four right angles. 



Let S be a convex polyhedral angle, and let all its edges be cut by 
a plane, making the section ABCDE. 

To prove Z ASB + Z BSC, etc., less than four rt. A. 

Proof. From any point O within the polygon draw OA, OB, 
OC, OD, OE. 

The number of the & having the common vertex is the 
same as the number having the common vertex S- 

Therefore, the sum of the ^ of all the A having the common 
vertex S is equal to the sum of the ^ of all the A havii^ the 
common vertex 0. 

But in the trihedral A formed at A, B, C, etc., 

Z SAB + Z SAB is greater than Z EAB, ■ 

Z SSA + Z SBC is greater than Z ABO, etc. § 580 

Hence, the sum of the A at the bases of the A whose com- 
mon vertex is iS is greater than the sum of the A at the bases 
of the & whose common vertex is 0. Ax. 4 

Therefore, the sum of the A at the vertex S is less than the 
sum of the A at the vertex 0. Ax. 5 

But the sum of the ^ at is equal to 4 rt. ^. § S8 

Therefore, the sum of the ^ at i' is less than 4 rt. A. 

Q.X.D. 
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Proposition XXVIII. Theorem. 

582. Tioo trihedral angles are equal or symmetrical 
when the three fax^e angles of the one are respectively 
equal to the three face angles of the other. 




RE' A' BE A A KB' 



In the trihedral angles S and S', let the angles ASB, ASC, BSC 
be equal to the angles A'S'B', A'S'CT, B'S'CT, respectively. 

To prove that S and S' are equal or symmetrical. 

Proof. On the edges of these angles take the six equal dis- 
tances SA, SB, SC, S'A', S'B', S'C. 

Draw AB, BC, AC, A'B', B'C, A'C, 

The isosceles A SAB, SAC, SBC are equal, respectively, to 
the isosceles A S'A'B', S'A^a, S^B'C. § 143 

.-. AB, BC, CA are equal, respectively, to A^B', B^C, C'A'. 

.-. A ABC = A A'B'C. § 150 

At any point 2> in SA draw DU in the face A SB and DF 
in the face ASC i. to SA, 

These lines meet AB and AC, respectively, 

(since the A SAB and 8 A C are acute, each being one of the equal A of an 

isosceles A). 

Draw UF. 
On A'S' take A'D' equal to AD 
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Draw D'E^ in the face A'S'B^ and D'F in the face AS^C ± to 
S'A\ and draw E^F. 

The rt. A ADE and A'D'E are equal. § 142 

For AD = A'D\ Const. 

and Z DAE = Z D'^'^'. § 128 

.\AE.= A'E', and DE = D'E, § 128 

In like manner AF = A'E, and DF = D'i^. 

. • . A AEF = A -i'j&'i^'. § 143 

For AE = A'E', AF = A'F, and Z ^^i^ = Z ^-4'i^. § 128 

.-. EF = EF, § 128 

. •. A EDF = A ED'F, § 150 

For ED = ^'D', 2>i^ = D'F, and ^i5^ = ^i^. 

.\ Z EDF = Z ED'F'. §128 

.-.the angle ^-^^-C = B'-A'S'-C, 
{since A EDF and WI/F^ the measures of these dihedral A, are equal). 

In like manner it may be proved that the dihedral angles 
A-BS-C and A-CS-B are equal, respectively, to the dihedral 
angles A'-B'S'-C and A'-C'S'-B'. 

.\ S and S' are equal or symmetrical. §§ 577, 579 

Q.E.D. 

This demonstration applies to either of the two figures de- 
noted by S^-A^B'C, which are symmetrical with respect to 
each other. If the first of these figures is taken, S and S' are 
equal. If the second is taken, S and S' are symmetrical. 

583. Cor. If two trihedral angles have three face angles 
of the one equal to three face angles of the other^ then the 
dihedral ungles of the one are respectively equal to the dihe- 
dral angles of the other. 
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BXBBOISES. 

Ex. 616. Find the locus of points in space equidistant from two given 

intersecting lines. 

* 

Ex. 617. Find the locus of points in space equidistant from all points 
in the circumference of a circle. 

Ex. 618. Find the locus of points in a plane equidistant from a given 
point without the plane. 

Ex. 619. Find a point at equal distances from four points not all in the 
same plane. 

Ex. 620. Two dihedral angles which have their edges parallel and their 
faces perpendicular are equal or supplementary. 

Ex. 621. The projections on a plane of equal and parallel lines are 
equal and parallel. 

Ex. 622. Two trihedral angles are equal when two dihedral angles and 
the included face angle of the one are equal, respectively, to two dihedral 
angles and the included face angle of the other, and similarly placed. 

Ex. 623. Two trihedral angles are equal when two face angles and the 
included dihedral angle of the one are equal, respectively, to two face 
angles and the included dihedral angle of the other, and similarly placed. 

Ex. 624. If the face angle A SB of the trihedral angle S-ABC is bisected 
by the line SD, the angle CSD is less than, equal to, or greater than half 
the sum of the angles ASC and BSC according as CSB is less than, equal 
to, or greater than a right angle. 

Ex. 625. An isosceles trihedral angle and its symmetrical trihedral 
angle are superposable. 

Ex. 626. Find the locus of points equidistant from the three edges of 
a trihedral angle. 

Ex. 627. Find the locus of points equidistant from the three faces of a. 
trihedral angle. 

Ex. 628. If two face angles of a trihedral angle are equal, the dihedral 
angles opposite them are equal. 

Ex. 629. The planes that bisect the dihedral angles of a trihedral angle 
intersect in the same straight line. 



Book YII. 
polyhedeons, cylindees, -and cones. 



POLYHEDHOHS. 

684. Def. a polyhedron is a solid bounded by planes. 

Tbe bounding planes are called tbe faces, the intersections 
of tbe faces, tbe edges, and the intersections of tbe edges, the 
vertices, of the polyhedron. 

585. Def. A diagonal of a polybedronisastraight line join- 
ing any two vertices not in tbe same face. 

586. Def. A section of a polyhedron is the figure formed 
by its intersection with a plane passing through it. 

587. Def. A polyhedron is convex if every section is a con- 
vex polygon. 

Only convex polyhedrons are considered in this work. 



decah«i]rOD. Icosaliedroa. 

588. Def. A polyhedron of four faces is called a tetrahe- 
dron; one of six faces, a hexahedron; one of eight faces, an 
octahedron ; one of twelve faces, a dodecahedron ; one of twenty 
faces, an icosahedron. 

Note, Full lines in the figures of Bolids represent viaible lines, dashed 
lines represent Invisible lines. 



BOOK VIL SOLID GEOMETRY. 



PKISHS AND PARALLELOPIPBDS. 



589. Dbf, a prism is a polyhedron of 
■which two faces are equal polygons in 
parallel planes, and the other faces are 
parallelogiains. 

The equal polygons are called the bases 
of the prism, the parallelograms, the lat- 
eral faces, and the intersections of the lat- 
eral faces, the lateral edges of the prism. 

The sum of the areas of the lateral faces 
of a prism is called its lateral area. pri«u. 

590. Def. The altitude of a prism is 

the perpendicular distance between the 
planes of its bases. 

591. Def. A right prism is a prism 
whose lateral edges are perpendicular to 

592. Def. A regular prism is a right 
Eight Primn. prism whose bases are regular polygons, 

593. Def. An oblique prism is a prism 
whose lateral edges ai'e oblique to its bases. 

594. The lateral edges of a prism are 
equal. The lateral edges of a right prism 
are equal to the altitude. 

595. Def. Prisms are called triangular, 
quadrangular, etc., according as their bases 

are triai^les, quadrilaterals, etc. Trtangnim Prtam, 

596. Def. A pandldopiped is a prism whose bases are paral- 
lelc^ams. 
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Beotanculiu' ParaJleloplped. Cube. Oblique Paralleloplped. 

597. Def. a right parallelopiped is a parallelopiped whose 
lateral edges are perpendicular to the bases. 

598. Bef. a rectangular parallelo- 
piped is a parallelopiped whose six faces 
are all rectangles. 

599. Dbf. a cube is a parallelo- 
piped whose six faces are all squares. 

600. Def. A cube whose edges are 
equal to the linear unit is taken as the 

Right Secilou of a Prism. unit Of volume. 

601. Def. The volume of any solid 
is the number of units of volume which 
it contains. 

602. Def, Two solids are equivalent 
if their volumes are equal. 

603. Def, A riglit section of a prism 
is a section made by a plane perpen- 
dicular to the lateral edges of the 
prism. 

TroncsUd Piiim. 

601. Def. A truncated prism is the 
part of a prism included between the base and a section made 
by a plane oblique to the base. 
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Peopobitiow I. Theorem. 

605. The sections of a prism made hy parallel planes 
cuttiTig all the lateral edges are egtial polygons. 



Let the prism AD be intersected by parsllel planea cutting: &U 
the lateral edges, nuiMng the aections GE, G'E'. 

To prove that GK = G'K'. 

Proof. The sidea GH, HI, IK, etc., are parallel, respectively, 
to the sides G'B', ITT, TJC, etc. § 528 

The sides GH, SI, IK, etc., are equal, respectively, to G'H', 
S'l', I'K', etc. § 180 

The A GHI, HIK, etc., are equal, respectively, to A G'ff'I', 
H'l'K', etc g 534 

Therefore, GK = G'K'. § 203 

606. CoK. Every section of a prism made by a plane 
parallel to the base is e<pial to the base; and all right 
sections of a prism are equal. 

Bs. 630. The diagonals of a, parallelopiped bisect one another. 
Xz. 631. The lateral facea of a right prism are rectaaglee. 
Bx. 632. EveT7 section of a prism made hj a plane parallet to tha 
laterd edges La a parallelograin. 
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Proposition II. Thbobbm. 

607. The lateral area of a prism is equal to the 
product of a lateral edge by the perimeter of the 
right section. 




Let GHIKL be a rieht aection of the prism AD', S its lateral area, 
B a lateral edge, and P the perimeter of the right section. 

Toj>Tove that S=E X P. 

Proof. Ad' = BB' = CC = DD' ■■■ = E. § 694 

GH is ± to BB', HI to GC, IK to DD', etc. § 603 

.-. the area of O AB' = BB' X GS = EX QH, § 400 

the area of a BC = CC x SI =ExHI, and so on. 
Therefore, S, the Bum of these parallelograms, is equal to 

E{GH + SI+IK + etc.). 
But GM + MI + IK + etc. = P. 

Therefore, S = E X P. jj.b.u 

608. CoK. The lateral area of a rigM prism is equal to 
the product of the altitude by the peritneter of the base. 



Ex. 633. Tind the lateral area of a. right piiam, if lie altitude ii 
Inolies and the perimeter of its ham 29 inches. 
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Pboposition III. Theobem. 

609. Tioo prisms are equal if the three faces which 
include a trihedral angle of the one are respectively 
equal to three faces which include a trihedral angle 
of the other ^ and are similarly placed. 




In the prisms AI and AfVy let the faces AD, AG, AJ be zespectively 
equal to A^IX, A'G^, A7', and similariy placed. 

To prove that AI = A^F. 

Proof. The face A BAE, BAF, EAF are equal to the face 
A B'A'E', B'A'F, WA'F', respectively. § 203 

Therefore, the trihedral angles A and A^ are equal. § 582 

Apply the trihedral angle A to its equal A'. 

Then the face AD coincides with A'D', AG with A'G', and 
AJ with A' J ; and C falls at C, and D at D'. 

The lateral edges of the prisms are parallel. § 589 

Therefore, CR falls along C'B:', and DI along DT, § 105 

Since the points F, G, and J coincide with F\ G\ and tP, 
each to each, the planes of the upper bases coincide. § 496 

Hence, H coincides with Wy and I with F. 

Therefore, the prisms coincide and are equal. q.e.d. 

610. Cor. 1. Two truncated prisms are equal under the 
hypothesis given in § 609. 

611. Cor. 2. Two right prisms having equal hawses and 
equal altitudes are equal. 
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Pboposition IV. Theorem. 

612. An oblique prism is equivalent to a right prism 
whose base is equal to a right section of the oblique 
prism^ and whose altitude is equal to a lateral edge of 
the oblique prism. 




Let FI be a right section of the oblique prism AD^, and FF a right 
prism whose lateral edges are equal to the lateral edges of AIX. 

To prove that AD' =0= FT. 

Proof. If from the equal lateral edges of AD' and FT we 
take the lateral edges of FD'y which are common to both, the 
remainders AF and A'F', BG and B'G', etc., are equal. Ax. 3 
The upper bases FI and FT are equal. § 589 

Place AI on AT so that FI shall coincide with FT, 
Then FA, GB, etc., coincide with F'A', G'B', etc. § 511 
Hence, the faces GA and G'A', HB and H'B', coincide. 
But the faces FI and FT coincide. 

.'. the truncated prisms AI and AT are equal. § 610 

Now AI H- FD' = AD', Ax. 9 

and A'T H- FD' = FT. 

Therefore, AD' =0= FT. Ax. 2 

Q. B. D. 
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Pboposition v. Theorem. 

613. The opposite lateral faces of a paralldopiped are 
equal and parallel. 





o 

Let BH be a parallelepiped with bases BD and FH. 

To prove that the opposite faces BG and ATT are equal and 
parallel. 

Proof. ^C is equal and parallel to AD, §§178, 166 

and BF is equal and parallel to AE, 

.\ A FBC = /. BAD. §534 

.-. BG is II to AH. § 534 

.\BG = AH. §185 

In like manner it may be proved that the face BE is equal 
and parallel to CH. q.e.d. 

614. Cor. Any two opposite face^ of a parallelopiped may 
he taken as bases. 

Ex. 634. Find the lateral area of a right prism, if its altitude is 20 
inches, and its hase is a triangle whose sides are 7 inches, 8 inches, and 

9 inches, respectively. 

Ex. 635. Find the lateral area of a triangular prism, if its lateral edge 
Is 20 inches, and its right section is a triangle whose sides are 9 inches, 

10 inches, and 12 inches, respectively. 

Ex. 636. Find the total area of a right prism, if its altitude is 32 inches, 
and its base is a triangle whose sides are 12 inches, 14 Inches, and 16 
inches, respectively. 
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Pboposition VI. Theobeu. 

615. The plane passed through two diagonally oppo- 
site edges of a parallelopiped divides the paraUdopiped 
into two equivalent triangular prisms. 




Let tbe plane ACGE pass tlirough tbe opposite edges AE and CG 
of the parallelopiped AG. 

To prove that the parallelopiped AG is divided into two 
equivalent tnangular prisms ABC-F and ADC-H. 

Proof. Let IJKL be a right section of the parallelopiped. 

The opposite fa«es AF and DG, and AH and BQ, are 

parallel and equal. § 613 

.-. IJ is II to LK, and IL to JK. § 528 

Therefore, IJKL is a parallelogram. § 166 

The intersection IK of the right section with the plane 

ACGE is the diagonal of the CJ IJKL. 

.-. A UK = A ILK. S 179 

But the prism ABC-F is equivalent to a right prism whose 

base is UK and altitude AE, and the prism ACD-H ia equivar 

lent to a right prism whose base is ILK, and altitude AE. § 612 

But these two right prisms are equal. § 611 

.-. ABC-F ^ ADC-H. Ax. 1 

Q.B.D. 
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Fboposition yil. Theobem. 

616. 7W) rectang^dar paralldopipeds having equal 
bases are to each other as their altitudes. 



Let AB and A'B' be the altitudes of the two rectai^ulAT paralM- 
opipeds P and F, which have equal bases. 

To prove that P:P' = AB: A'B', 

Case 1. When AB and A'B' are commensurable. 

Proof. Find a common measure of AB and A'B'. 

Apply this common measure to AB and A'B' as a nnit of 
measure. 

Suppose this common measure to be contained m times in 
AB, and n times in A'B'. 

Then AB : A'B' = m:n. 

At the serei'al points of division on AB and A'B' pa^s 
planes perpendicular to these lines. 

The parallelopiped P is divided into m paralldopipeds, and 
P' into n parallelopipeds, equal each to each. § 611 

Therefore, P:P' = m:n. 

Therefore, P:P' = AB: A'B'. Ax. 1 



PRISMS AND PABALLELOPIPEDS. 
Ga£b 2. When AB amd A'£' are ineommensuraile. 



Ptoof. Let AB be divided into any number of equal parts, 
and let one of these parts be applied to A'£' as a unit of 
measure as many times as A'S' will contain it. 

Since AB and A'B' are incommensurable, a certain number 
of these parts will extend from j1' to a point D, leaving a 
remainder DB' less than one of the parts. 

Throi^h 2) pass a plane J. to A'B', and let Q denote the 
parallelopiped whose base is the same as that of P', and whose 
altitude is A'Z>. 

Then Q:I' = A'D : AB. Case 1 

If the number of parts into which AB is divided is indefi- 
nitely increased, the ratio Q : P approaches P' ; P aa a limit, 
and the ratio A'I> : AB approaches AB' : AB as a limit. 

The theorem can be proved for this case by the Method of 
Limits in the manner shown in § 549. q.e.d. 

617. Dkf. The three edges of a rectangular parallelopiped 
which meet at a common vertex are called its dimeaaions. 

618. CoE, Two rectangular parallelopiped» which have 
two dimensiona in common are to each other at their third 
dimensions. 
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Proposition VIII, Theorem. 

619. Ttoo reetangvlar paralldopipeds having equal 
altitudes are to each other as their bases. 



Let a, b, c, and a', b', c, be the three dimensiona, respectwely, 
of the two rectangular parallelopipeds P and V. 



To prove that 



• Xb' 



Proof. Let Q be a third rectangular paraUelopiped whose 
dimensions are a', b, and c, 

Now Q has the two dimensions b and c in common with P, 
and the two dimensions a' and c in common with P'. 

P a 

Then 7T = -;' 



The products of the corresponding members of these two 
equalities give 



630. Cor. Two rectangular parallelopipeds which have 
one dime7i»ion in common are to each other as the product! 
of their other two dimensionB. 
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Peopositioh IX. Theorem. 

621. Two reciangvlar paralldopipeds are to each other 
as the products of their three dvmermons. 



Let a, b, c, and a', b', c', be the three dimensions, reapectiveiy, 
of the two rectangular paralielopipeds P and V. 

... P oXSXc 



Proof. Let Q be a third rectangular parallelopiped whose 
dimenaions are a, b', and e. 



The products of the corresponding members of these equali- 
ties give 



Ex. 637. Pind the ratio of two rectang[nlar paralielopipeds, if their 
ulUtudes aia eacli 6 inches, and their bases 6 inches by 4 inches, and 10 
Incbee by 8 inches, respeciivel;. 

Ex. 638. Find the ratio of two rectangular parallelopipedB, it th^ 
e 3, 4, 5, and 9, 6, 10, reapectirelf. 
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Proposition X. Theobem. 



622. The volume of a rectangular parallelopiped is 
equal to the product of its three dimensions. 




a 



Let a, b, and c be the three dimensions of the rectangular paral* 
lelopiped P, and let the cube U be the unit of volume. 

To prove that the volume of I* = a X b X c. 

F aXhXc 



Proof. 



U 1x1x1 



=^aXhX c, 
P . 



§621 



Since U is the unit of volume, — is the volume of P. § 601 
Therefore, the volume oi P = a Xh X c, q.e.d. 

623. Cob. 1. The volume of a cube is the cube of its edge. 

624. Cor. 2. The volume of a rectangular parallelopiped 
is eqvxil to the product of its base by its altitude. 

625. Scholium. When the three dimensions of a rectan- 
gular parallelopiped are each exactly divisible by the linear 
unit, this proposition is rendered evident by dividing the solid 
into cubes, each equal to the unit of volume. Thus, if the 
three edges which meet at a common vertex contain the linear 
unit 3, 5, and 8 times respectively, planes passed through the 
several points of division of the edges, perpendicular to the 
edges, will divide the solid into 3x5x8 cubes, each equal to 
the unit of volume. 



PRISMS AND PARALLELOPIPEDS. 
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Proposition XI. Theorem. 



626. The volume of any parcdlelopiped is equal to the 
product of its base by its altitude. 




Let P be an oblique parallelopiped no two of whose faces are per- 
pendicular, whose base B is a rhomboid, and whose altitude is H. 

To prove that the volume of P = B X S^, 

Proof. Prolong the edge UF and the edges II to UF, and cut 
them perpendicularly by two parallel planes whose distance 
apart GI is equal to FF. We then have the oblique parallelo- 
piped Q whose base (7 is a rectangle. 

Prolong the edge IK and the edges II to IK, and cut them 
perpendicularly by two planes whose distance apart JfiV is 
equal to IK We then have the rectangular parallelopiped E, 



Now P =0= ^, and © =c= ^. 

.*. JP =0= R, 
The three solids have a common altitude H. 
Also j5 =o (7; 

and C = I>. 

.-. B ^D. 
But the volume oi E = D X H, 

Putting P for B, and B for D, we have 

the volume oi F = B X H. 



§612 
Ax. 1 
§ 530 
§401 
§ 186 
Ax. 1 
§ 624 



Q. B. D. 
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Proposition XII. Theorem. 

627. The volume of a triangular prism is equal to the 
product of its base by its altitude. 



Let 7 denote the volume, B the base, and B the altitude of the 
triangnUr prism CBA-E'. 

To prm)e that V = B X H. 

Proof. Upon the ei^s CE, EA, EE, construct the parallel- 
epiped CEAD-E. 

Then CEA-E <= i CEAD-E. § 615 

How the Tolume of CEAD-E' = CEAD X H. § 626 

But CEAD = 2B. §179 

.-. V = i(2Sxff)=JiXff. Q.K.D. 

Es. 639. Two triangular prisms are equal if their lateral faces are 
equal, each to each, and similarly placed. 

Ei. 640. The square of a dia^nal of a rectangidar parallelopiped is 
equal to the sum of the squaree of the three dimeoaious. 

Ex. 641. The Bum of the squares of the four diagonals of a parallelo- 
piped is equal to the sum of the squares of the twelve edges. 

Ex, 642. The volume of a triangular prism is equal to half the product 
of any lateral face by the perpendicular dropped from the oppoeite edge 
on that faoa. 
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Fbofobition XIII. Theoreu. 

628. Tht volume of any prism is equal to the product 
of its base by its altitude. 



I«t 7 denote the volume, B the base, and H the altitnde of the 
prUm DA'. 

To prove that V = B X H. 

Proof. Planes passed through the lateral edge AA', and the 
diagonals AC, AD of the base, divide the given prism into 
triangular prisms that have the common altitude H. 

The volume of each triangular prism is equal to the product 
of its base by its altitude (§ 627) ; and hence the sum of the 
volumes of the triaagular prisms is equal to the sum of their 
bases multiplied by theii common altitude. 

But the sum of the triangular prisms is^ equal to the given 
prism, and the sum of their bases is equal to its base. Ax. 9 

Therefore, the volume of the given prism is equal to the 
product of its base by its altitude. 

That is, r=BxS. q.e.d. 

629. Cob. Two prisms are to each other as the products 
of their bases by their altitudes; prisms having equivalent 
hases are to each other as their altitudes; prisms having 
equal altitudes are to eaek other as their bases ; prisms 
having equivalent bases and equal altitudes are equivalent. 
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PROBLEMS OF COMPUTATION. 

Ex. 643. If the edge of a cube is 16 inches, find the area of the total 
surface of the cube. 

Ex. 644. If the length of a rectangular parallelopiped is 10 inches, Ita 
width 8 inches, and its height 6 inches, find the area of its total surface. 

Ex. 645. Find the volume of a right triangular prism, if its height is 
14 inches, and the sides of the base are 6, 6, and 6 inches. 

Ex. 646. The base of a right prism is a rhombus, one side of which is 
10 inches, and the shorter diagonal is 12 inches. The height of the prism 
is 16 inches. Find the entire surface and the volume. 

Ex. 647. Find the volume of a regular prism whose height is 10 feet, 
if each side of its triangular base is 10 inches. 

Ex. 648. How many square feet of lead will be required to line a cis- 
tern, open at the top, which is 4 feet 6 inches long, 2 feet 8 inches wide, 
and contains 42 cubic feet ? 

Ex. 649. An open cistern 6 feet long and 4| feet wide holds 108 cubic 
feet of water. How many square feet of lead will it take to line the sides 
and bottom ? 

Ex. 650. An open cistern is made of iron 2 inches thick. The inner 
dimensions are : length, 4 feet 6 inches ; breadth, 3 feet ; depth, 2 feet 
6 inches. What will the cistern weigh (i) when empty ? (ii) when full of 
water ? (The specific gravity of the iron is 7.2.) 

Ex. 651. Find the volume of a regular hexagonal prism, if its height is 
10 feet, and each side of the hexagon is 10 inches. 

Ex. 652. Find the length of an edge of a cubical vessel that will hold 
2 tons of water. 

Ex. 653. One edge of a cube is a. Find the surface, the volume, and 
the length of a diagonal of the cube. 

Ex. 654. A diagonal of one of the faces of a cube is a. Find the vol- 
ume of the cube. 

Ex. 655. The three dimensions of a rectangular parallelopiped are a, &, 
c. Find the area of its surface, its volume, and the length of a diagonal. 

Ex. 656. The volume of a parallelopiped is F, and the three dimen- 
sions are as m : n : p. Find the dimensions. 



630. Def. a pyraiiild is a polyhedron of which one face, 
called the base, is a polygon of 
any ntmiber of sides and the 
other faces aire triangles hav- 
ing a common vertex. 

The faces which have a com- 
mon vertex are called the lat- 
eral faces of the pyramid, and 
their common vertex is called 
the vertex of the pyramid. 

63L Dbf. The intersections of the lateral faces are called 
the lateral eAgea of the pyramid. 

632. Def. The sum of the areas of the lateral faces is called 
the lateral area of the pyramid. 

633. Def. The altitude of a pyramid is the length of the 
perpendicular let fall from the vertex to the plane of the base. 

634. Def. A pyramid is called triangular, quadrangular, etc., 
according as its base is a triangle, quadrilateral, etc. 

635. Def. A triangular pyramid 
has four triangular faces, and is 
called a tetrahedron. Any one of its 
faces can be taken for its base. 

636. Def. A pyramid is regular 
if its base is a regular polygon 
whose centre coincides with the 

iteguiar Pjremid*. f^* "* *■»« perpendicular let fall 

from the vertex to the base. 
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637. Def. The perpendicular let fall from the vertex to the 
base of a regular pyramid is called the aiia of the pyramid. 

The lateral edges of a regular pyramid axe equal, for they 
cut off equal diataDcea froni g 

the foot of the perpendicular 
let fall from the vertex to 
the base. § 514 

Therefore, the lateral faces 
of a regular pyramid are equal 
isosceles triangles. g 150 

The altitudes of the lat- 
eral faces of a regular pyramid are equal. 

638. Def. The slant hdgbt of a regular pyramid is the alti- 
tude of any one of the lateral faces. It bisects the baae of the 
lateral face in which it is drawn. ' § 149 

639. Def. A truncated pyramid is the portion of a pyramid 
included between the base and a section made by a plane cut- 
ting all the lateral edges. 

A frustum of a p3rramid is the portion of a pyramid included 
between the base and a section parallel to the base. 

640. Def. The al- 
titude of a frustum is 

the length of the per- 
pendicular between 
the planes of its 




641. Def. The lateral faces of a frustum of a regular pyra- 
mid are equal isosceles trapezoids ; and the sum of their areas 
is called the lateral area of the frustum 

642. Def. The slant height of the frustum of a tegular 
pyramid is the altitude of one of these trapezoids. 
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Proposition XIV. Theorem. 

643. The lateral area of a regvlar pyramid is equal 
to half the product of its slant height hy the perimeter 
of its base. 




Let S denote the lateral area of the regular pyramid V-ABCDE, 
L its slant height, and P the perimeter of its base. 

To prove that S = iLX F. 

Proof. The AVAB, VBC, etc., are equal isosceles A. § 637 

The area of each A is ^ i multiplied by its base. § 403 

.'. the sum of the areas of these A is ^i X P. 

But the sum of the areas of these A is equal to 8, the lateral 
area of the pyramid. 

.*. /S=^iXP. Q.B.D. 

644. Cor. The lateral area of the frustum of a regular 
pyramid is equal to half the sum of the perimeters of the 
bases multiplied by the slant height of the frustum, § 407 



Ex. 657. Eind the lateral area of a regular pyramid if the slant height 
is 16 feet, and the base is a regular hexagon with side 12 feet. 

Ex. 658. Find the lateral area of a regular pyramid if the slant height 
is 8 feet, and the base is a regular pentagon with side 6 feet. 

Ex. 659. Find the total surface of a regular pyramid if the slant height 
is 6 feet, and the base is a square with side 4 feet. 
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Proposition XV. Theorem. 

645. If a pyraTTiid is cut hy a plane parallel to the 
hose : 

1. The edges and altitude are divided proportionally. 

2. The section is a polygon similar to the base. 




Let V-ABCDE be cut by a plane parallel to its base, intersecting 
the lateral edges in a, b, c, d, e, and the altitude in o. 

Va Vb Vo 

1. Toxyrovethat yJ^yB'-^vd' 

Proof. Since a^cde is II to ABODE, 

ah is II to AB, he to BC- •, and ao is II to AO. § 528 

Va Vh Vo 



VA VB 



VO 



§343 



2. To prove the section abode similar to the base ABODE, 

Proof. Since A Vah is similar to A VAB, 

A Vbo is similar to A VBO, etc., § 364 

ab f Vb\ be f Vc\ cd ^ « « i-^ 

> etc. § 351 



\Vb) BO^yVoJ" 



AB WBJ BO WO J OD 
.*. the homologous sides of the polygons are proportional. 
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Since ai is II to AB, be to BC, cd to CJ), etc., § 628 
Zabc = ZABC, Z.hcd = Z.BCD, etc. §534 

Therefore, the two polygons are mutually equiangular. 
Hence, section ahcde is similar to the base ABODE. § 361 

Q. B. D. 

646. Cob. 1. Any section of a pyramid parallel to the base 
is to the base as the square of the distance from the vertex is 
to the square of the altitude of the pyramid. 

T.„, Vo _(ra\_ai ^ ,Yo' Th"- 

^°' Vb-\VA)=AB -'WW ^^^ 

But _^cde_^^_ ^j2 

ABC BE A^ 



Q 

ahcde Vo 



ABODE FO' 



Ax. 1 



647. Cor. 2. If two pyramids having equal altitudes are 
cut by planes parallel to the bases^ and at equal distances 
from the vertices^ the sections have the same ratio as the bases. 



Tor 


abcde Vo 
ABODE V(f 




and 


a'bW Vo^ 
A^B'O' VC 


§ 646 


But 


Vo = Vo', md VO = VO'. 
.-. abcde : ABODE = a'b'c' : A'B'O'. 


Hyp. 


Whence 


abcde : a'bW = ABODE: A'B'O'. 


§330 



648. Cor. 3. If two pyramids have equal altitudes and 
equivalent bases^ sections made by planes parallel to the 
bases^ and at equal distances from the vertices^ are equiva- 
lent. 
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PBOPOsrrioN XVI. Theorem. 

649. The volume of a triangular pyramid is the limit 
of the sum of the volumes of a series of inscribed or 
circmnscribed prisms of equal altitude, if ike number of 
prisms is indefinitely increased. 



Let S'ABC be a triangular pyraiiiid. 

To prove that its volume is the limit of the suth of the vol- 
utnea of a aeries of ijiserihed or eirinimscrH>ed prisms of equal 
altitude, if the number of prisma is indefinitely increased. 

Proof. Divide the altitude into n equal parts, and denote the 
length of each part by A, 

Through the points of division pass planes parallel to tho 
base, cutting the pyramid in the sections DEF, GSI, etc. 

Through EF, HI, etc., pass planes parallel to SA, thus 
forming a series of prisms which have DEF, GHI, etc., for 
upper bases, and A for altituda 

These prisms may be said to be inserihed in the pyramid. 

Again, through BC, EF, etc., pass planes parallel to SA, 
thus forming a series of prisms which have ABC, DEF, etc, 
for lower bases, and A for altitude. 

These prisms may be said to be circumaorHted about the 
pyramid. 
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Eaxih inscribed prism is equal to the circumscribed prism 
directly above it. § 629 

The difference, therefore, between the sum of the volumes 
of the inscribed prisms and the sum of the volumes of the 
circumscribed prisms is the prism D-ABC. 

Denote the volume of the pyramid by P, 

the sum of the volumes of the inscribed prisms by V, 

the sum of the volumes of the circumscribed prisms by F', 

and the difference between these two sums by d. 

Then r-V = d. 

By increasing n indefinitely, and consequently decreasing h 
indefinitely, d can be made less than any assigned quantity, 
however small, but cannot be made zero. 

Therefore, V^ —V can be made less than any assigned quan- 
tity, however small, but cannot be made zero. 

Now F' > P, and V<P. Ax. 8 

Therefore, the difference between P and either V^ or V is 
less than F' -- V. 

Therefore, V — F can be made less than any assigned quan- 
tity, however small, but cannot be made zero. 

And P — V can be made less than any assigned quantity, 
however small, but cannot be made zero. 

Therefore, P is the common limit of V and V, § 275 

Q. E. D. 

Ex. 660. The slant height of a regular pyramid m divided in the ratio 
1 : 3 by a plane parallel to the base. Find the ratio of the base to the 
section. 

Ex. 661. The section of a pyramid made by a plane parallel to the base 
is half as large as the base. Find the ratio of the segments into which 
the altitude is divided by the plane. 
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Peoposition XVn. Theobem. 

650. Ihvotnangviar pyramids hmdngequival&it hoses 
and equal altitudes are equivalent. 



I^ S-ABC and S'-A'B'C be two triangular pyramids bavliig eqnlr- 
alent bases situated In the same plane, and equal altitudes. 

To prove that S-ABC =0= S'-A'B'C. 

Proof. Divide the altitude into n equal parts, and through 
the points of division pass planes parallel to the plane of the 
bases, forming the sections DEF, GHI, etc., D'E'F', G'HT, etc. 

In the pyramids S-ABC and S'-A'B'C inscribe prisms 
whose upper bases are the sections I>SF, GHI, etc., D'E'F', 
G'HT, etc. 

The corresponding sections are equivalent. § 648 

Therefore, the corresponding prisms are equivalent, § 629 

Denote the sum of the volumes of the prisms inscribed iu 
the pyramid S-ABC by V, and the sum of the volumes of the 
corresponding prisms inscribed in the pyramid S'-A'B'C by V. 

Then V = V. Ax. 2 

Kow let the number of equal parts into which the altitude 
is divided be indefinitely increased. 

The volumes V and V axe always equal, and approach as 
limits the pyramids S-ABC and S'-A'B'C, respectively. § 649 

Hence, S-ABC o S'-A'B'C. § 284 

Q.B.D. 
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Pkoposition XVIII. Theobem. 

651. The volume of a triangular pyramid is equal to 
one third of the product of its hose by its altitude. 




Let V denote the volume, B tbe base, and H the altitude, at the 
triangular pyramid S-ABC. 

To prove that V=iB X B. 

Proof. On the base ABC construct a prism ABC-ESD, hav- 
ing its lateral edges equal and parallel to SB. 

The prism is composed of the triangular pyramid S-ABC 
and the guadrangulai pyramid S-ACBE. 

Through SE and SC pass a plane SEC. 

This plane divides the quadrangular pyramid into the two 

triangular pyramids S-ACE and S-BEC, which have the same 

altitude and equal bases. § 179 

.-. S-ACE =5= S-DEC. § 650 

The pyramid S-DEC may be regarded as having ESB for 
its base and C for its vertex, and is, therefore, equivalent to 
S-ABC. % 650 

Hence, the three pyramids into which the prism ABC-ESB 
is divided are equivalent. Ax. 1 

.'. the pyramid S-ABC is equivalent to one third of the prism. 

But the volume of the prism is equal to B X S. § 627 

.■.r = iBxH. Q.B.» 
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Pboposition XIX. Theobeh. 

652. The volume of any pyramid is equal to one third 
the product of its base by its altitude. 



Let T denote tlte TolDine, B the base, and H the altitude of 
the pTramld S-ABCDE. 

To prove that V = iBx M. 

Proof. Thiongh the edge SI>, and the diagonals of the base 
DA, DB, pass plaues. 

These divide the pyramid into triangular pyramids, whose 
bases are the triangles which compose the base of the pyramid, 
and whose volumes are together equal to one third the sum of 
their bases multiplied by their common altitude, H. % 651 

That is, V = ^BxH. q.b.d. 

653. Cob. 1. The volumes of two pyramids are to each 
other at the products of their hoses arid altitudes ; pyramids 
of equivalent bases are to each other as their altitudes, and 
ofegual altitudes are to each other as their bases; pyramids 
having eqvivalent bases and egxuU altitudes are equivalent, 

654. Cob 2. The volume of any polyhedron may be Jound 
by dividing it into pyramids, eompviing their volwmea sepa- 
rately, and finding the sum of their volumes. 
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PBOBLBMS OF COMPUTATION. 

Find the yolume in cubic feet of a regular pyramid : 

Ex. 662. When its bsuse is a square, each side measuring 3 feet 4 inches, 
and its height is 9 feet. 

Ex. 663. When its base is an equilateral triangle, each side measuring 
10 feet, and its height is 15 feet. 

Ex. 664. When its base is a regular hexagon, each side measuring 4 
feet, and its height is 20 feet. 

Find the total surface in square feet of a regular pyramid : 

Ex. 666. When each side of its square base is 10 feet, and the slant 
height is 18 feet. 

Ex. 666. When each side of its triangular base is 8 feet, and the slant 
height is 16 feet. 

Ex. 667. When each side of its square base is 32 feet, and the perpen- 
dicular height is 72 feet. 

Find the height in feet of a pyramid when : 

Ex. 668. The yolume is 26 cubic feet 936 cubic inches, and each side 
of its square base is 3 feet 6 inches. 

Ex. 669. The yolume is 20 cubic feet, and the sides of its triangular 
base are 6 feet, 4 feet, and 3 feet. 

Ex. 670. The base edge of a regular pyramid with a square base meas- 
ures 40 feet, the lateral edge 101 feet. Find its yolume in cubic feet. 

Ex. 671. Find the yolume of a regular pyramid whose slant height is 
12 feet, and whose base is an equilateral triangle inscribed in a circle 
that has a radius of 10 feet. 

Ex. 672. Haying giyen the base edge a, and the total surface T, of a 
regular pyramid with a square base, find the yolume F. 

Ex. 673. The base edge of a regular pyramid whose base is a square is 
a, the total surface T. Find the height of the pyramid. 

Ex. 674. The eight edges of a regular pyramid with a square base are 
equal in length, and the total surface is T. Find the length of one edge. 

Ex. 676. Find the base edge a of a regular pyramid with a square base, 
haying giyen the height H and the total surface T. 
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Pboposition XX. Theorem. 

655. The frustum of a trioTigular j)yramid is equiva- 
lent to the sum of three pyramids whose common altitude 
is the altitude of the frustum, and whose bases are the 
lower base, the upper base, and the m^an proportional 
between the two bases of the frustum. 



Jjet B nnd b denote the lower and upper baseB of tbe frustum 
ABC-DEP, and H Its altitude. 

Through the vertices A, E, C and E, D, C pass planes divid- - 
ing the frustum into three pyramids. 

Kow the pyramid EABC has for its altitude R, the alti- 
tude of the frustum, and for its base B, the lower base of the 
frustum. 

And the pyramid C-EDF has for its altitude H, the altitude 
of the frustum, and for ite base 6, the upper base of the frus- 
tum. Hence, it remains 

To prove E-ADC equivale nt to a pyramid, having for its 
altitude H, and for its base V£ X b. 

Proof- E-ABC and E-ADC, regarded as having the com- 
mon vertex C, and theii bases in the same plane BD, have a 
common altitude. 

.•.C-ASE:C-ADE=£iAEB:^AED. § 6S3 
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Now the A AEB and AED have a common altitude, the 
altitude of the trapezoid ABED. 

.\AAEB:AAED=^AB:DE, § 405 

.-. C'ABE : C-ADE = AB:DE, Ax. 1 

That is, E'ABC: E-ADC = AB : DE. 

In like manner E-ADC and E-DFC, regarded as having the 
common vertex E^ and their bases in the same plane DC, have 
a common altitude. 

.-. EADC : E-DFC = A ADC : A DEC. § 653 

But since the A ADC and Z>2^(7 have a common altitude, 
the altitude of the trapezoid ACFD, 

r. A ADC : A DEC = AC : DE, § 406 

.-. E-ADC : E-DEC = AC : DE. Ax. 1 

But A DEE is simHar to A ^^C. § 645 

r.AB'.DE^ACiDF. ' §361 

.-. E-ABC : EADC = JE'-^i>C7 : E-DFC Ax. 1 

Now EABC = iHx B, § 651 

and ^-i>7^C7 = C-EDE = iHxb. 

.-. ^-^i>C = ViffxBxiHx b = ^H^BXb, 

Hence, E-ADC is equivale nt to a pyramid, having for its 
altitude H, and for its base Vj5 X b. q.e.d. 

656. Cor. If the volume of a frustum of a triangular pyra- 
mid is denoted hy F, the lower base by B, the upper base by 
6, and the altitude by JJ, 

V=^^HxB^-iHXb-Jt^HxVBxl> 

= iHX(B-\'b-^ y/B X b). 
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Pboposition XXI. Theobkm. 

657. The volume of the frustum of any pyramid is 
equal to the sum of the volumes of three pyramids whose 
common altitude is the altitude of the frustum^ and 
whose bases are the lower hose, the upper base, and the 
mean proportional between the bases of th£ frustum. 





Let B aofl b denote the lower and upper bases, H the altitude, 
and V the yolume of the frustum ABCD-EFGL 

To provf that V = i H{B 4- 5 + V^ X h). 

Proof. I^t T'KLM be a triangular pyramid having the same 
altitude as S-ABCD and its base KLM equivalent to ABCD, 
and lying i^ the same plane. Then T-KLM =0= S-ABCD. § 653 

Let the j^lane JEJFGI cut T-KLM in NOF. 

Then NOP =c= EFGL § 648 

Hence, T-NOF =0= S-FFGL § 653 

Hence, if we take away the upper pyramids, we have left the 
equivalent frustums NOF-KLM and EFGLABCD. 

But the volume of the frustum NOF-KLM is equal to 

§ 656 



i H{B + ft + VBxb), 
.'. V^iHiB + b-h^Bxb). 



Q. B. D. 
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Pboposition XXII. Theorem. 

658. The volumes of two triangular pyramids, hav- 
ing a trihedral angle of the one equal to a trihedral 
angle of the other, are to each other as the products 
of the three edges of these trihedral angles. 




Let V and V denote the volumes of the two triangular pyramids 
S-ABC and S'-A'B'CT, having the trihedral angles S and S' equal. 



To prove that — = 



SAx SBx SC 



r S'A' X S'B' X S'C 

Proof. Place the pyramid S-ABC upon S'-A'B'C so that the 
trihedral Z S shall coincide with S\ 

Draw CD and CD' ± to the plane S'A'B') 

and. let their plane intertect S'A'B' in S'DD', 

The faces S'AB and S'A'B' may be taken as the bases, and 
CD, CD' as the altitudes, of the triangular pyramids C-S'AB 
and C-S'A'B', respectively. 



V S'AB XCD ^ S'AB CD 



But 



S^AB S'A X S'B 



and 



S'A'B' S'A' X S'B" 

CD ^ S'C 
CD' S'C' 
SA X S'B X S'C SAx SBx SC 



§ 653 



§410 



§361 



r S'A' X S'B' X S'C S'A' X S'B' X S'C q.b.ix 
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Pbofosition XXIII. Theorem. 

659. A truncated triangular prism is equivalent to 
the sum of three pyramids^ whose comm/m base is the 
base of the prism and whose vertices are the three ver- 
tices of the inclined section. 





Let ABC-DEF be a truncated triangular prism whose base is ABC, 
and inclined section DEF. 

Pass the planes AEC and DECy dividing the truncated 
prism into the three pyramids E-ABC, E-ACD, and E-CDF. 

To prove ABC-DEF equivalent to the sum of the three pyr- 
amids, E-ABCy D-ABCy and F-ABC 

Proof. E'ABC has the base ABC and the vertex E. 

The pyramid E-ACD =0= B-ACD. § 660 

Por they have the same base A CD, and the same altitude 
since their vertices E and ^ are in the line EB II to ACD, 
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But the pyramid B-ACD may be regarded as having the base 
ABC and the vertex Z>; that is, as D-ABC, 

The pyramid E-CDF =0= B-ACF. § 650 

For their bases CDF and ACF are equivalent, § 404 

since the A CDF and ACF have the common base CF and 
equal altitudes, their vertices lying in the line AlD II to CF] 
and the pyramids have the same altitude, since their vertices E 
and B are in the line EB II to the plane of their bases. 

But the pyramid B-ACF may be regarded as having the 
base ABC and the vertex F] that is, as F-ABC 

Therefore, the truncated triangular prism ABC-DEF is 
equivalent to the sum of the three pyramids EABC, D-ABC, 
and F'ABC, q.b.d. 





660. Cor. 1. The voltmte of a truncated right triangular 
prism is equal to the product of its base by one third the sum 
of its lateral edges. 

For the lateral edges DA, EB, FC (Fig. 1), being perpendic- 
ular to the base ABC, are the altitudes of the three pyramids 
whose sum is equivalent to the truncated prism. 

661. Cor. 2. The volume of any truncated triangtdar 
prism is equal to the product of its right section by one 
third the sum of its lateral edges. 

For the right section DEF (Fig. 2) divides the truncated 
prism into two truncated right prisms. 
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GENERAL THEOREMS OF POLYHEDRONS. 
Pboposition XXIY. Theobem. (Euleb's.) 

662. In any polyhedron the number of edges increased 
by two is equal to the number of vertices increased by 
the number of faces. 




Let E denote the number of edges, V the number of vertices, F 
the number of faces, of the polyhedron AG. 

To prove that U + 2 = V + F, 

Proof. Beginning with one face BCGF, we liave JE = V. 

Annex a second face ABCD, by applying one of its edges to 
a corresponding edge of the first face, and there is formed a 
surface of two faces, having one edge BC and two vertices B 
and C common to the two faces. 

Therefore, for 2 faces ^ = F + 1. 

Annex a third face ABFE, adjoining each of the first two 
faces ; this face will have two edges, AB, BF^ and three ver- 
tices, -4, By Fy in common with the surface already formed. 

Therefore, for 3 faces E=^V + % 

In like manner, for 4 faces F = V + 3, and so on. 

Therefore, for (F - 1) faces F = V + (F - 2). 

But i^ — 1 is the number of faces of the polyhedron when 
only one face is lacking, and the addition of this face will not 
increase the number of edges or vertices. Hence, for F faces 

F=V-\'F-2, or F + 2=r-^F. q.b.d. 
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Pboposition XXV. Theobem. 

663. The sum of the face angles of any polyhedron is 
equal to four right angles taken as many times, less 
two, as the polyhedron ha^ vertices. 




Let E denote the number of edges, V the number of vertices, F 
the number of faces, and S the sum of the face angles, of the poly- 
hedron P. 

To prove that S = {V — 2) 4. rt. A. 

Proof. Since E denotes the number of edges, 2 E will denote 
the number of sides of the faces, considered as independent 
polygons, for each edge is common to two polygons. 

If an exterior angle is formed at each vertex of every poly- 
gon, the sum of the interior and exterior angles at each vertex 
is 2 rt. ^ (§ 86) ; and since there are 2 E vertices, the sum of 
the interior and exterior angles of all the faces is 

2 ^ X 2 rt. ^, or ^ X 4 rt. A 

But the sum of the ext. A of each face is 4 rt. A. § 207 

Therefore, the sum of all the ext. ^ of i'' faces is 

iS" X 4 rt. A 

Therefore, >S = ^ X 4 rt. ^ — i^ X 4 rt. ^ 

= (^-i^4rt. A 

But ^ + 2 = r -h i^; § 662 

that is, E-'F=^V-2. 

Therefore, /S = ( F - 2) 4 rt. A q. e. d. 
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SmiLAS POLTHEDBOKS. 

664. Def. Similar polyhedrons are polyhedions that have 
the same number of faces, lespectirely similar and similarly 
placed, and have their corresponding polyhedral angles equal. 

665. Dbp. Homologous faces, lines, and angles of similai 
polyhedrons are faces, lines, and angles similarly situated. 

Proposition XSVI. Theorem. 

666. Two similar polyhedrons may be decomposed 
into the same number of tetrahedrons similar, each 
to each, and similarly placed. 



Let P and P* be two similar polyhedrons with 6 and 6' homolo- 
gous vertices. 

To prove that P and P' can be deeoTtiposed info the same 
number of tetrahedrons, similar each to each, and similarly 
■placed. 

Proof- IKvide all the faces of P and P', except those which 
include the angles G and G', into corresponding A. 

Pass planes through G and the vertices of the A in P; also 
through G' uid the vertices of the A in P'. 
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Any two corresponding tetrahedrons G-ABC and G'-A'B'C 
are similar ; for they have the faces ABC, GAB, GBC, similar, 
respectively, to A'B'C\ G'A'B', &B'C', § 365 

and the face GAC similar to &A^C\ § 358 

AG f AB\ AC fBC\ GC ^ ^^. 
smce -j^, = ^-^,j = ^, = ^^^,^ = ;^ . § 351 

They also have the corresponding trihedral A equal. § 582 

.-.the tetrahedron G-ABC is similar to G'-A'B'C. § 664 

If G-ABC and G'-A'B'C are removed, the polyhedrons 
remaining continue similar ; for the new faces GA C and 
G'A'C* have just been proved similar, and the modified faces 
AGF and A'G'F, CGH and CG'W, are simUar (§ 365) ; also 
the modified polyhedral A G and G\ A and A\ C and C\ 
remain equal each to each, since the corresponding parts 
taken from them are equal. 

The process of removing similar tetrahedrons can be carried 
on until the polyhedrons are decomposed into the same number 
of tetrahedrons similar each to each, and similarly placed. 

Q. B. D. 

667. Cor. 1. The homologous edges of similar polyhedrons 
are proportional. § 351 

668. Cor. 2. Any two homologous lines in two similar 
polyhedrons have the same ratio as any two homologous 
edges. § 351 

669. Cor. 3. Two homologous faces of similar polyhedrons 
are proportional to the squares of two homologous edges, § 412 

670. Cor. 4. The entire surfaces of two similar polyhe- 
drons are proportional to the squares of two homologous 
edges. § 335 



328 



BOOK VII. SOLID GEOMETRY. 



Proposition XXVII. Theorem. 

671. The volumes of two similar tetrahedrons are to 
each other as the cubes of their homologous edges. 




Let V and V^ denote the volumes of the two similar tetrahedrons 



S-ABC and S'-A'B'C. 



To prove that 



Proof. 



SB' 



But 






r 



V 


S'B'" 


• 




SE 


'X SCX SA 




S'B' 


X S'C 


X S'A' 




SB 

S'B' 


SC 
^ S'C 


SA 

y 

S'A' 


* 


SB 


SC 


SA 




S'B' 


S'C 


S'A' 




SB 
X 


^^v 


SB 


SB* 



S'B' S'B' S'B' S'B'^ 



§ 658 



§ 667 



Q. B. D. 



Ex. 676. The homologous edges of two similar tetrahedrons are as 6 : 7. 
Find the ratio of their surfaces and of their volumes. 

Ex. 677. If the edge of a tetrahedron is a, find the homologous edge 
of a similar tetrahedron twice as large. 



SIHILAB F0LTHBDB0I7S. 



Pkoposition XXVIII. Thedkeh. 

672. The volumes of two mnUar polyhedrons are to 
each other as the cubes of any two homologous edges. 



Let V, V denote tbe volumes, GB, 6*6' any two tiomoloKoas edges, 
of the polyhedrons P and V- 

Toprovethat V : V = GW ■'G^. 

Proof. Decompose these polyhedrons into tetrahedrons simi- 
lar, each to each, and similarly placed. . § 666 

Denote the volvunes of these tetrahedrons by «, Wy vj, ■ ■ ■,. 
v', vi', vt', ■ ■ ■ 

Then - = ^-, ^ = ^^ , ^ = ^r, and so on 

V _ Vl . "i _ 

' ' v' V,' u,' 
Wheno ' + ', + ', + ■■■ _»^ O^. 5 335 

i>' + i>,' + »,' + --- »' o'e' 

Thati., ^ = My 
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REGULAR POLYHEDRONS. 

673. Def. a regular polyhedron is a polyhedron whose faces 
are equal regular polygons^ and whose polyhedral angles are 
equal. 

Proposition X XT X. Problem. 

674. To determine the number of regular convex poly- 
Jiedrons possible. 

A convex polyhedral angle must have at least three f aces^ 
and the sum of its face angles must be less than 360° (§ 581). 

1. Since each angle of an equilateral triangle is 60°, convex 
polyhedral angles may be formed by combining three, four, or 
five equilateral triangles. The sum of six such angles is 360°, 
and hence greater than the sum of the face angles of a convex 
polyhedral angle. Hence, three regular convex polyhedrons 
are possible with equilateral triangles for faces. 

2. Since each angle of a square is 90°, a convex polyhedral 
angle may be formed by combining three squares. The sum 
of four such angles is 360°, and therefore greater than the sum 
of the face angles of a convex polyhedral angle. Hence, one 
regular convex polyhedron is possible with squares. 

3. Since each angle of a regular pentagon is 108° (§ 206), a 
convex polyhedral angle may be formed by combining three 
regular pentagons. The sum of four such angles is 432°, and 
therefore greater than the sum of the face angles of a convex 
polyhedral angle. Hence, one regular convex polyhedron is 
possible with regular pentagons. 

4 The sum of three angles of a regular hexagon is 360°, of 
a regular heptagon is greater than 360°, etc. Hence, only five 
regular convex polyhedrons are possible. 

The five regular polyhedrons are called the tetrahedron, the 

hexahedron, the octahedron, the dodecahedron, the icosahedron. 

Q. B. p. 
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675. The regular polyhedrons may be constructed as follows : 

Draw the digrams given below on stiff paper. Cut through 

the full lines and paste strips of paper on the edges shown in 

the diagrams. Fold on the dotted lines, and keep the edges 

in contact by the pasted strips of paper. 





Tstrahsdimi, Heiibedron. 



OoUliedron, DbdwwliedTOii. loouhedrou. 
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CYLIKDERS. 

676. Def, a cylindrical anifaoe ia a curved surface genei'ated 

by a straight line, vhich 
moves parallel to a fixed 
Bttaigbt line and con- 
stantly touches a fixed 
curve not in the plane of 
the straight line. 

The moving line is called , 

the generatrix, and the fixed 
curve the directrix. 

677, Def. The genera- 
trix in any position is Cylindrical surface, 
called an element of the cylindrical surface. 

678. Dep. a. cylinder la a solid bounded by a cylindrical 

surface and two parallel plane surfaces. 

679. Def. The two plane surfaces 
are called the bases, and the cylindrical 
surface is called the lateral swface. 

680. Def. The altitude of a cylinder 

is the perpendicular distance between 
the planes of its bases. The elements 
of a cylinder are all equal. 

Right Cylinder. '' 

681. Def. A cylinder is a right cylin- 
der if its elements are perpendicular to its 
bases ; otherwise, an oblique cylinder. 

682. Def. A circular cylinder ia a cyl- 
inder whose bases are circles. 

683. Def. A right circular cylinder 

is called a cylinder of revolution because obUqae ojUa^. 
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it may be generated by the revolution of a rectangle abont 
one side as an axis. 

684. Def. Similar cylinders of 
revolution are cylinders generated 
by the revolution of similar rect- 
angles about homologous sides. 

685. Def. A tangent line to a 
cylinder is a straight line, not an 
element, which touches the lat- 
eral surface of the cylinder but 
does not intersect It. 

686. Def. A tangent plane to 
a cylinder is a plane which con- 
tains an element of the cylinder but does not cut the surface. 

The element contained by the plane is called the element of 
contact 

687. Def. A prism is in- 
scribed in a cylinder when its 
lateral edges are elements of 
the cylinder and its bases are 
inscribed in the bases of the 
cylinder. 

688. Def. A prism is cir- 
cumscribed about a cylinder when 
its lateral edges aie parallel to 
the elements of the cylinder 
and its bases are circumscribed 

about the bases of the cylinder. circamBoribed Priem. 

689. Def. A section of a cylinder is the figure formed by its 
intersection with a plane passing through it. 

A right section of a cylinder is a section made by a plane per- 
pendicular to its elements. 
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Proposition XXX. Theokem. 

690. Every section of a cylinder made hy a plane 
passing through an element is a parallelogram. 




Let ABCD be a eection of the cylinder AC made by a plane pass- 
ing through the element AD. 

To prove that ABCD ia a parallelogram. 
Proof, Through B draw a line in the plane AC, II to AD. 
This line is an element of the cylindrical surface, § 676 
Since this line is in both the plane and the cylindrical sur- 
face, it must be their intersection and coincide with BC. 
Hence, BC coincides with a straight line parallel to AD. 
Therefore, BC is a straight line H to AD. 

Also AB is a straight line II to CD. § 628 
.-. ABCD is a parallelogram. § 166 



69L CoR. Every leetion of a right cylinder made hy a 
plane passing through an element is a rectangle. 
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Proposition XXXI. Theorem. 
692. The hoses of a cylinder are equal. 

Q 




Let ABE and DC6 be the bases of the cylinder AC. 

To prove that ABE = DCG. 

Proof. Let A, B, E be any three points in the perimeter of 
the lower base, and AD, BC, EG be elements of the surface. 

Draw AE, AB, EB, DG, DC, GC. 

Then AC, AG, EC are UJ, § 183 

.-. AE = DG, AB = DC, and EB = GC. § 178 

.\AABE = ADCG. §150 

Place the lower base on the upper base so that the A ABE 

shall fall on the A DCG. Then A, B, E wiU faU on D, C, G. 

But A,B,E are an^/ points in the perimeter of the lower base. 

Therefore, all points in the perimeter of the lower base will 

fall on tha perimeter of the upper base, and the bases will 

coincide and be equal. q.b.d. 

693. Cor. 1. Any two parallel sections^ cutting all the 
elements of a cylinder^ are equal. 

Eor these sections are the bases of the included cylinder. 

694. Cor. 2. Any section of a cylinder parallel to the 
base is equal to the base. 
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Pboposition XXXII. Theorem. 

695. If a prism whose hose is a regular polygon is 
inscribed in or circumscribed about a circular cylinder, 
and if the number of sides of the base of the prism is 
indefinitely increased. 

The volume of the cylinder is the limit of the volume 
of the prism. 

The lateral area of the cyli7ider is the limit of the 
lateral area of the prism. 

The perimeter of a right section of the cylinder is 
the limit of the perimeter of a right section of the prism,. 




Let a prism whose base is a regular polygon be inscribed in a 
given circular cylinder, and a prism whose base is a regular poly- 
gon be circumscribed about the cylinder; and let the number of 
sides of the base of the prism be indefinitely increased. 

To prove that the volume of the cylinder is the limit of the 
volume of the prism, that the lateral area of the cylinder is 
the limit of the lateral area of the prism, and that the perim- 
eter of a right section of the cylinder is the limit of the 
perimeter of a right section of the prism,. 
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Proof. If the bases of the prism and cylinder could be made 
to coincide exactly, the prism and cylinder would coincide 
exactly ; and their volumes would be equal, their lateral areas 
would be equal, and the perimeters of their right sections would 
be equal. 

We cannot, however, make the bases of the prism and 
cylinder coincide exactly, and we cannot, therefore, make the 
prism and cylinder coincide exactly ; but by increasing the 
number of sides of the base of the prism, we can make the base 
of the prism come as near coinciding with the base of the cylin- 
der as we choose (§ 454), and consequently make the prism 
come as near coinciding with the cylinder as we choose. 

Therefore, the difference between the volumes of the prism 
and the cylinder can be made less than any assigned value, 
however small, but cannot be made zero. 

The difference between the lateral areas of the prism and 
cylinder can be made less than any assigned value, however 
small, but cannot be made zero. 

The difference between the perimeters of the right sections 
of the prism and cylinder can be made less than any assigned 
value, however small, but cannot be made zero. 

Therefore, the volume of the cylinder is the limit of the 
volume of the prism. § 275 

The lateral area of the cylinder is the limit of the lateral 
area of the prism. § 275 

The perimeter of a right section of the cylinder is the limit 
of the perimeter of a right section of the prism. § 275 

Q. B. D. 

Note. This theorem can be proved true, when the base of the prism 
is not a regolar polygon and the cylinder is not circular ; but it is not the 
province of Elementary Geometry to treat of cylinders whose bases are 
not circles. 
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Pboposition XXXIII. Theorxm. 

696. The lateral area of a circular cylinder is equal 
to the product of the perimeter of a right section of 
the cylinder hy an element. 



Let S denote the lateral area, P the perimeter of a right section, 
and S an element of the cylinder AC. 

To prove that S = P X JS, 

Proof. Inscribe in the cylinder a prism with its base a regu- 
lar polygon, and denote its lateral area by S', and the perim- 
eter of its right section by P'. 

Then S' = F' X K § 607 

If the number of lateral faces of the inscribed prism is 
indefinitely increased, 

aS" approaches aS as a limit, § 695 

and P' approaches P as a limit. § 695 

.*. P' X E approaches P X -E^ as a limit. § 279 

But S' = P' X E, always. § 607 

.\S=PXE. §284 

Q.B.D. 

697. Cob. 1. The lateral area of a cylinder of revolution 
18 the product of the circumference of its base by its altitude. 
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698. Cob. 2, If 8 denotes the lateral area^ T the total area^ 
H the altitude^ and R the radius^ of a cylinder of revolution^ 

8=2irR X H) 
T = 2irR xH-{-2'7rIt^ = 2'7rIt(S-{-E). 

Proposition XXXIV, Theorem. 

699. The volume of a circular cylinder is equal to the 
product of its base by its altitude. 



Let V denote the volume, B the tiase, and H the altitude, of the 
circular cylinder GA. 

To prove that V = B X II. 

Proof. Inscribe in the cylinder a prism with its base a regu- 
lar polygon, and denote its volume by V and its base by B'. 

Then V = B' X ff. § 628 

If the number of its lateral faces is indefinitely increased, 

V approaches F as a limit, § 695 

and B' approaches ^ as a limit. § 454 

.\ B' X R approaches ^ X ^ as a limit. § 279 

But r=:B' X H, always. § 628 

.\V = B XII. ^ § 284 

Q. B. D. 

700. Cor. For a cylinder of revolution^ mth radius R, 

V = ttJK^ X H. 
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Proposition XXXV. Theobem. 

701. The lateral areas, or the total areas, of similar 
cylinders of revolution are to each other as the squares 
of their altitudes, or as the squares of their radii ; and 
their volumes are to each other as the cubes of their 
altitudes, or as the cubes of their radii. 



Let S, S' denote tbe lateral areas, T, T' the total areas, V, V the 
volumes, H, H' the altitudes, R, R' the radii, of two similar cylin- 
ders of revolution . 

To prove that S : S" = T : T = IP : H'^ = B* : E"^, 
and V-.V'-H'iH'^^m -.R". 

Proof. Since the generating rectangles are similar, we have 
by §§ 351, 335, 

■g R ff+R 
H''^R' ff' + R'' 
Also we have by §g 698, 700, 

S _ 2-jrRH ^R K^^^H^ 

T^ 2irR(H-+R) _Rf H+R \R'^IP 

T'~ 2-!rR'(H'+R')'^ R'\JI' + R'J S'» -ff"" 

r'~ •7rR''H'~ R"^ S'~ S">~ H^' o.b.1) 
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PROBLEMS OF COMPUTATION. 

Ex. 678. The diameter of a well ia 6 feet, and the water is 7 feet deep. 
How many gallons of water are there in the well, reckoning 7^ gallons to 
the cubic foot ? 

Ex. 679. When a body is placed under water in a right circular cylin- 
der 60 centimeters in diameter, the level of the water rises 40 centimeters. 
Find the volume of the body. 

Ex. 680. How many cubic yards of earth must be removed in construct- 
ing a tunnel 100 yards long, whose section is a semicircle with a radius of 
18 feet ? 

Ex. 681. How many square feet of sheet iron are required to make a 
funnel 18 inches in diameter and 40 feet long ? 

Ex. 682. Find the radius of a cylindrical pail 14 inches high that will 
hold exactly 2 cubic feet. 

Ex. 683. The height of a cylindrical vessel that will hold 20 liters is 
equal to the diameter. Find the altitude and the radius. 

Ex. 684. If the total surface of a right circular cylinder is T, and the 
radius of the base is B, find the height of the cylinder. 

Ex. 686. If the lateral surface of a right circular cylinder is 8, and the 
volume is F, find the radius of the base and the height. 

Ex. 686. If the circumference of the base of a right circular cylinder is 
C, and the height H, find the volume V. 

Ex. 687. Having given the total surface T of a right circular cylinder, 
in which the height is equal to the diameter of the base, find the vol- 
ume V. 

Ex. 688. If the circumference of the base of a right circular cylinder is 
C, and the total surface is T, find the volume V. 

Ex. 689. If the volume of a right circular cylinder is F, and the alti- 
tude is JET, find the total surface T. 

Ex. 690. If F is the volume of a right circular cylinder in which the 
altitude equals the diameter, find the altitude H, and the total surface T. 

Ex. 691. If T is the total surface, and H the altitude of a right circular 
cylinder, find the radius B, and the volume F. 
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C0ITX8. 

702. Def. a conical aurfoce is the surface generated by a 

moving straight line which constantly touches a fixed curve 
and passes through a fixed point not in 
the plane of the curve. 

The moving straight line which gener- 
ates the conical surface is called the gener- 
atrix, the fixed curve the directrix, and the 
fixed point the vertex. 

703. Def. The generatrix in any posi- 
tion is called an element of the conical sur- 
face. 

If the generatrix is of Indefinite lei^h, 
the surface consists of two portions, one 
above and the other below the vertex, which 
are called the upper and lower nappea, respect- 

ivelv. Conical 8arfa«i, 

704. Def. If the directrix is a closed curve, the solid 
bounded by the conical surface and a plane cutting all its 

elements is called a cone. 

The conical surface is 
called the lateral surface of the 
cone, and the plane surface is 
called the base of the cone. 

The vertex of the conical 

surface is called the vertex 

of the cone, and the elements 

! of the conical surface are 

called the elements of the cone. 

The perpendicular distance 

coBM- from the vertex to 12ie plane 

of the base is called the altitude of the cone. 



^ 
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705. Def. a circular cone is a cone whose base is a circle. 
The straight line joining the vertex and the centre of the 

base is called the aiis of 
the cone. 

If the axis is peipendio- 
ular to the base, the cone is 
called a right cone. 

If the axis is oblique to 
the base, the cone is called 
an oblique cone, cones of luvoiution. 

706. 3)ef. a. right circular cone is a cone whose base is a 
circle and whose axis is perpendicular to its base. 

A right circular coue is called a cone of revolution, because it 
may be generated by the revolution of a right triangle about 
one of its legs as an axis. 

The hypotenuse of the revolving triangle in any position is 
an element of the surface of the cone, and is called the slant 
he^ht of the cone. 

The elements of a cone of revolution are all equal, 

707. Def. Similar cones of revolution are cones generated by 

the revolution of similar right trian- 
gles about homologous legs. 

708. Def. a tangent line to a cone 

ia a straight line, not an element, which 
touches the lateral surface of the cone 
but does not cut it, 

709. Def. A tangent plane to a cone 

is a plane which contains an element of 
the cone but does not cut the surface. 
The element contained by the plane 
TuMDt Ptaut. is called the element of contact 
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710. Dep. a pynmld ia inscribed in a cone when its lateral 
edges are elements of the cone and its base is inscribed in the 
base of the cone. 

71L Def. a pyramid ia dnnunacrtbed 
about a cone when its base is circumscribed 
about the ba^e of the cone and its vertex 
coincides with the vertex of the cone. 

712. Def. a truncated cone is the por- 
tion of a cone included between the base 
and a plane cutting all the elements. 

A frustum of a cone Is the portion of a 
cone included between the base and a 
plane parallel to the base. in«rib«i FjnaM. 

713. Dep. The base of the cone ia 
called the lower base of the frustum, and 
tlie parallel section is called the nppei 
base of the frustum. 

714. I>EF. The altitude of a frustum 
of a cone ia the perpendicular distance 
between the planes of its bases. 

715. Def. The lateral surface of a frus- 
tum of a cone is the portion of the lateral 
surface of the cone included between the 
bases of the frustum. 

716. Def. The elements of a cone 
between the bases of a frustum of a cone 
of revolution are equal, and any one is 
called the slant height of the f ruatum. 

A plane which cuts from the cone a 
frustum cuts from the inscribed or cir- 
cumscribed pyramid a frustum. pnunm. of a cone. 



■IbBd Pyramid. 



Pbopobitiom XXXVI. Theobbh. 

717. Every section of a cone made by a plane pass- 
ing through its vertex is 'a triangle. 



Let SBD be a section of the cone SBD made by a plane passing 
through the vertex 8- 

To prov» that SBD is a triangle. 

Proof. BD is a straight lin«. § 606 

Dtb,w the straight lines SB aod SD. 

These lines are eletiieDts of the surface of the cone. § 703 

These lines lie in the cutting plane, since their extremities 
are in the plane. § 492 

Hence, SB and SD are the intersections of the conical sur- 
face with the cutting plane. 

Therefore, the intersectioos of the conical surface and the 
plane are straight lines. 

Therefore, the section SBJ> is a triangla § 117 

Q.B.B 
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PsopoaiTioiT XXXVII, Theobkh. 
718. Every section of a circular cone made hy a plane 
parallel to the base is a circle. 



Let the section abed of the drcular cone S-ABCD be parallel to 
the base. 

To prove that abed is a circle. 

Proof. Let be the centre of the base, and let o be the point 

in which the axia SO pierces the plane of the parallel section. 

Through SO and any elements, SA, SB, pass planes cutting 

the base in the radii OA, OB, etc., and the section abed in the 

straight lines oa, oh, etc. 

Then oa and oh are II, respectively, to OA and OB. % S28 

Therefore, the A Soa and Sob are similar, respectively, to 

the A SOA and SOB. § 354 

. oa _{ So\_ ob 

■OA-^K-SdJ^OB §^^^ 

But OA = OB. S 217 

.■. oa = ob, and abed is a circle. § 216 

Q.B.D. 

719. Cor. The axis of a circular cone posset through the- 
centre of every section which is parallel to the base. 



Peoposition XXXVIII. Theobem. 

720. If a pyramid tohose hose is a regular polygon 
is inscribed in or drcumscHhed about a circular cone, 
and if the number of sides of the base of the pyramid 
is indefinitely increased, the volume of the cone is the 
limit of the volume of the pyramid, and the lateral 
area of the cone is the limit of the lateral area of 
the pyramid. 



let a pyramid whose base Is a regular polygon be inscribed in a 
given drcuUr cone, and a pyramid whose base is a regular polygon 
be circumacribed about the cone, and let the number of sides of the 
base of the pyramid be indefinitely increased. 

The proof is exactly the same as that of Prop. XXXII, if 
we substitute cone for cylinder and pyramids for prisms. 

721. CoK. The volume of a frustum of a eone is the limit 
of the volumes of the frustums of the inscribed and circum- 
Berthed pt/ramids, if the number of lateral faces is indefi- 
nitely increased, and the lateral area of the frustum of a 
cone is the limit of the lateral areas of the frustums of the 
ins&ribed and circumscribed pyramids. 



348 
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Proposition XXXIX. Theorem. 

722. The lateral area of a cone of revolution is equal 
to half the prod/act of the slant height by the circumfer- 
ence of the base. 




Let S denote the lateral area, C the circumference of the base, 
and L the slant height, of the given cone. 

To prove that S = ^0 X L. 

Proof. Circumscribe about the cone a regular pyramid- 
Denote the perimeter of its base by P, and its lateral area 
by^'. . 

Then S' = iFxL. §643 

If the number of the lateral faces of the circumscribed 
pyramid is indefinitely increased, 

S' approaches aS as a limit, 

and P approaches (7 as a limit. 

.\^F X L approaches ^ (7 X Z as a limit. 

But S' = iF X L, always. 

.'. S = -^ C X L. 



§ 720 
§454 
§ 279 
§643 

§284 



Q.B.D. 

723. Cor. If 8 denotes the lateral area^ T the total area^ 
H the altitude^ R the radius of the base^ of a cone of revolu- 

^*^*^' /Sf = i(2 ttJJ X Z) = ttBL ; 

T = irBL + ttE^ = 7rE(L + B). 
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Proposition XL. Theorem. 



7SJ4. The volume of a circular cone is equcd to one 
third the prodjuct of its hose by its altitude. 



Let V denote the volume, B the base, and H the altitude of the 
given cone. 

To prove that V^^B X H, 

Proof. Inscribe in the cone a pyramid with a regular poly- 
gon for its base. 

Denote its volume by V\ and its base by B\ 

Then r^^B' xH. § 652 

If the number of the lateral faces of the inscribed pyramid 
is indefinitely increased, 

F' approaches F as a limit, § 720 

and B^ approaches ^ as a limit. § 454 

r.^B^ X H approaches ^-B X if as a limit. § 279 

But V' = iB' XH, always. § 652 

.-. F = i^xJy. §284 

Q. B. D. 

725. Cor. If R is the radius of the hase^ 

B = irR\ § 463 

.-. F = i7ri?X H. 
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Proposition XLI. Theobem. 

726. The lateral areas, or the total areas, of two sim- 
ilar cones of revolution are to each other as the squares 
of their altitudes, as the squares of their radii, or as the 
squares of their slant heights ; and their volumes are 
to each other as the cubes of their altitudes, as the cubes 
of their radii, or as the cubes of their slant heights. 



4. 



Let S and S' denote the lateral areas, I and f the total areas, 
V and V the volumes, H and H' the altitudes, K and R' the ladU, 
L and L' the slant heights, of two similar cones of rerolntion. 



To prove that S : S' = T : T' = II*:H'* = 


S^:R'* = V:L", 


and 




V:r' = lP:B'' = R':R'' = 


L':L'. 


p™, 




H R L L+R 
H' R' L' L' + R' 


§§ 351, 335 


s 

S'~ 


irB'L' 


B L W L' H' 
R' ^ L' R'- i" JJ" 


ST23 



T _ -jtRIL+R) _ R L + R ^ S' 
T ~ ■n-R'{L- + R') ~ R' L' + R' R"' 

Z. - i"^^'^ ■R'-g R* H^ ^L* 
V ~i-rR'*H' ~ R" H' R" H'^ L' 



L' 
X" 




-. 


I 726 




U.B.D. 
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Proposition XLII. Theorem. 

727. The lateral area of a frustum of a cone of revo- 
lution is equal to half the sum of the circumferences of 
its bases multiplied by the slant height. 




Let S denote the lateral area, C and c the circumferences of its 
bases, R and r their radii, and L the slant height. 

To prove that S = i(C -h c)X L. 

Proof. Circumscribe about the frustum of the cone a frus- 
tum of a regular pyramid. Denote the lateral area of this 
frustum by S', the perimeters of its lower and upper bases by 
P and p, respectively, and its slant height by L. 

Then S' =^i(F +p)X L, §644 

If the number of lateral faces is indefinitely increased, 

aS" approaches /S as a limit, § 721 

and JP +p approaches (7 + c as a limit. §§ 454, 278 

.\i(F +p)L approaches ^ ((7 + c) Z as a limit. § 279 

But S' = i(F+p)xL, always. § 644 ,| 

.\S = i(C + c)xL. §284 ' 

Q. B. D. 1 

728. Cor. The lateral area of a frustum of a cone of revo- 
lution i% equal to the circumference of a section equidistant 
from its bases multiplied by its slant height. 
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Proposition XLIII. Theorem. 

729. The volume of a frustum of a circular cone is 
equivalent to the sum of the volumes of three canes whose 
commxm altitude is the altitude of the frustum and whose 
bases are the lower base, the upper bascy and the m^ean 
proportional between the bases of the frustum. 





Let V denote the volume, B the lower tMse, b the upper base, H 
the altitude of a frustum of a circular cone. 



To prove that V = i H{B + 5 + y/B X h). 

Proof. Let F' denote the volume, B^ and V the lower and 
upper bases, and H the altitude, of an inscribed frustum of a 
pyramid with regular polygons for its bases. 

Then F' = i H{B^ + 5' + VWxJ'). § 657 

If the number of the lateral faces of the inscribed frustum 
is indefinitely increased, 

F' approaches F as a limit, § 721 

B' approaches ^ as a limit, § 454 

and b' approaches 6 as a limit. ^ § 454 

.'. B' X ft' approaches ^ X ft as a limit. § 281 

•*• VjB' X ft' approaches VJ? X ft as a limit. § 283 

.". ^' + ft' -1- VjB' X ft' approaches 

B + b + -y/B xb ss a limit. § 278 
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But r' = i H(B' + b' + -y/WyTb), always. § 667 

.-. F = iJf(JB + b +VJ? X b). § 284 

Q. B. D. 

730. Cob. If the frustum is that of a cone of revolution^ 
and B and r are the radii of its bases^ 

B = irR\ b = 7r7^. § 463 

.'. -y/B X b = Vtt^^ X Trr^ = irBr. 

.'. V = iirH{B^ + r^ + Br). 



Ex. 692. The radii of the bases of the frustam of a right circular cone 
are 20 inches and 13 inches, respectively. If the altitude of the frustum 
is 16 inches and is bisected by a plane parallel to the bases, what is the 
lateral area of each frustum made by the plane ? 

Ex. 693. The radius of the base of a right circular cone is 8 feet, and 
the altitude is 10 feet. Find the area of its lateral surface, the area of its 
total surface, and the volume. 

Ex. 694. The height of a right circular cone is equal to the diameter 
of its base. Find the ratio of the area of the base to the area of the lat- 
eral surface. 

Ex. 695. The slant height of a right circular cone is 2 feet. At what 
distance from the vertex must the slant height be cut by a plane parallel 
to the base, in order that the lateral surface may be divided into two 
equivalent parts? 

Ex. 696. What does the volume F of a circular cone become, if the 
altitude is doubled ? If the radius of the base is doubled ? If both the 
altitude and the radius of the base are doubled ? 

Ex. 697. The slant height X of a right circular cone is equal to the 
diameter of the base. Find the total surface T. 

Ex. 698. If r is the total surface of a right circular cone whose slant 
height equals the diameter of the base, find the volume F. 

Ex. 699. If 7 is the total surface of a right circular cone, and i2 is the 
radius of the base, find the volume F. 

Ex. 700. If 7 is the total surface of a right circular cone, and iS is the 
lateral surface, find the volume F. 
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THE FHISUATOID inDHHnLA. 
73L Def. a polyhedron is called a prismatoid if it has 
for bases two polygons in parallel planes, and for lateral 
faces triangles or trapezoids mth one side common with one 
base and the opposite vertex or side common with the other 
base. 

732. Def. The altitude of a prismatoid is the perpendicular 
distance between the planes of its bases. 

The mid-section of a prismatoid is the section made by a 
plane parallel to its bases and midway between them. 

The mid-section bisects the altitude and all the lateral edges. 

Pboposition XLIV. Theobeh. 

733. The volume of a prismatoid is equal to the prod- 
%ict of one sixth of its altitude into the sum of its bases 

and four times its mid-section. 



Let V denote the volume, B and b tlie bases, H the mid-section, 
and H tlie altitude, of a given prismatoid. 
To prove that V = ^ H{B + b + iM). 



THE PRISMATOID FORMULA. 365 

Proof. If any lateral face is a trapezoid, divide it into two 
triangles by a diagonal. 

Take any point P in the mid-section and join P to the 
vertices of the polyhedron and of the mid-fiection. 

Divide the prismatoid into pyramids which have their 
vertices at P, and for their respective bases the lower base 
By the upper base ft, and the lateral faces of the prisma- 
toid. 

The lateral pyramid P-ADE is composed of three pyramids 
F-AFC, P'FCE, and P-FDE, 

Kow P-AFC may be regarded as having vertex A and base 
PFC, and P-FCE, as having vertex E and base PFC. 

Hence, the volume of P-AFC is equal to ^ H X PFCy 

and the volume of P-FCE is equal to^H X PFC. § 651 

The pyramid P-FDE is equivalent to twice P-FCE. 

For they have the same vertex P, and the base FDE is 
twice the base FCE, since the A FDE has its base DE twice 
the base FC of the A FCE (§ 405), and these triangles have 
the same altitude. 

Hence, the volume of P-FDE is equal to J ^ X PFC. 

Therefore, the volume of P-ADE, which is composed of 
P-AFCy P-FCE, and P-FDE, is equal to | S" X PFC. 

In like manner, the volume of each lateral pyramid is equal 
to J -ff X the area of that part of the mid-section which is 
included within it; and, therefore, the total volume of all 
these lateral pyramids is equal to ^H X M. 

The volume of the pyramid with base B i^ ^ H X B, 

and the volume of the pyramid with base hi^^H Xh. § 651 

Therefore, r^^H(B + h + 4.M). q.e.d. 
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734. OThe prismatoid formula may he used for finding the 
volumes of all the solids' of Elementary Geometry : 




The formula for the volume of the frustum of a pyramid is 

V = \H{B + h + VB~xh), §657 

But J H{B + 5 + VJ? X 6) = J H{B + ^> + 4 J8f). (1) 

For if e and e' are corresponding sides of B and by then 

§ 190 

§ 414 



4" (e + e*) is the corresponding side of M. 



Therefore, 



and 



V6 



Adding and reducing, 



1 



Therefore, 
Squaring, 



■Vm 

2 Vm = VB + Vb. 



If we put this value of 4 j5f in (1), the two members become 
identically equal. 

735. If the base h becomes zero, we have a pyramid, and 
the prismatoid formula becomes V = ^H X B. § 652 

736. If the bases B and b are equal, we have a prism, and 
the prismatoid formula becomes V = H X B. § 628 

Note. The Prismatoid Formula is taken by permission from the work 
on Mensuration by Dr. George Bruce Halsted, Professor of Mathematics 
in the University of Texas. 



Ex. 701. Show that the prismatoid formula can be used for finding the 
volume of the frustum of a cone, for finding the volume of a cone, for 
finding the volume of a cylinder. 
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FRUSTUMS OF PYRAMIDS AND OF CONES. 

Ex. 702. How many square feet of tin are required to make a funnel, 
if the diameters of the top and bottom are 28 inches and 14 inches, respecl- 
ively, and the height is 24 inches ? 

Ex. 703. Find the expense, at 60 cents a square foot, of polishing the 
curved surface of a marble column in the shape of the frustum of a right 
circular cone whose slant height is 12 feet, and the radii of whose bases 
are 3 feet 6 inches and 2 feet 4 inches, respectively. 

Ex. 704. The slant height of the frustum of a regular pyramid is 20 
feet ; the sides of its square bases 40 feet and 16 feet. Find the volume. 

Ex. 705. If the bases of the frustum of a pyramid are regular hexagons 
whose sides are 1 foot and 2 feet, respectively, and the volume of the frus- 
tum is 12 cubic feet, find the altitude. 

Ex. 706. The frustum of a right circular cone 14 feet high has a volume 
of 924 cubic feet. Find the radii of its bases if their sum is 9 feet 

Ex. 707. From a right circular cone whose slant height is 30 feet, and 
the circumference of whose base is 10 feet, there is cut off by a plane 
parallel to the base a cone whose slant height is 6 feet. Find the lateral 
area and the volume of the frustuuL 

Ex. 708. Find the difference between the volume of the frustum of a 
pyramid whose bases are squares, 8 feet and 6 feet, respectively, on a side 
and the volume of a prism of the same altitude whose base is a section of 
the frustum parallel to its bases and equidistant from them. 

Ex. 709. A Dutch windmill in the shape of the frustum of a right cone 
is 12 meters high. The outer diameters at the bottom and the top are 16 
meters and 12 meters, the inner diameters 12 meters and 10 meters. How 
many cubic meters of stone were required to build it ? 

Ex. 710. The chimney of a factory has the shape of a frustum of a regu- 
lar pyramid. Its height is 180 feet, and its upper and lower bases are 
squares whose sides are 10 feet and 16 feet, respectively. The flue is 
throughout a square whose side is 7 feet. How many cubic feet of 
material does the chimney contain? 

Ex. 711. Find the volume F of uhe frustum of a cone of revolution, 
having given the slant height L, the height JET, and the lateral area ^S. 
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EQUIVALENT SOLIDS. 

Ex. 712. A cube each edge of which is 12 inches is transformed into a 
right prism whose base is a rectangle 16 inches long and 12 inches wide. 
Find the height of the prism, and the difference between its total area 
and the total area of the cube. 

Ex. 713. The dimensions of a rectangular parallelopiped are a, b, c. 
Find (i) the height of an equivalent right circular cylinder, having a for 
the radius of its base ; (ii) the height of an equivalent right circular cone 
having a for the radius of its base. 

Ex. 714. A regular pyramid 12 feet high is transformed into a regular 
prism with an equivalent base. Find the height of the prism. 

Ex. 716. The diameter of a cylinder is 14 feet, and its height is 8 feet. 
Find the height of an equivalent right prism, the base of which is a square 
with a side 4 feet long. 

Ex. 716. If one edge of a cube is a, what is the height ^ of an equiva- 
lent right circular cylinder whose radius is 22 ? 

Ex. 717. The heights of two equivalent right circular cylinders are in 
the ratio 4:9. If the diameter of the first is 6 feet, what is the diameter 
of the other ? 

Ex. 718. A right circular cylinder 6 feet in diameter is equivalent to a 
right circular cone 7 feet in diameter. If the height of the cone is 8 feet, 
what is the height of the cylinder ? 

Ex. 719. The frustum of a regular pyramid 6 feet high has for bases 
squares 5 feet and 8 feet on a side. Find the height of an equivalent 
regular pyramid whose base is a square 12 feet on a side. 

Ex. 720. The frustum of a cone of revolution is 5 feet high, and the 
diameters of its bases are 2 feet and 3 feet, respectively. Find the height 
of an equivalent right circular cylinder whose base is equal in area to the 
section of the frustum made by a plane parallel to its bases and equidis- 
tant from the bases. 

Ex. 721. Find the edge of a cube equivalent to a regular tetrahedron 
whose edge measures 3 inches. 

Ex. 722. Find the edge of a cube equivalent to a regular octahedron 
whose edge measures 3 inches. 



EXERCISES. 869 

SIMILAR SOLIDS. 

Ex. 723. The dimensions of a trunk are 4 feet, 3 feet, 2 feet Find the 
dimensions of a trunk similar in shape that will hold four times as much. 

Ex. 724. By what number must the dimensions of a cylinder be multi- 
plied to obtain a similar cylinder (i) whose surface shall be n times that 
of the first j (ii) whose volume shall be n times that of the first ? 

Ex. 725. A pyramid is cut by a plane parallel to the base which passes 
midway between the vertex and the plane of the base. Compare the 
volumes of the entire pyramid and the pyramid cut off. 

Ex. 726. The height of a regular hexagonal pyramid is 36 feet, and one 
side of the base is 6 feet. What are the dimensions of a similar pyramid 
whose volume is ^ that of the first ? 

Ex. 727. The length of one of the lateral edges of a pyramid is 4 meters. 
How far from the vertex will this edge be cut by a plane parallel to the 
base, which divides the pyramid into two equivalent parts ? 

Ex. 728. A lateral edge of a pyramid is a. At what distances from the 
vertex will this edge be cut by two planes parallel to the base that divide 
the pyramid into three equivalent parts ? 

Ex. 729. A lateral edge of a pyramid is a. At what distance from the 
vertex vnll this edge be cut by a plane parallel to the base that divides the 
pyramid into two parts which are to each other as 3 : 4 ? 

Ex. 730. The volumes of two similar cones are 54 cubic feet and 432 
cubic feet. The height of the first is 6 feet ; what is the height of the 
other? 

Ex. 731. Two right circular cylinders have their diameters equal to 
their heights. Their volumes are as 3 : 4. Find the ratio of their heights. 

Ex. 732. Find the dimensions of a right circular cylinder ^ as large as 
a similar cylinder whose height is 20 feet, and diameter 10 feet. 

Ex. 733. The height of a cone of revolution is fi, and the radius of its 
base is B, Find the dimensions of a similar cone three times as large. 

Ex. 734. The height of the frustum of a right cone is { the height of 
the entire cone. Compare the volumes of the frustum and the cone. 

Ex. 735. The frustum of a pyramid is 8 feet high, and two homologous 
edges of its bases are 4 feet and 3 feet, respectively. Compare the volume 
of the frustum and that of the entire pyramid. 



Book VIII. 
the sphere. 



PLAIfE SECTIOHS AMD TAHGEHT PLABXS. 

737. Def. a sphere is a solid bounded by a surface all 
points of whicli are equally distant from a point witbin called 
the centre. 

738. A sphere may be generated by the revolution of a 
semicircle AGB about its diameter AB as an axis. 



739. Def. A radius of a sphere is a straight line drawn from 
the centre to the surface. 

A diameter of a sphere ia a straight line passing through the 
centre and limited by the surface. 

740. All the radii of a sphere are equal, hnd all the diaine- 
ters of a sphere are equal. 

741. Def. A line or plane is tangent to a sphere when it has 
one, and only one, point in common with the surface of the 



742. Def. Two spheres are tai^ent to each other when their 
surfaces have one, and only one, point in common. 



THE SPHERE. 



Pbopobitioh I. Theorem. 



743. Every section of a sphere made by a plane is a 
circle. 



Let be tbe centre of the sphere, and ABD any section mode by 
a plane. 

To prove that the section ABD is a circle. 
Proof, Draw the radii OA, OB, to any two points A, B, in 
the boundary of the section, and draw OC X to the section. 

The rt. A OAC and OBC are equal. § 151 

For OC is common, and OA = OB. § 740 

-■. CA = CB. § 128 

But A and B are any two points in the boundary of the sec- 
tion; hence, all points in the boundary are equally distant 
from C, and the section ABD is a circle. § 216 

Q. E. D. 

744. Cob. 1. The line joining the centre of a sphere to the 
centre of a circle of the sphere is perpendicular to the plane 
of the circle. 

745. CoK. 2. Circles of a sphere made hy planes eipidRy 
distant from the centre are equal. 

For 1c' = To" ~ 'OC' i and AO and OC are the same for 
all equally distant circles ; therefore, AC is the same. 
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746. Cor. 3. Of two circles made hy planes unequally 
distant from the centre^ the nearer is the greater, 

747. Dep. a great circle of a sphere is a section made by a 
plane which passes through the centre of the sphere. 

748. Def. a small circle of a sphere is a section made by a 
plane which does not pass through the centre of the sphere. 

749. Def. The axis of a circle of a sphere is the diameter 
of the sphere which is perpendicular to the plane of the circle. 

The ends of the axis are called the poles of the circle. 

750. Cor. 1. Parallel circles have the same axis and the 
same poles, 

751. Cor. 2. All great circles of a sphere are equal, 

752. Cor. 3. Every great circle bisects the sphere. 

For the two parts into which the sphere is divided can be 
so placed that they will coincide; otherwise there would be 
points on the surface unequally distant from the centre. 

753. Cor. 4. Two great circles bisect each other. 

For the intersection of their planes passes through the 
centre, and is, therefore, a diameter of each circle. 

754. Cor. 5. If the planes of two great circles are perpen- 
dicular^ each circle passes through the poles of the other, 

Ibb, Cor. 6. Through two given points on the surface of 
a sphere an arc of a great circle may always be drawn. 

For the two given points together with the centre of the 
sphere determine the plane of a great circle which passes 
through the two given points. § 496 

If, however, the two given points are the ends of a diameter, 
the position of the circle is not determined. § 494 

756. Cor. 7. Through three given points on the surface of 
a sphere one circle may be drawn^ and only one, § 496 



757. Dbv. The distance txitveen two points on the smface of 
a sphere is the arc of the great circle that joins them. 

Proposition II. Theorem. 

758. The distances of all points in the circumference 
of a circle of a sphere Jrom its poles are equal. 




Let P, I" be the poles of the cdrde ABC, and A, B, C, any points 
In its circumference. 

To prove that the great circle arcs FA, PB, PC are equal. 

Proof. The Straight lines PA, PB, PC are equal. § 614 

Therefore, the arcs PA, PB, PC are equal. § 241 

In like manner, the great circle arcs P'A, P'B, P'G may be 

proved equal. q.b.d. 

759. Def. The distance on the surface of the sphere from 
the nearer pole of a small circle to any point in the circum- 
ference of the circle is called the polar distance of the circle. 

760. Def. The distance on the surface of the sphere of a 
great circle from either of its poles is called the polar distance 
of the circle. 

761. CoE. The polar distance of a great circle is a quad- 
rant; that is, one fourth the circumference of a ffreat circle. 
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Pbopositiok III. Theorem. 

762. A point on the surface of a sphere, which is at 
the distance of a quadrant from each of two other 
points, not the extremities of a diameter, is a pole of 
the great circle passing through these points. 




Let the distances FA and ra be quadrants, and let ABC be the 
great circle passing through A and B. 

To prove that F is a pole of the great circle AS C. 



§288 

§607 
§749 

Q.E.D. 



Proo*. The A FOA and FOB are rt A. 

.-. FO is ± to the plane of ihsQABC. 
Hence, P is a pole of the O ABC, 

763. Scholium. The above theorem enables ns t 
with the compasses an arc of a great circle throi^h two given 
points of the surface of a sphere. For, if with A and B as 
centres, and an opening of the compasses equal to the chord of 
a quadrant of a great circle, we describe arcs, these arcs ■will 
intersect at a point P. Then, with P as centre, the axe pass- 
ing throi^h A and B may be described. 

In order to make the opening of the compasses equal to the 
chord of a quadrant of a great circle, the radius of the sphere 
must be known. 
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Proposition IV. Problem. 

764. Given a material sphere to find its diameter. 





Let PBP'C represent a material sphere. 

It is required to find its diameter. 

Prom any point P of the given surface describe a circum- 
ference ABC on the surface. 

Then the straight line FB is known. 

Take three points A, B, and C in this circumference, and 
with the compasses measure the chords AB, BC, and CA. 

Construct the A A'B'C, with sides equal respectively to AB, 
BC, and CA, and circumscribe a O about the A. 

The radius D'B' of this O is equal to the radius of O ABC. 

Construct the rt. A bdp, having the hypotenuse bp equal to 
BPj and one side bd equal to B'D\ 

Draw bp' Juto bp, meeting ^c? produced in p'. 

Then^^' is equal to the diameter of the given sphere. 

Proof. Suppose the diameter FF' and the straight line F'B 

drawn. 

The A BDF and bdp are equal. § 151 

Hence, the A FBF' and pbp' are equal § 142 

Therefore, pp' = FF*. § 128 

Q.B.F. 



866 BOOK Tin. SCUD GEOMETBT. 

pBOPOSiTioir V. Thkokkm. 

765. A plane perpendicular to a radius at its eat- 
tremity is tangent to the sphere. 




Let be the centre of a sphere, and HR a plane petpendicnlar to 
the ra^ui OP, at its extremity P. 

To prove that MN is tangent to the sphere. 

Proof. Let A be any point except P io MN. Draw OA. _ 

Then OP < OA. § 512 

Therefore, the point A is without the sphere. § 737 
But A is any point, except F, in the plane MN. 
.". every point in MN, except P, is without the sphere. 

Therefore, MN is tangent to the sphere at P. § 741 

Q.E.D. 

766. CoE. 1. A plane tangent to a sphere is perpendiciUar 
to the radius drawn to the point of contact. 

767. Cor, 2. A line tangent to a circle of a sphere lies in 
the plane tangent to the sphere at the point of contact, g 608 

768. Cor. 3, A line in a tangent plane drawn through the 
point of contact is tangent to the sphere at that point. 

769. Cor, 4. The plane of two lines tangent to a tphere 
at ih« tame point is tangent to the sphere at that point. 
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770. Def. a sphere is inscribed in a polyliedron when all the 
faces of the polyhedron aj« tangent to the sphere. 

771. Def. a Bpbere is circamscril>ed about a polyhedron when 

all the vertices of the polyhedron lie in the sulfate of the 
sphere. 

Proposition VI. Theorem. 



772. A sphere Tnay be inscribed in c 
hedron. 



r given tetra- 




Let A-BCD be the given tetrahedron. 

To prove that a sphere may be inscribed in A-BCD. 

Proof. Bisect the dihedral A at the edges AB, BD, and AD 
by the planes OAB, OBD, and OAD, respectively. 

Every point in the plane OAB is equally distant from the 
faces ABC and ABD. § 559 

Por a like reason, every point in the plane OBC is equally 
distant from the fac«8 ABC and DBC; and every point in the 
plane OAC is equally distant from the faces ABC and ADC. 

Therefore, 0, the common intersection of these three planes, 
is equally distant from the four faces of the tetrahedron, and 
is the centre of the sphere inscribed in the tetrahedron. § 770 

Q.B.V. 

773, Coa. The »ix planet which Bisect the »ix dihedral 
angles of a tetrahedron interaeet in the same point. 
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Pbofositidh VIL Theobeh. 

774. A sphere may be circumscribed about any given 
tetrahedron. 




Let D-ABC be the given tetrataedron. 

To ■prove that a sphere may be circumaerihed ahout D-ASC. 

Proof. Let M, N, respectively, be the centres of the circles 
cireumaoribed about the faces ABC, ACD. 

Let MR be X to the face ABO, NS X to the face AOD. 

Then MR is the locus of points equidistant from A, B, C, 
and 2fS is the locus of points equidistant from A, C, D. % 516 

Therefore, MR and NS lie in the same plane, the plane X to 
^C at its middle point. g 517 

Also MR and NS, being X to planes which are not II, can- 
not be U, and must therefore meet at some point O, 
.'. Oia equidistant from A, B, C, and D. 

Therefore, a spherical surface whose centre is 0, and radius 
OA, will pass through the points A, B, C, and D. Q.B.D. 

775. Cob. 1. The four perpendieulari erected at the centret 
of the faces of a tetrahedron meet at the same point. 

776. Cob. 2. The six planes perpendicular to the edgei of a 
'•trahedron at their middle points intersect at the same point. 
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Proposition VIII. Theorem. 

777. The intersection of two spherical surfaces is the 
circumference of a circle whose plane is perpendicular 
to the line joining the centres of the surfaces and whose 
centre is in that line. 



Let 0, (X be the centres of the spherical surfaces, and let a plane 
passing through 0, (X cut the spheres in great circles whose circum- 
ferences intersect in the points A and B. 

To prove that the spherical surfaces intersect in the circum- 
ference of a circle whose plane is perpendicular to 00\ and 
whose centre is the point C where AB meets 00', 

Proof. The common chord AB is J_ to 00' and bisected 
at a § 264 

If the plane of the two great circles is revolved about 00' 
as an axis, their circumferences will generate the two spherical 
surfaces, and the point A will describe the line of intersection 
of the surfaces. 

But during the revolution AC will remain constant in length 
and ± to 00', 

Therefore, the line of intersection described by the point A 
will be the circumference of a circle whose centre is C and 
whose plane is ± to 00'. § 508 

Q. B. D. 
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FIOOHES OH THE SURFACE OF A SPHEBE. 

778. Def. The ai^le of two curves passing through the same 

point is the angle formed by two tangents to the curves at that 

point. The angle formed by the intersection of two arcs of 

great circles of a sphere is called a epherical angle. 



Fbofosition IX. Teeobeh. 

779. A sphericdl angle is rneasured by the arc of the 
great drde described Jrom its vertex as a pole and 
included between its sides {produced if necessary). 




LtA AB, AC be arcs at great circles intersecting at A ; AB' and 
AC, the tangents to these arcs at A ; BC the arc of the great dicle 
described from A as a pole and included between AB and AC. 

To prove that the spherical Z. SAC is measured by arc BC, 

Proof. In the plane ^05, ^£' is ± to -40, §264 

and OB is ± to AO. § 288 

.-. ^B' is II to 0-B. §104 

Similarly, AC is II to OC. 

.■.ZB'AC' = ZBOC. §534 

But Z BOC is measured by aic BC. § 288 

-■. AB'ACia measured by arc BC. 
.'. Z SAC is measured by arc BC. q.b.d. 
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780. Cor. A spherical angle has the same measure as the 
dihedral angle formed hy the planes of the two circles. 

Proposition X. Problem. 

781. To describe an arc of a great circle through a 
given point perpendicular to a given arc of a great 
circle. 




Let A be a point on the surface of a sphere, CHD an arc of a great 
circle, P its pole. 

Prom ^ as a pole describe an arc of a great circle cutting 
CHD at E, 

Prom j^ as a pole describe the arc AB through A, 

Then AB is the arc required. 

Proof. The arc AB is the arc of a great circle, and E is its 
pole by construction. § 762 

The point E is at the distance of a quadrant from P. § 761 

Therefore, the arc AB produced will pass through P. 

Since the spherical Z. PBE is measured by the arc PE of a 
great circle (§ 779), the Z ABE is a right angle. 

Therefore, the arc AB is ± to the arc CHD, q.e.f. 



Ex. 736. Every point in a great circle which bisects a given arc of a 
great circle at right angles is equidistant from the extremities of the 
given arc. 
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782. Def. a spherical polygon is a portion of the surface of 
a sphere bounded by three or more arcs of great circles. 

The bounding arcs are the sides of the polygon ; the angles 
between the sides are the angles of the polygon ; the points of 
intersection of the sides are the vertices of the polygon. 

The values of the sides of a spherical polygon are usually 
expressed in degrees^ minutes^ and seconds. 

783. The planes of the sides of a spherical polygon form a 
polyhedral angle whose vertex is the centre of the sphere, 
whose face angles are measured by the sides of the polygon, 
and whose dihedral angles have the same numerical measure 
as the angles of the polygon. 

Thus, the planes of the sides of the polygon ABCD form 
the polyhedral angle 0-ABCD, The 
face angles AOB, BOC, etc., are meas- 
ured by the sides AB, BC, etc., of the 
polygon. The dihedral angle whose 
edge is OA has the same measure as the 
spherical angle BAD, etc. Hence, 

784. From any property of polyhe- 
dral angles we may infer an analogous property of spherical 
polygons ; and conversely, 

785. Def. A spherical polygon is convex if the corresponding 
polyhedral angle is convex (§ 573). Every spherical poly- 
gon is assumed to be convex unless otherwise stated. 

786. Def. A diagonal of a spherical polygon is an arc of a 

great circle connecting any two vertices which are not adjacent. 

787. Def. A spherical triangle is a spherical polygon of three 
sides ; like a plane triangle, it may be right, obtttse, or acute ; 
equilateral, isosceles, or scalene. 

788. Def. Two spherical polygons are equal if they can be 
applied, the one to the other, so as to coincide. 
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Proposition XI. Theorem. 



789. Each side of a spherical triangle is less than the 
sum of the other two sides. 




Let ABC be a spherical triangle, AB the longest side. 

To prove that AB < AC -\- BC. 

Proof. In the corresponding trihedral angle 0-ABC, 
Z AOB is less than Z AOC + Z BOC. 
.\AB<AC + Ba 

Proposition XII. Theorem. 



§580 
§783 

Q. B. D. 



790. The sum of the sides of a spherical polygon is 
less than S60''. 




Let ABCD be a spherical polygon. 

To prove that AB ^ BC -\- CD -\- DA< 360^ 

Proof. In the corresponding polyhedral angle 0-ABCDy the 
sum of all the face angles is less than 360''. § 581 

.-. AB + BC^CD + DA< 360°. § 783 

Q.B.D. 
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79L Def. If, from the vertices of a spherical triangle as 
poles, arcs of great circles are described, aaother spherical 
triangle is formed, called the polar triangle of the first 

Thus, if ^ ia the pole of the arc of the great circle B'C, 
B of A'C, C of A'B', A'B'C is the polar ^' 

triangle of ABC. 

If, with A, B, C as poles, entire great 
circles are described, these circles divide 
the surface of the sphere into eight spheri- g{J 
cal triangles. 

Of these eight triangles, that one is the polar of ABC whose 
veri;ex A', corresponding to A, lies on the same side of BC as 
the vertex A ; and similarly for the other vertices. 

Pbo POSITION XIII. Theorem. 
792. 1/ A'B'C is the polar triangle of ABC, then, 
reciprocally, ABC is the polar triangle of A'B'C. 





Let A'B'C be the polar triangle of ABC. 

To prove that ABC is the polar triangle of A'B'C. 
Proof. A is the pole of B'C, and C is the pole of A'B'. § 791 
.'. B' is at a quadrant's distance from A and C. § 761 
.-. B' is the pole of the arc AC. S 762 

Similarly, A' is the pole of BC, and C the pole of AB. 

.-. ABC is the polar triangle of A'B'C. S 791 

Q.B.D. 



Pbok)8ition XIV. Theobem. 

793. In two polar triangles each angle of the one ia 
the supplement of the opposite side in the other. 




Let ABC, A'B'C be two polar triangles. Let tbe letter at the 
vertex of each angle denote its value in degrees, and the small 
letter the value of the opposite side in degrees. 

To prove that J + a' = 180°, S + i' = 180°, C +6' = 180°; 
^' + a =180% -B' + i =180°, C" + c=180°. 
Proof. Produce the arcs AB, AC until they meet B'(j at 
the points D, E, respectively. 

Now B' is the pole of AS. .: B'E = 90°. § 761 
Also C la the pole oiAD. .-. CD = 90°. 
Adding, B'E + CD = 180°. Ax. 2 

That is, B'I> + DE + CD = 180°. 
Or DE + B'C = ISO'. 

But BE is the measure of the Z.A, S 779 

and B'C = a'. 

.: A + a' = 180°. 
In a similar way all the other relations are proved. q.b.d, 

794. Def. Polar triai^les are often called supplemental 
triangles. 
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Peoposition XV. Theobem. 

795. The sum of the angles of a spherical triangle is 
greater than -ISO" and less than 540". 




Let ABC be a spherical triangle, and let A, B, C denote the values 
of its respective angles, and a', b', c' the values of the opposite 
sides in tlie polar triangle A'B'C. 

To prove that A + B+ C> 180° and < 540°. 
Proof. Siuce the A ASC, A'B'C, are polar A, 

A-\-a' = 180°, B + b' = 180°, C + c' = 180°. § 793 
.■.A-\-B + C + a.' + b' + c' = 540°. Ax. 2 

.•.A + B-^C = 540° - {a' + 6' + c'). 
Now a' + b' + 0' is less than 360°. § 790 

.■.A + B+C = 540° ~ some value less than 360°. 
.-.A + B + O 180°. 
Again a' + b' + c' is greater than 0°. 

.•.A + B + C< 540°. Q.B.D. 

796. CoK. A spherical triangle may have two, or even three, 
right angles; and it mag have two, or even three, obtuae angles. 

797. Dep, a spherical triangle having two right aaglea is 
nailed a bi-rectangular triangle ; and a spherical triangle hav- 
ing three right angles is called a tri-rectangular triangle. 

798. Dee. The spherical excess of a triangle is the difEerence 
between the sum of its angles and 180°. 



Peoposition XVL Theokeh. 

799. In a H-rectangvlar spherical triangle the sides 
opposite the right angles are qicadrants, and the side 
opposite the third angle measures thai angle. 




Let PAB be a bi-rectangulor triadgle, with A, B r^ht ongleB. 
To prove that PA and PB are quadrants, and that the /. P 

is measured by the arc AB. 

Piooi. Siace the A A and B aie right angles, the planes of 

the arcs PA, PB are J. to the plane of the are AB. § 780 

.". PA and PB must each pass through the pole of AB. § 754 

.-. P is tie pole of AB, and PA, PB are quadrants. § 761 

Also the Z P is meaBured by the arc AB. § 779 

Q.E.D. 

800. Cor. 1. Zf two sides of a spherical trianffle are quad- 
rants, the third side measures the opposite angle. 

SOL Cor. 2. Mach tide of a tri-rectangular spherical tri- 
oTigle is a quadrant. 

802. Cob. 3. Three planes passed through the 
centre of a sphere, each perpendicular to the . 
other two planes, divide the surface of the sphere 
iiUo eight equal tri^eotangular triangles. 
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803. Def. If through the centre of a sphere three diam- 
eters AA\ BB\ CC are drawn, and the points A, Bj C are joined 
by arcs of great circles, and also the points A\ B\ C\ the two 
spherical triangles ABC and A'B'C are called symmetrical 
spherical triangles. 





In the same way we may form two symmetrical polygons of 
any number of sides, and place each of them in any position 
we choose upon the surface of the sphere. 

804. Two symmetrical triangles are mutually equilateral 
and equiangular ; yet in general they cannot be made to coin- 
cide by superposition. If in the above figure the triangle 
ABC is made to slide on the surface of the sphere until the 
vertex A falls on A', it will be evident that the two triangles 
cannot be made to coincide and that the corresponding parts 
of the triangles occur in reverse order. 

805. If, however, AB = AC, and A^B' = A'C'] that is, if 
the two symmetrical triangles are 
isosceles, then, because AB, AC, A'B', 
A'C are all equal, and the angles 
A and A' are equal, being opposite 
dihedral angles (§ 803), the two tri- 
angles can be made to coincide. There- B 
fore, 

806. If two symmetrical spherical triangles are isosceles, 
they are superposable and therefore equal. 
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Proposition XVII. Theorem. 

807. Two symmetrical spherical triangles are equiv- 
alent. 




Let ABC, A^B^C be two symmetrical spherical triangles with 
their homologous vertices opposite each to each. 

To prove that the triangles ABC, A'B^C are equivalent. 

Proof. Let P be the pole of a small circle passing through 
the points A, B, C, and let POP' be a diameter. 

Draw the great circle arcs PA, PB, PC, P'A', P'B', P'C. 

Then PA = PB = PC § 758 

Now P'A' = PA, P'B' = PB, P'C = PC. § 804 

.-. P'A' = P'B' = P'C. Ax.- 1 

.'. the two symmetrical A PAC and P'A'C are isosceles. 

.-. A PAC = A P'A'C. § 806 

Similarly, A PAB = A P'A'B', 

and APBC^AP'B'C. 

Now AABC^APAC -\-APAB + APBC, Ax. 9 

and A A'B'C =c= A P'A'C + A P'A'B' + A P'B'C. 

.'. A ABC =0= A A'B'C. q.b.d. 

If the pole P should fall without the A ABC, then P' would 
fall without A A'B'C, and each triangle would be equivalent 
to the sum of two aymmetrical isosceles triangles diminished 
by the third ; so that the result would be the same as before. 
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Phoposition XVIII. Teborbu. 

808. Two triangles on the same sphere or eqtud 
spheres are equal, if two sides and the included angle, 
or two angles and the included side, of the one are 
respectitidy equal to the corresponding parts of the 
other and arranged m the same order. 



Proof. By superposition, as in plane A. §§ 143, 139 

Q.B.D. 

Pbobosition XIX. Theorem. 

809. Two triangles on the same sphere or equal 
spheres are symmetriccU, if two sides and the included 
angle, or two angles and the included side, of the one 
are equal, respectively, to the corresponding parts of ike 
other and arranged in the reverse order. 



Proof. Construct the A DSJF' symmettical with respect to 
the A DSF npou the same sphere. 
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Then A ABC can be superposed upon the A DEF, so that 
they will coincide as in the corresponding case of plane A. 

But A DEF' and DEF are symmetrical by construction. 

.'. A ABC, -which coincides with A DEF', is symmetrical 
with respect to A DEF. q.e.». 

Proposition XX- Theorem. 
810. Two mutually equilateral triangles on the same 
sphere or equal spheres are mutually equiangular, and 
are equal or symmetrical. 



Proof. The face A of the corresponding trihedral A at the 
centre of the sphere are equal respectively. § 237 

Therefore, the corresponding dihedral A are equal. § 583 

Hence, the A of the spherical A are respectively equal. 

Therefore, the A are equal or symmetrical, according as 
their equal sides are arianged in the same or reverse order. 

O.B.D, 

Ex. 737. The radius of a sphere Is 4 inches. From any point on the 
surface as a pole a circle is described upon the sphere with an opening of 
Oie conipassee equal to 3 inches. Find the area of this circle. 

Ex. 738. The edge of a regular tetrahedron is a. Find the radii R, 
B" of the inscribed and circumscribed spherea. 

Bi. 739. Find the diameter of the section of a sphere 10 inches In 
diameter loade b; a plane 3 inches from the centre. 
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Pbofobitiok XXL Theobkh. 

811 Tkoo mutually equiangular triangles on the same 
inhere or equal spheres are mutually equilateral, and 
are either equal or symmetrical. 



Let the spherical triangles T and I" be mutually equiangular. 
To prove that T and 2' are mutually equilateral, and equal 
or symmetrical. 

Proof. Let the A P be the polar A of T, and P' of T. 
By hypothesis, the &. T and T' are mutually equiangular. 
.". the polar A P and P' are mutually equilateral. § 793 
.■. the polar A P and P' are mutually equian^ar. § 810 
But the A T and 2" are the polar A of P and P', § 792 
.-. the A r and y are mutually equilateral. S 793 
Hence, the A T and T are equal or symmetrical. § 810 

Q. B. D. 

Note. The statement that mutually equiangular aphertcal ttianglea 
ore mutually equilateral, and equal or symmetrical, is true only when 
they ax6 on the same sphere, or equal spheres. But when the spheres 
are unequal, the spherical triangles are unequal ; and the ratio of their 
homologous udes is equal to the ratio of the radii of the spheree. % 466 

Bz. 740. At a given point in a given arc of a great circle, to constroet 
a spherical angle equal to a given spherical angle. 

■z. 741. To Inscribe a circle in a given spherical triangle. 
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Pboposition XXII. Theorem. 

812. In an isosceles spherical triangle, the angles 
opposite the equal sides are equal. 




In the spherical triangle ABC, let AB equal AC. 

To prove that Z.B = Z.C. 

Proof. Draw the arc AD of a great circle, from the vertex A 
to the middle of the base BC. 

Then A ABD and ACI> aie mutually equilateral. 
.*. & ABD and A CD are mutually equiangular. § 810 
.' . Z.B ^ Z.C. IJ.B.D. 

813. Cor. The arc of a great circle drawn from the vertex 
of an isosceles spherical triangle to the middle of the hose 
bisects the vertical angle, is perpendicular to the base, and 
divides the triangle into two sym/metrieal triangles. 

Ex. 742. To circamscribe a circle about a given epberical triangle. 

Ex. 743. Given & spherical triaDgle whose aides ore 60°, S0°, and 100°. 
rind the angles of its polar triangle. 

Ex. 744. Given a, spherical triangle vrhose angles are 70°, 76°, and 06°. 
Find the sides of its polax triangle. 

Ex. 745. Find the ratio of two homologous aides of two mutually equi- 
aogolar triangles on spheres whoee radii ate 12 lucbce and 20 inches. 
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PSOFOSITION XXIII. TeEOBEH. 

814. If two angles of a spkericcd triangle are equal, 
the sides o^osite these angles are e^tal and the tri- 
angle is isosceles. 




In the spherical triangle ABC, let the angle B equal the angle C. 

To prove that AC = A3. 

Proof. Let the A A'B'C be the polar A of the A ABC. 

Now AB==^C. Hyp. 

.■.A'C' = A'B'. S793 

.■.ZB' = ZC. §812 

.•.AC = AB. §793 

__ ((.B.l>. 

Ex. 746. To bisect a spherical angle. 

Ei. 747. To constmct a spherical triangle, having given two ddee and 
the mcluded angle. 

Ex. 748. To constmct a spherical triangle, havmg given two angles 
and the included side. 

Ex.749. Toconstmctaspherical triangle, haringgiventhethreerides. 
Ex. 760. To construct a spherical triangle, having ^ven the three 

Ex. 761. To pass a plane tangent to a sphere at a ^ven point on the 
surface of the sphere. 

Ex. 762. To pass a plane tangent to a sphere through a given straight 
line without the ^here. 
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Pboposition XXIV. Theobbu. 

815. If two angles of a sphericcd triangle are unequal, 
the sides opposite are unequal, and the greater side is 
opposite the greater angle; conversely, if two sides are 
unequal, the angles opposite are unequal, and the greater 
angle is opposite the greater side. 




1. In the triangle ABC, let tbe angle ABC be greater than the 
angle ACB. 

To prove that AC > AB. 

Proof. Draw the arc BD of a great circle, making ^ CBD 

equal Z^(7B. Then i>C = i>B. §814 

Now AD + I)B>AB. § 789 

.■- AB + DO AB, or AC > AB. 

2. Let AC be greater than AB. 

To prove that the Z.ABC is greater than the Z. ACB. 
Proof. The Z ABC must be equal to, leas than, or greater 
than the ZACB. 

If /.ABC ~ZC, then AC^AB; §814 

and if Z ABC ia less than Z C, then AC < AB. (1) 

But both of these conclusions are contrary to the h3rpothe8iB. 

.■.Z.ABG is greater than Z C. <^».». 
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Proposition XXV. Theobem. 

816. TTie shortest line that can he drawn on the sur- 
face of a sphere between two points is the arc of a great 
cirdCy joining the two points not greater than a semi- 
circumference. 




Let AB be the arc of a great circle, not greater than a semicir- 
cumference, joining the points A and B. 

To prove that AB is the shortest line that can be drawn on 
the surf ace joining A and B, 

Proof. Let C be any point in AB. 

With A and B as poles and AC and BC 2ts polar distances, 
describe two arcs DCF and JSCG. 

The arcs DCF and UCG have only the point C in common. 
Eor if jP is any other point in DCF, and if arcs of great circles 
AF and BF are drawn, then 

AF = AC. §758 

But AF-\-BF>AC-\-BC. §789 

Take away AF from the left member of the inequality, and 
its equal AC from the right member. 

Then BF>BC. Ax. 5 

Therefore, BF>BG, the equal of BC. 

Hence, F lies without the circumference whose pole is j5, 
and the arcs DCF and FCG have only the point C in common. 
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Now let ADUB'he any line from -4 to ^ on the surface of 
the sphere, which does nof pass through C, 

This line will cut the arcs DCF and £JCG in separate points 
D and JS, and if we revolve the line AD about -4 as a fixed 
point until 2> coincides with C we shall have a line from A to 
C equal to the line AD, 

In like manner, we can draw a line from B to C equal to 
the line BK 

Therefore, a line can be drawn from ^ to ^ through C that 
is equal to the sum of the lines AD and B£!f and hence less 
than the line ADEB by the line DE. 

Therefore, no line which does not pass through C can be the 
shortest line from A to B, 

Therefore, the shortest line from Ato B passes through C, 

But C is any point in the arc AB, 

Therefore, the shortest line from A to B passes through 
every point of the arc AB, and consequently coincides with 
the arc AB. 

Therefore, the shortest line from -4 to ^ is the great circle 
arc AB. q. e. d. 

Ex. 753. The three medians of a spherical triangle meet in a point. 

Ex. 754. To construct a spherical surface with a given radius that 
passes through three given points. 

Ex. 755. To construct a spherical surface with a given radius that 
passes through two given points and is tangent to a given plane. 

Ex. 756. To construct a spherical surface with a given radius that 
passes through two given points and is tangent to a given sphere. 

Ex. 757. All arcs of great circles drawn through a pole of a given 
great circle are perpendicular to the clrcuinference of the great circle. 

Ex. 758. The smaUest circle whose plane passes through a given point 
within a sphere is the one whose plane is perpendicular to the radius 
through the given point. 
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MEASUREMENT OF SPHERICAL SURFACES. 

817. Def. a zone is a portion of the surface of a sphere 
included between two parallel planes. 

The circumferences of the sections made by the planes are 
called the bases of the zone, and the distance between the planes 
is the altitude of the zone. 

818. Def. A zone of one base is a zone one of whose bound- 
ing planes is tangent to the sphere. 

If a great circle PADQ (Fig. 1) is revolved about its diam- 
eter PQ, the arc AD will generate a zone, the points A and D 
will generate its bases, and CF will be its altitude. 

The arc PA will generate a zone of one base. 





819. Def. A lune is a portion of the surface of a sphere 
bounded by two semiciicumferences of great circles. 

820. Def. The angle of a lune is the angle between the 
semicircumferences which form its boundaries. 

Thus (Fig. 2), ABECA is a lune, BAC is its angle. 

821. Def. It is convenient to divide each of the eight equal 
tri-rectangular triangles of which the surface of a sphere is 
composed (§ 802) into 90 equal parts, and to call each of these 
parts a spherical degree. The surface of every sphere, there- 
fore, contains 720 spherical degrees. 
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* Proposition XXVI. Theorem. 

822. The area of the surface generated by a straight 
line revolving about an axis in its plane is equal to the 
product of the projection of the line on the axis by the 
circumference lohose radius is a perpendicular erected at 
the middle point of the line and terminated by the axis. 





Let XY be the axis, AB the revolving line, M its middle point, 
CD its projection on XY, MO perpendicular to XY, and MR to AB. 

To prove that the area of surf ace by AB == CD x 2 irMR. 

Proof. 1. If AB is II to XY, CD = AB, MR coincides with 
MO, and the area AB is the surface of a right cylinder. § 697 

2. If AB is not II to XY, and does not cut XY, the area AB 
is the surface of the frustum of a cone of revolution. 

.-. the area AB=^ABY.2 irMO. § 728 

Draw AE II to XY. 

The A ABE and MOR are similar. § 359 

.-. MO:AE = MR: AB. § 351 

.-. ABXM0 = AE X MR. § 327 

Or ABXM0=CDX MR. 

Substituting, the area AB = CD X 2 irMR. 

3. If A lies in the axis XY, the reasoning still holds, but 
AE and CD coincide, and the truth follows from § 722. 

Q.B.D. 
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Proposition XXVII. Theorem. . 

823. The area of the surface of a sphere is equal to 
the product of its diameter by the circumference of a 
great circle. n 



A F o Q E 

Let S denote the surface, R the radius, of a sphere generated by 
the semicircle ABCDE revolving about the diameter AE as an axis. 

To prove that S = AJEJ X 2 irB, 

Proof. Inscribe in the semicircle half of a regulax polygon 
having an even number of sides, as ABCDE, 

Prom the centre draw Js to the chords AB, BC, etc. 

These Js bisect the chords (§ 245) and are equal. § 249 

Let a denote the length of each of these Js. 

From B, C, and D drop the Ja BF, CO, and DG to AE. 

Then the area of surface by AB = AF x 2 ira, § 822 

the area of surface hy BC = FO x 2 ira, etc. 

.*. the area of surface by ABCDE = AE x 2 ira. 

Denote the area of the surface described by the semi-polygon 
by S', and let the number of sides of the semi-polygon be 
indefinitely increased. 

Then S' approaches /S as a limit, 

and a approaches ^ as a limit. § 449 

.-. AE X 2 7ra approaches AE X 2 ttE as a limit. § 279 

But S' = AEx27ra, always. § 822 

.'. S = AEx27rB. §284 

Q.B.D. 
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8Si4. Cob. 1. The surface of a sphere is equivalent to four 
great circles; that is, to ^itB^, 

For irR^ is equal to the area of a great circle, § 463 

and 4 irB^ is equal to 2 -B X 2 irB, the area of the surface of a 
sphere. § 823 

825. Cob. 2. The areas of the surfaces of two spheres are 
as the squares of their radii^ or as the squares of their 
diameters. 

Let B and -B' denote the radii, D and 2>' the diameters, and 
S and aS' the areas of the surfaces of two spheres. 

Then ^ = l!^ = :?! = j(i:^ = ^. 

826. Cob. 3. TJie area of a zone is equal to the product of 
its altitude hy the circumference of a great circle. 

If we apply the reasoning of § 823 to the zone generated by 
the revolution of the arc BCD, we obtain 

the area of zone BCD = FGy.2 irR, 

where FG is the altitude of the zone and 2 irR the circumfer- 
ence of a great circle. 

827. Cor. 4. Zones on the same sphere or equal spheres 
are to each other as their altitudes. 

828. Cor. 5. A zone of one base is equivalent to a circle 
whose radium is themchord of the generating arc. 

The arc AB generates a zone of one base ; 

and zone AB = AFx27rE = irAF X AE. 



But AFX AM = AB^. % 370 



.*. the zone AB = irAJ^. 
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pEOPOSiTiON XXTIII^ Thbobkm. 

829. The area of a lune is to the area of the surface 
of the sphere as the number of degrees in the angle of 
the lune is to 360. 




Let ABEC be a lune, BCDF the great ctrde whose pole is A ; also 
let A denote the nnmber of degrees in the angle of the Inne, L the 
area of the lune, and S the area of the surface of the sphere. 

Tt>j)rove that L:S = A:360. 

Proof. The arc JiC measures the Z ^ of the lune. § 779 

Hence, arc £C; circumference SCjDJf = ^: 360. 

If BC and BCDF are commensurable, let their common 

measure be contained m times in BC, and n times in BCDF. 

Then arc BC : circumference BCDF = m.:n. 

.-. J:360-m:n. §288 

Pass arcs of great ® through the diameter AE and all the 

points of the division of BCDF. These arcs will divide the 

entire surface into n equal lunea, of whfth the lune ABEC 

will contain m. 

.■.L:S = m:n. 

.•.L:S = A:3&0. Ax. 1 

If BC and BCDF are ineommenaurable, the theorem can 

be proved t^ the method of limits as in § 519. o.t.it. 
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830. Cob. 1. The number of spherical degrees in a lune 
is equal to twice the number of angle degrees in the angle 
of the lune. 

If L and S are expressed in spherical degrees, § 821 

then X : 720 = ^ : 360. § 829 

Therefore, Z = 2 ^. 

831. Cor. 2. The area of a lune is equ^al to one ninetieth 
of the area of a great circle multiplied by the number of 
degrees in the angle of the lune. 

For Z:47r^2 = ^:360. §829 



Therefore, L = 



90 



832. Cob. 3. Two lunes on the same sphere or equal 
spheres have the same ratio as their angles. 

For X:X' = -^:-^. §831 



That is, L:L' = 

833. Cob. 4. Two lunes which have equal angles, but 
are situated on unequal spheres, have the sams ratio as the 
squares of the radii of the spheres on which they are situated 

For X:X' = -^:-^- §831 

That is, L:L' = It^: R'\ 



Ex. 759. Given the radius of a sphere 10 inches. Find the area of a 
lune whose angle is 30®. 

Ex. 760. Given the diameter of a sphere 16 inches. Find the area of a 
lune whose angle is 76®. 
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Peopositiok XXIX. Theorem. 

834. The area of a spfurical triangle, expressed in 
spherical degrees, is numericcdly equal to the ^kerical 
excess of the triangle. 




Let A, B, C denote the values of the angtes of the 8[dierical tri- 
angle ABC, and E the spherical ezcesa. 

To prove that the number of spherical degrees in A ABC = £!. 

Proof. Produce the sides of the A ABC to complete circles. 

These circles divide the surface of the sphere into eight 
spherical triangles, of which any four having a common ver- 
tex, as A, form the surface of a hemisphere. 

The A A'BC, AB'C are symmetrical and equivalent. § 807 

And AABC + AA'BC ^hmeABA-C. 

Put the A AB'C for its equivalent, the A A'BC. 

Then A ABC + A AB'C ^ lune ABA'C. 

Also A ABC + A AB'C s> lune BAB'G. 

And A ABC + A ABC =s= lune CACB. 

Add and observe that in spherical degrees 

A ABC + A AB'C + A AB'C + A ABC = 360, § 821 
and ABA'C + BAB'C+CACB--^2(A + B+C). §830 

Then 2 A ABC + 360 = 2(A + B + C). 

.-. A ABC = A + £+C-liO = E. ,.b.d. 
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835. Cob. 1. The area of a spherical triangle is to the area 
of the surface of the sphere as the number which expresses 
its spherical excess is to 720. 

For the number of spherical degrees in a spherical A ABC 
is equal to ^ (§ 834), and the number of spherical degrees in 
S, the surface of the sphere, is equal to 720. § 821 

.\AABC:S = E:720, 

836. Cob. 2. The area of a spherical triangle is equal to 
the area of a great circle multiplied hy the number of degrees 
in E divided hy one hundred eighty. 

For AABC:S = U:720. §835 

But /S = 4 ttE^ § 824 

4 ttE^U itR^E 



.AABC-= 



720 180 



Ex. 761. What part of the surface of a sphere is a triangle whose 
angles are 120°, 100°, and 96° ? What is its area in square inches, if the 
radius of the sphere is 6 inches ? 

Ex. 762. Find the area of a spherical triangle whose angles are 100°, 
120°, 140°, if the diameter of the sphere is 16 inches. 

Ex. 763. If the radii of two spheres are 6 inches and 4 inches respec- 
tively, and the distance between their centres is 5 inches, what is the area 
of the circle of intersection of these spheres ? 

Ex. 764. Find the radius of the circle determined in a sphere of 5 
inches diameter by a plane 1 inch from the centre. 

Ex. 765. If the radii of two concentric spheres are B. and B.\ and if 
a plane is drawn tangent to the interior sphere, what is the area of the 
section made in the other sphere ? 

Ex. 766. Two points A and B are 8 inches apart. Find tne locus in 
space of a point 5 inches from A and 7 inches from B, 

Ex. 767. The radii of two paraJlel sections of the same sphere are a 
and h respectively, and the distance between these sections is d. Find the 
radius of the sphere. 
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Peoposition XXX. Theobbh. 

837. If T denotes the number which expresses the sum 
of the angles of a spherical polygon ofn sides, the area 
of the polygon expressed in spherical degrees is numeri- 
cally equal to T-(n-2) 180. 



Let ABCDE be a polygon of n sides. 

To prove that the area of ABCDE stressed in spherical 
degrees is numerically equal to 

T-(n-2) 180. 

Proof. Divide tlie polygon into spherical triangles by draw- 
it^ diagonals from any vertex, as A. 

These diagonals divide the polygon into « — 2 spherical A. 
The area of each triangle in spherical degrees is numerically 
equal to the sum of its angles minus 180. § 834 

Hence, the sum of the areas of all the n — 2 triangles ex- 
pressed in spherical degrees is numerically equal to the sum of 
all their angles minus (n — 2)180. 

Now the sum of the areaa of the triangles is the area of the 
polygon, and the sum of the angles of the triangles is the sum 
of the angles of the polygon. 

Therefore, the area of the polygon expressed in spherical 
degrees is numerically equal to T — (n — 2) 180. »j.e.d. 
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SPHERICAL VOLUMES. 

838. Def. a spherical pyramid is the portion of a sphere 
bounded by a spherical polygon and the 
planes of its sides. 

The centre of the sphere is the vertex 
of the pyramid, and the spherical poly- 
gon is the base of the pyramid. 

Thus, O'ABC is a spherical pyramid. 

839. Def. A spherical sector is the portion of a sphere gen- 
erated by the revolution of a circular sector about any diameter 
of the circle of which the sector is a part. 

The base of a spherical sector is the zone generated by the 
arc of the circular sector. 






840. Def. A spherical segment is a portion of a sphere con- 
tained between two parallel planes. 

841. Def. The bases of a spherical segment are the sec- 
tions made by the parallel planes, and the altitude of a spheri- 
cal segment is the perpendicular distance between the bases. 

842. Def. If one of the parallel planes is tangent to the 
sphere, the segment is called a segment of one base. 

843. Def. A spherical wedge is a portion of a sphere bounded 
by a lune and two great semicircles. 
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FBOPoanioir XXXI. Theorem. 

844. The volume of a sphere is equal to the product 
of the area of its surface by one third of its radius. 




Let B be the radlas of a sphere whose centre is 0, S its sarface, 
and T its TOlniDe. 

To prove that F = 5 X ^B. 

Proof. Conceive a cube to be circumscribed about the sphere. 
Its volume is greater than that of the sphere, because it con- 
tains the sphere. 

From 0, the centre of the sphere, conceive Unes to be drawn 
to the vertices of the cube. 

These lines are the edges of six quadrangular pyramids, 
whose bases aie the faces of the cube, and whose common alti- 
tude is the radius of the sphere. 

The volume of each pyramid is equal to the product of its 
base by J its altitude. Hence, the volume of the six pyramids, 
that is, the volume of the circumscribed cube, is equal to the 
area of the surface of the cube multiplied by ^R. 

Now conceive planes drawn tangent to the sphere, at the 
points where the edges of the pyramids cut its surface. We 
then have a circumscribed solid whose volume is nearer that 
of the sphere than is the volume of the circumscribed cube, 
because each tangent plane cuts away a portion of the cube. 
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Erom conceive lines to be drawn to each of the polyhe- 
dral angles of the solid thus formed. These lines form the 
edges of a series of pyramids, whose bases are together equal 
to the surface of the solid, and whose common altitude is the 
radius of the sphere ; and the volume of each pyramid thus 
formed is equal to the product of its base by J its altitude. 

Hence, the sum of the volumes of these pyramids, that is, 
the volume of this new solid, is again equal to the area of its 
surface multiplied by ^ R. 

If we denote the area of the surface of this polyhedron by 
S\ and the volume of the polyhedron by V, 

r = s' xiB. 

If we continue to draw tangent planes to the sphere, we con- 
tinue to diminish the circumscribed solid, since each new plane 
cuts off a corner of the polyhedron. 

By continuing this process indefinitely, we can make the 
difference between the volumes of the circumscribed solid and 
sphere less than any assigned quantity, however small, but we 
cannot make it zero ; and the difference between the areas of 
the surfaces of the circumscribed solid and sphere less than any 
assigned quantity, however small, but we cannot make it zero. 

Hence, V is the limit of T, and S is the limit of S'. § 275 

But T=z S' Xi B, always. 

.'.V=SxiE. §284 

Q.B.D. 

845. Cor. 1. The volume of a sphere is equal to 

4 irB^ XiE; that is, J 7r^«, or J irl^, (D = diameter.) 

846. Cor. 2. The volumes of two spheres are to each other 
as the cubes of their radii. 

For F: F = J tt^* : f 7r^« = -R^ -R'«. 

847. Cor. 3. The volume of a spherical pyramid is equal to 
the product of its base by one third of the radius of the sphere. 
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848. Cor. 4, The volume of a spherical sector is equal to 
one third the product of the zone which forms its hose hy the 
radius of the sphere. 

If R denotes the radius of the sphere, C the ciroumference 
of a great circle, H the altitude of the zone, Z the surface of the 
zone, and V the volume of the sector ; then, C = 2 irlt (§ 468), 
Z = 2-7rR X ^(§ 826), and V = 2 irBff X i B = ^ ttR'S. 

Proposition XXXII. Pboblbm. 

849. To find th£ volume of a spherical segmmt. 



Let AC and BD be two semi-chords perpendicular to the diameter 
HH of the semicircle NCDM. Let OM be equal to B, AM to a, BH 
to b, AB to h, AC to r, BO to r'. 

Case 1, To find the volume in terms of R and a of the seg- 
ment of one base generated hy the circular semi-segment ACM, 
as the semioircle revolves about MN as an axis. 

The sector generated by OCM = } TrR'a. § 848 

The cone generated by OOl = ■JwV(^- o). S 724 

Hence, segment A CM = }■ TR^a — -J- wr" (fi — a) 

= '^{2R*a-Rr* + ar*). 

Not r' = AMxAN = a(2R-a). S 370 

.-. the segment ACM = iraM 5 — | V (1) 
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If from the relation r^ = a (2 -B — a) we find the value of jR, 
and substitute it in (1), we obtain the volume in terms of the 
altitude and the radius of the base. 

The segment A CM = J tt A + i 'rra\ (2) 

Case 2. To find the volume in terms of r, r\ and h of the 
segment of two hoses generated hy the circular semirsegw,ent 
ABDCy as the semicircle revolves about NM as an axis. 

Since the volume is obviously the difference of the volumes 
of the segments of one base generated by the circular semi- 
segments ACM 2irA BDM, therefore, by formula (1), 

segment ABDC = ira^ T-B - | j - irh^ (b - | J 

= 7rB(a^ - &^ - |(a' - b') (3) 

'jrh 
(put A for a - ft) = irBh(a + b)- — (a^ + ab + b') 

= irh l{Ba + Bb)'-\ (a^ + ab + ft*)]. 
Kow a-b = h. .\a^ -2a;b + b^^h\ 

Add 3 aft to each side, a^ + ab + V = h^ + ^ ab. 
Since (2B -a)a = r', and (2B - ft)ft = r^, § 370 

Ba + Bb=^—^ + —^ — 

t^ -I- 1.« a^-{- b^ h^ n 

— 2 ' 2 3^ "" ^* 



= ^^[^^T^ + f + ^^-|"^*] 



= 5(7r7^+ 7rr")+-g-' 



Q.B.F. 
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NUMBBICAL BXBBOISBS. 

Ex. 768. Find the surface of a sphere, if the diameter is (i) 10 inches ; 
(ii) 1 foot 9 inches ; (iii) 2 feet 4 inches ; (iv) 7 feet ; (v) 10.5 feet. 

Ex. 769. Find the diameter of a sphere if the surface is (i) 610 square 
inches ; (ii) 38i square feet ; (iii) 9856 square feet. 

Ez. 770. The circumference of a dome in the shape of a hemisphere is 
66 feet. How many square feet of lead are required to cover it ? 

Ex. 771. If the ball on the top of St. Paul's Cathedral in London is 6 
feet in diameter, what would it cost to gild it at 7 cents per square inch ? 

Ex. 772. What is the numerical value of the radius of a sphere, If its 
surface has the same numerical value as the circumference of a great 
circle ? 

Ex. 773. Find the surface of a lune, if its angle is 30°, and the total 
surface of the sphere is 4 square feet. 

Ex. 774. What fractional part of the whole surface of a sphere is a 
spherical triangle whose angles are 43° 27', 8P 67', and 114° 36' ? 

Ex. 775. The angles of a spherical triangle are 60°, 70°, and 80°. The 
radius of the sphere is 14 feet. Find the area of the triangle. 

Ex. 776. The sides of a spherical triangle are 80°, 74°, and 128°. The 
radius of the sphere is 14 feet. Find the area of the polar triangle in 
square feet. 

Ex. 777. Find the area of a spherical polygon on a sphere whose radius 
is 10^ feet, if its angles are 100°, 120°, 140°, and 160° 

Ex. 778. The planes of the faces of a quadrangular spherical pyramid 
make with each other angles of 80°, 100°, 120°, and 150° j and the length 
of a lateral edge of the pyramid is 42 feet. Find the area of its base in 
square feet. 

Ex. 779. The planes of the faces of a triangular spherical pyramid 
make with each other angles of 60°, 80°, and 100°, and the area of the base 
of the pyramid is 4 ;r square feet. Find the radius of the efphere. 

Ex. 780. The diameter of a sphere is 21 feet. Find the curved surface 
of a segment whose height is 5 feet 

Ex. 781. In a sphere whose radius is 12, find the height of a zone whose 
area is equal to that of a great circle. 
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Ex. 782. What is the area of a zone of one base whose height is h, and 
the radius of the base r ? What would be the area if the height were 
twice as great ? 

Ex. 783. The altitude of the torrid zone is 3200 miles. Find its area, 
j^y pmriiTig the earth to be a sphere with a radius of 4000 miles. 

Ex. 784. A plane divides the surface of a sphere of radius B into two 
zones, such that the surface of the greater is the mean proportional between 
the entire surface and the surface of the smaller. Find the distance of 
the plane from the centre of the sphere. 

Ex. 785. If a sphere of radius B is cut by two parallel planes equally 
distant from the centre, so that the area of the zone comprised between 
the planes is equal to the sum of the areas of its bases, find the distance 
of either plane from the centre. 

Ex. 786. Find the area of the zone generated by an arc of 30°, of which 
the radius is r, and which turns around a diameter passing through one 
of its extremities. 

Ex. 787. Find the area of the zone of a sphere of radius jB, illuminated 
by a lamp placed at the distance h from the sphere. 

Ex. 788. How much of the earth's surface would a man see if he were 
raised to the height of the radius above it ? 

Ex. 789. To what height must a man be raised above the earth in order 
that he may see one sixth of its surface ? 

Ex. 790. The square on the diameter of a sphere and the Square on an 
edge of the inscribed cube are as 3 : 1. 

Ex. 791. Find the volimie of a sphere, if the diameter is (i) 13 inches ; 
(u) 3 feet 6 inches ; (iii) 10 feet 6 inches ; (iv) 14.7 feet. 

Ex. 792. Find the diameter of a sphere, if the volume is (i) 75 cubic 
feet 1377 cubic inches ; (ii) 179 cubic feet 1152 cubic inches ; (iii) 1047.816 
cubic feet ; (iv) 38.808 cubic yards. 

Ex. 793. Find the volume of a sphere whose circumference is 45 feet. 

Ex. 794. Find the volume F of a sphere in terms of the circumference 
of a great circle. 

Ex. 795. Find the radius E of a sphere, having given the volume V. 

Ex. 796. Find the radius B of b. sphere, if its circumference and its 
volume have the same numerical value. 
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Ex. 797. The Yohime of a fifphere Is to the yohims of the GiroamsGnbed 
cabe aa AT is to 6. 

Ex. 798. An iron ball 4 inches in diameter weighs 9 pounds. Find 
the weight of an iron shell 2 inches thick, whose external diameter is 
20 inches. 

Ex. 799. The radius of a fifphere is 7 feet What is the volmne of a 
wedge whose angle is 36^ ? 

Ex. 800. What is the angle of a spherical wedge, if its volume is one 
cubic foot, and the volume of the entire sphere is 6 cubic feet ? 

Ex. 801. Find the volume of a spherical sector, if the area of the zone 
of its base is 3 square feet, and the radius of the sphere is 1 foot. 

Ex. 802. The radius of the base of a segment of a sphere is 16 inches, 
and the radius of the sphere is 20 inches. Find the volume of the segment. 

Ex. 803. The inside of a wash-basin is in the shape of the segment of a 
sphere ; the distance across the top is 16 inches, and its greatest depth is 
6 inches. Find how many pints of water it will hold, reckoning 7i gal- 
lons to the cubic foot. 

Ex. 804. What is the height of a zone, if its area is 8, and the volume 
of the sphere to which it belongs is F ? 

Ex. 805. The radii of the bases of a spherical segment are 6 feet and 
8 feet, and its height is 3 feet. Find its volume. 

Ex. 806. Find the volume of a triangular spherical pyramid, if the 
angles of the spherical triangle which forms its base are each 100°, and the 
radius of the sphere is 7 feet. 

Ex. 807. The circumference of a sphere is 28 ;r feet. Find the volume 
of that part of the sphere included by the faces of a trihedral angle at the 
centre, the dihedral angles of which are 80°, 105°, and 140°. 

Ex. 808. The planes of the faces of a quadrangular spherical pyramid 
make with each other angles of 80°, 100°, 120°, and 150°, and a lateral 
edge of the pyramid is Si feet. Find the volume of the pyramid. 

Ex. 809. Having given the volume F, and the height h, of a sphericaL 
segment of one base, find the radius R of the sphere. 

Ex. 810. Find the weight of a sphere of radius R, which floats in a 
liquid of specific gravity s, with one fourth of its surface above the sur- 
face of the liquid. (The weight of a floating body is equal to the weight 
of the liquid displaxsed.) 
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MIBOELLANBOUB BXBBOI8BS. 

Ex. 811. Determine a point in a given plane such that the difference 
of its distances from two given points on opposite sides of the plane atiaXL 
be a maximum. 

Ex. 812. The portion of a tetrahedron cut off by a plane i)arallel to 
any face is a tetrahedron similar to the given tetrahedron. 

Ex. 813. Two symmetrical tetrahedrons are equivalent. 

Ex. 814. Two symmetrical polyhedrons may be decomposed into the 
same number of tetrahedrons symmetrical each to each. 

Ex. 816. Two symmetrical polyhedrons are equivalent. 

Ex. 816. If a solid has two planes of symmetry perpendicular to each 
other, the intersection of these planes is an axis of symmetry of the solid. 

Ex. 817. If a solid has three planes of symmetry perpendicular to one 
another, the three intersections of these planes are three axes of symmetry 
of the solid ; and the common intersection of these axes is the centre of 
symmetry of the solid. 

Ex. 818. The volume of a sphere is to the volume of the inscribed cube 
as ;r is to f Vs. 

Ex. 819. Find the area of the surface of the sphere inscribed in a regu- 
lar tetrahedron whose edge is 6 inches. 

Ex. 820. If a zone of one base is the mean proportional between the 
remainder of the surface of the sphere and the total surface of the sphere, 
find the distance of the base of the zone from the centre of the sphere. 

Ex. 821. Find the difference between the volume of a frustum of a 
pyramid and the volume of a prism each 24 feet high, if the bases of the 
frustum are squares with sides 20 feet and 16 feet, respectively, and the 
base of the prism is the section of the frustum parallel to the bases and 
midway between them. 

Ex. 822. If the earth is assumed to be a sphere of 4000 miles radius, 
how far at sea can a lighthouse 100 feet high be seen ? 

Ex. 823. If the atmosphere extends 60 miles above the surface of the 
earth, and the earth is assumed to be a sphere of 4000 miles radius, find 
the volume of the atmosphere. 
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Ex. 824. Draw a line through the vertex of any trihedral angle, ma.lring 
equal angles with its edges. 

Ex. 825. In any trihedral angle, the three planes passed through the 
edges and the respective bisectors of the opposite face angles intersect in 
the same straight line. 

Ex. 826. In any trihedral angle, the three planes passed through the 
bisectors of the face angles, perpendicular to these faces, respectively, 
intersect in the same straight line. 

Ex. 827. In any trihedral angle, the three planes passed through the 
edges, perpendicular to the opposite faces, respectively, intersect in the 
same straight line. 

Ex. 828. In a tetrahedron, the planes passed through the three lateral 
edges and the middle points of the opposite sides of the base intersect in 
a straight line. 

Ex. 829. The lines drawn from each vertex of a tetrahedron to the 
point of intersection of the medians of the opposite face all meet in a point 
called the centre of gravity^ which divides each line so that the shorter seg- 
ment is to the whole line in the ratio 1 : 4. 

Ex. 830. The straight lines joining the middle points of the opposite 
edges of a tetrahedron all pass through the centre of gravity of the tetra- 
hedron, and are bisected by the centre of gravity. 

Ex. 831. The plane which bisects a dihedral angle of a tetrahedron 
divides the opposite edges into segments proportional to the areas of the 
faces that include the dihedral angle. 

Ex. 832. The altitude of a regular tetrahedron is equal to the sum of 
the four perpendiculars let fall from any point within the tetrahedron 
upon the four faces. 

Ex. 833. Within a given tetrahedron, to find a point such that the 
planes passed through this point and the edges of the tetrahedron shall 
divide the tetrahedron into four equivalent tetrahedrons. 

Ex. 834. To cut a cube by a plane so that the section shall be a regular 
hexagon. 

Ex. 835. Two tetrahedrons are similar if a dihedral angle of one is 
equal to a dihedral angle of the other, and the faces that include these 
angles are respectively similar, and similarly placed. 
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Xx. 836. To cat a tetrahedral angle so that the section shall be a 
parallelogranL 

Ex. 837. Two polyhedrons composed of the same number of tetrahe- 
drons, similar each to each and similarly placed, are similar. 

Ex. 838. If the homologous faces of two similar pyramids are respect- 
ively parallel, the straight lines which join the homologous vertices of the 
pyramids meet in a point. 

Ex. 839. The volume of a right circular cylinder is equal to the product 
of the lateral area by half the radius. 

Ex. 840. The volume of a right circular cylinder is equal to the product 
of the area of the rectangle which generates it, by the length of the cir- 
cumference generated by the point of intersection of the diagonals of the 
rectangle. 

Ex. 841. If the altitude of a right circular cylinder is equal to the 
diameter of the base, the volume is equal to the total area multiplied by a 
third of the radius. 

Ex. 842. Show that the prismatoid formula can be used for finding the 
volume of a sphere. 

Ex. 843. Find the altitude of a zone equivalent to a great circle. 

Ex. 844. Find the area of a spherical pentagon whose angles are 122^, 
128°, 131°, 160°, 161°, if the surface of the sphere is 160 square feet. 

Construct a spherical surface with given radius : 

Ex. 845. Passing through a given point and tangent to two given 
planes. 

Ex. 846. Passing through a given point and tangent to two given 
spheres. 

Ex. 847. Passing through a given point and tangent to a given plane 
and a given sphere. 

Ex. 848. Tangent to three given planes. 

Ex. 849. Tangent to three given spheres. 

Ex. 860. Tangent to two given planes and a given sphere. 

Ex. 861. Tangent to two given spheres and a given plane. 

Ex. 862. Through a given point to pass a plane tangent to a given cir- 
cular cylinder. 
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Ex. 863. Through a given point to paaB a plane tangent to a giTon 
droolar cone. 

Ex. 864. Find the radius and the surface of a sphere whose volume is 
one cubic yard. 

Ex. 866. Find the centre of a sphere whose surface passes through 
three given points, and touches a given plane. 

Ex. 866. Find the centre of a sphere whose surface touches two given 
planes, and passes through two given points which lie between the planes. 

Ex. 867. The volume of a sphere is two thirds the volume of the cir- 
cumscribed circular cylinder, and its surface is two thirds the total surface 
of the cylinder. 

Ex. 868. Given a sphere, a cylinder circumscribed about the sphere, 
and a cone of two nappes inscribed in the cylinder. If any two planes 
are drawn perpendicidar to the axis of the three figures, the spherical 
segment between the planes is equivalent to the difference between the 
corresponding cylindrical and conic segments. 

Ex. 869. A sphere 12 inches in diameter has an auger hole 3 inches in 
diameter through its centre. Find the remaining volume. 

Ex. 860. Find the area of a solid generated by an equilateral triangle 
turning about one of its sides, if the length of the side is a. 

Ex. 861. Compare the volumes of the solids generated by a rectangle 
turning successively about two adjacent sides, the lengths of these sides 
being a and b. 

Ex. 862. An equilateral triangle revolves about one of its altitudes. 
Compare the lateral area of the cone generated by the triangle and the 
surface of the sphere generated by the inscribed circle. 

Ex. 863. An equilateral triangle revolves about one of its altitudes. 
Compare the volumes of the solids generated by the triangle, the inscribed 
circle, and the circumscribed circle. 

Ex. 864. The perpendicular let fall from the point of intersection of 
the medians of a given triangle upon any plane not cutting the triangle 
is equal to one third the sum of the perpendiculars from the vertices of 
the triangle upon the same plane. 

Ex. 866. The perpendicular from the centre of gravity of a tetrahedron 
to a plane not cutting the tetrahedron is equal to one fourth the sum of 
the perpendiculars from the vertices of the tetrahedron to the plane. 
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CONIC SECTIONS. 



THE PARABOLA. 

850. Dep. a parabola is a curve which is the locus of a 
point that moves in a plane so that its distance from a fixed 
point in the plane is always equal to its distance from a fixed 
line in the plane. 

851. Def. The fixed point is called the focus ; and the fixed 
line, the diiectriz. 

852. A parabola may be described by the continuous motion 
of a point, as follows : 




Place a ruler so that one of its edges shall coincide with the 
directrix DU. Then place a right triangle with its base edge 
in contact with the edge of the ruler. Fasten one end of a 
string, whose length is equal to the other edge BC, to the point 
B, and the other end to a pin fixed at the focus F. Then 
slide the triangle BCU along the directrix, keeping the string 
tightly pressed against the ruler by the point of a pencil P. 
The point P will describe a parabola ; for during the motion 
we always have FF equal to FC, 

400 



410 
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Proposition I. Pboblem. 



853. To construct a parabola by points^ having given 
its focus and its directrix. 




Let F be the focus, and ODE the directrix. 

Draw FD A^to CE, meeting CE at D. Bisect FD at A, 

Then -4 is a point of the curve. § 850 

Through any point M in the line DF, to the right of A, 
draw a line II to CE, 

With F as centre and DM as radius, draw arcs cutting this 
line at the points P and Q. 

Then P and Q are points of the curve. 

Proof. Draw PC and QE ± to CE. 

Then PC = DM, and QE = DM, § 180 

and DM = PF = QF. Const. 

.-. PC = PF, and QE = QF. Ax. 1 

Therefore, P and Q are points of the curve. § 850 

In this way any number of points may be found ; and a con- 
tinuous curve drawn through the points thus determined is 
the parabola whose focus is F and directrix CDE. o.b.f. 
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854. Dep. The point A is called the vertex of the curve. 
The line DF produced indefinitely in both directions is called 
the axis of the curve. 

855. Dep. The line FF, joining the focus to any point F 
on the curve, is called the focal radius of P. 

856. Dep. The distance AM is called the abscissa, and the 
distance FM the ordinate, of the point F. 

857. Dep. The double ordinate LB, through the focus, is 
called the latus rectum or parameter. 

858. Cor. 1. The parabola is symmetrical with respect to 
its axis. § 210 

For FF = FQ (Const.), and, therefore, FM = QM. § 149 

859. Cob. 2. The curve lies entirely/ on one side of the 
perpendicular to the axis erected at the vertex; namely^ on 
the same side as the focus. 

For any point on the other side of this perpendicular is 
obviously nearer to the directrix than to the focus. 

860. Cor. 3. The parabola is not a closed curve. 

For any point on the axis of the curve to the right of F is 
evidently nearer to the focus than to the directrix. Hence, 
the parabola QAF cannot cross the axis to the right of F, 

861. Cor. 4. The latus rectum is equal to ^AF, 



§850 



For, 


if i 6^ is drawn ± to CDF, 


then 


LF = LG, and LG = DF. 




.\LF = DF = 2AF. 


Similarly, 


RF = DF = 2AF. 


Therefore, 


LE = 4:AF. 



Note. In the following propositions, the focus will be denoted by F, 
the vertex by A, and the point where the axis meets the directrix by D. 
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Pbopositiok II. Thbobem. 

862. The ordinate of any point of a parabola is the 
mean proportional between the latus rectum and the 
abscissa. 




Let P be any point, AM its abscissa, PM its ordinate. 



To prove that PM =4: AFX AM. 

fW = 'fP — FM^ = 'JDM^ — FM* 



Proof. 



= (DM-FM) (DM + FM) 
= I>F(DF + FM + FM) 

= 2AF(2AF-i-2FM) 
= 2AF(2AM). 



Hence, 



FM' = 4:AF XAM. 



§ 850 



Q. B. D. 

863. Cor. 1. The greater the aiscissa of a pointy the greater 
the ordinate. 



864. Cob. 2. 
abaoissas. 

For 



The sqtuirea of any two ordinatea are as the 



PM' 4: AFX AM AM 



QN^ 4. AFX AN AN 
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Proposition III. Theorem. 



865. Every point vnthin the parabola is nearer to the 
focus than to the directrix ; and every point without 
the parabola is farther from the focus than from the 
directrix. 




1. Let Q be a point within the parabola. Draw QC perpendicu- 
lar to the directrix, cutting the curve at P. Draw QF and PF. 



To prove that QF < QC. 

Proof. In ihe A QFF, QF<QF-\-FF, 

.\QF<QF-\-Fa 
.'.QF<QC. 

2. Let Q^ be a point without the curve. Draw Q^F. 

To prove that Q^F>Q'a 

Pnxrf. In the A Q'FF, Q'F > FF - FQ'. 

.\QF>FC-'FQ'>Q^a 



§138 



§138 

Q. B. D. 



866. Cor. A point ia within or without a parabola accord- 
ing as its distance from the focus is less than^ or greater 
than^ its distance from the directrix, 

867. Def. a straight line which touches, but does not cut, 
a parabola, is called a tangent to the parabola. The point 
where it touches the parabola is called the point of contact. 
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Proposition IV. Theorem. 



868. If a line FT is drawn from any point P of the 
curve, bisecting the angle between FF and the perpen- 
dicular from F to the directrix, every point of the line 
FT, except F, is without the curve. 




Let PC be the perpendicular from P to the directrix, the angle 
FPT equal the angle OPT, and let X be any other point in PT 
except P. 

To prove that X is without the curve. 

Proof. Draw XE ± to the directrix, and draw CX, FX, CF. 

Let CF meet FT at R. 

In the isos. A FCF, CB = RF, 

and CX = FX. 

But EX < ex. 

.\EX<FX. 

Hence, X is without the curve. 



§149 

§160 

§ 97 



§866 

Q.B.]>. 

869. Cor. 1. The bisector of the angle between PF and the 
perpendicular from P to the directrix is tangent to the curve 
at P. § 867 

870. Cor. 2. PT bisects FC, and is perpendicular to FC. 
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871. Cob. 3. Since the angles FPT and FTP are equals FT 
equals FP, § 147 

872. Cob. 4. The tangent at A is perpendicular to the axis. 
For it bisects the straight angle FAD, 

873. Cob. 5. The tangent at A is the locus of the foot of 
the perpendicular dropped from the focus to any tangent. 

Since FB = EC, and FA = AD, R is in AH. § 189 

874. Dep. The line PN drawn through F perpendicular to 
the tangent FT is called the normal at P. 

875. Dep. If the ordinate of F meets the axis in M, and the 
tangent and normal at F meet the axis in T and N respec- 
tively, then MT is the subtangent and MN the subnormal 

876. Cob. 6. The subtangent is bisected by the vertex. 
For FT = FF (§ 871), and FF = DM. § 850 
Hence, FT = DM-, bIso AF = AD. 

Therefore, FT - AF = DM - AD. Ax. 3 

That is, TA = AM. 

877. Cob. 7. The subnormal is equal to half the lotus 
rectum. 

For CF = FN, and CF = DM. § 180 

.\ FN = DM (Ak. 1) ', that is, FM + MN = DF + FM. 

Therefore, MN = DF. Ax. 3 

878. Cob. 8. The normal bisects the angle between FP and 
CP produced ; that is^ bisects the angle FPG. 

For Z NFT = Z NFK, and Z FFT = Z TFC = Z GFK. 

Hence, Z NFF = ZNFG. Ax. 3 

879. Cob. 9. The circle with F as centre and FP as radius 
passes through T and N. 
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Pboposition V. Pboblbm. 

880. To draw a tangent to a parabola from an external 
point. 




Let R be any point external to the parabola QAP. 

With E as centre and BF as radius, draw arcs cutting tlie 
directrix at the points B, C, Through B and C draw lines 
parallel to the axis, meeting the parabola in P, Q, respectively. 
Draw EF, BQ. 

Then BF and BQ are tangents to the curve. 

Pnxrf . By construction, BB = BF, and FB = FF. § 860 

Hence, Z BFB = Z BFF. § 160 

Therefore, BF is the tangent at P. § 869 

For like reason, BQ is the tangent at Q. q.b.f. 

881. Cob. Two tangents can always be drawn to a parab- 
ola from an external point. 

For B is without the curve and nearer to the directrix than 
to the focus (§ 866) ; therefore, the circle with B as centre and 
BF as radius must always cut the directrix in two points. 

882. Dep. The line joining the points of contact P and Q 
is called the chord of contact for the tangents drawn irom. B. 
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Proposition VI. Theobem. 

883. The line joining the focus to the intersection of 
two tangents makes equal angles with the focal radii 
drawn to the points of contact. 

Let the tangents drawn at P and Q meet in R. 

To prove that Z RFP = Z RFQ. 

Proof. Draw the Js Pj5, ^(7 to the directrix, and draw BB^ 
BC, BF, FB. 



• 


A BFP = A BBP, 


§160 


For 


FB = FF, 


§ 850 


and 


BB = BF. 


§§ 870, 160 




.'. Z BFF = Z BBF. 


§128 


Similarly, 


ZBFQ = ZBCQ. 




Now 


Z BBF =90'' + Z BBC, 




and 


Z BCQ = 90'' -i-ZBCB', 




and since 


BB = BF, and BC = BF, 




therefore, 


BB = BC. 


Ax. 1 


Hence, 


ZBBC = ZBCB. 


§146 


Therefore, 


ZBBF = ZBCQ, 




and 


Z BFF = Z BFQ. 


Q. B. D. 



884. Cob. The tangents drawn through the ends of a focal 
chord meet in the directrix. 

For, if the chord of contact FQ passes through F, then FFQ 
is a straight line. 

Hence, Z BFF + Z BFQ = 180°, 

and Z BFF = Z BFQ = 90^ 

Therefore, Z BBF = jCBCQ = 90*. 
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Proposition VII. Theorem. 



885. If two tangents BP and BQ are drawn from a 
point B to a parabola^ the line drawn throitgh B par- 
ailel to the axis Insects the chord of contact 




Let the tangents drawn from R meet the curve in P, Q, and let 
the line through R parallel to the axis meet the directrix in H, the 
curve in 8, and the chord of contact in M. 

To prove that PM = QM. 

Proof. Drop the Js PB and QC to the directrix, 

and draw BB, BO. 

BE is ± to EC, 

BB = BC. 

Hence, BR = CJI. 

Now PB, QC, and MB are parallel. 

.\PM= QM. 



§107 
§883 
§149 
§ 104 
§187 

Q.B.D. 
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Proposition VIII. Theorem. 

886. If two tangents BP, BQ are drawn from a point 
B to a parabola^ and through B a line parallel to the 
axis is drawny meeting the curve in S, then the tangent 
at S is parallel to the chord of contact 

Let the tangent at 8 meet the tangents PR, QR in T, V, respec- 
tively. 

To prove that TV is W to FQ, 

Proof. Draw TN II to SM, and let it meet SP in iV. 

Then FN = NS. § 885 

Hence, PT = TB. § 188 

SimUai-ly, QV = VB. 

Therefore, TV is II to PQ, § 189 

Q. B. D. 

887. Cor. 1. The line RM is the locus of the middle points 
of all chords drawn parallel to the tangent at 8. 

For, if we suppose B to move along BM towards the curve, 
then since the point S and the direction of the tangent TV 
remain fixed, the chord PQ will remain parallel to TV, while 
its middle point M will move along MB towards S', finally, 
B, M, P, and Q will all coincide at S, 

888. Def. The locus of the middle points of a system of 
parallel chords in a parabola is called a diameter. The parallel 
chords are called the ordinates of the diameter. 

889. Cor. 2. The diameters of a parabola are parallel to 
its axis ; and conversely^ every straight line parallel to the 
axis is a diameter ; that is^ bisects a system of parallel chords* 

890. Cor. 3. Tangents drawn through the ends of an ordi- 
nate intersect in the diameter corresponding to that ordinate. 
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891. Cor. 4. The portion of a diameter contained between 
any ordinate and the intersection of the tangents drawn 
through the ends of the ordinate is bisected by the curve. 

For the point S is the. middle point of BM. § 188 

892. Co'b. 5. The part of a tangent parallel to a chord 
contained between the two tangents drawn through the ends 
of the chord is bisected by the diameter of the chord at the 
point of contact. 

For the point S is also the middle point of the tangent TV. 

Proposition IX. Theorem. 

893. The area of a parabolic segment made by a chord 
is two thirds the area of the triangle formed by the 
chord and the tangents drawn through the ends of the 
chord. 



Let PQ be any chord, and let the tangents at P and Q meet in R. 
To prove that segment PSQ =o= f A PRQ, 
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Proof. Draw the diameter BM, meeting the curve at S, and 
at S draw a tangent meeting PR in T and QB in V. 

Draw SP, SQ. 

Since PT = TB, and ^ F = VB, § 886 

TV is II to PQ, § 189 

and PQ = 2x TV. § 189 

.-. A PQS ^ 2 A TFJS. § 405 

If now we draw through T, F", the diameters TS'y VS^\ and 
then draw through S\ S", the tangents T'S' V, T^S" V", we can 
prove in the same way that 

APSS' =o=2ATr'T, 
and A QSS" =0= 2 A T'' F" T. 

If we continue to form new triangles by drawing diameters 
through the points T, F, T", V", and tangents at the points 
where these diameters meet the curve, we can prove that each 
interior triangle formed by joining a point of contact to the 
extremities of a chord is twice as large as the exterior triangle 
formed by the tangents through these points, and hence that 
the sum of all the interior triangles is equal to twice the sum 
of the corresponding exterior triangles. 

Now if we suppose the process to be continued indefinitely, 
then the limit of the sum of the interior triangles will be the 
segment PQS, and the limit of the sum of the exterior triangles 
will be the figure contained between the tangents PB, QB, 
and the curve. 

But the sum of the interior triangles will always be equal 
to twice the sum of the exterior triangles ; that is, to |- of the 
whole area, or f the A PQB. 

.'. segment PQS =c= f A PQB, § 284 

Q. B. D. 

894. Cor. If through P and Q lines are drawn 'parallel to 
8M, meeting the tangent TV produced in the points X and T, 
then the segment PQS^^^OPQYX. 
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Proposition X. Theorem. 



895. The section of a right circular cone made by a 
plane parallel to one, and only one, dement of the sur- 
face is a parabola. 




Let SB be any element of the cone whose eizIb is SZ, and let QAP 
be tlie section of the cone made by a plane perpendicular to the plane 
B8Z and parallel to SB. 

To prove that the curve FAQ is a parabola. 

Proof. liet SO be the second eleinent in which the plane 
BSZ cuts the cone, and let RAD be the intersection of the 
planes BSZ and PAQ. 

Draw the O tangent to the lines SB, SO, RD, and let G, 
S, F be the points of contact, respectively. 

Eevolve BSC and the O about the axis SZ, the plane 
PAQ remaining fixed. The O will generate a sphere which 
will touch the cone in the O GKH, and the plane PAQ at the 
point F. 
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Since 8Z is ± to GH, SZ is ± to the plane OKH, § 601 

Hence, the plane BSC is ± to the plane GKH, § 554 

Let the plane of the O GKH intersect the plane of the curve 
FAQ in the straight line MB) then will MB be ± to the 
plane BSC (§ ^m), and therefore ± to DB, 

Take any point P in the curve BAQ, and draw SP meeting 
the O GJI in K-, draw FF, and draw FM ± to BM, 

Pass a plane through P ± to the axis of the cone. Let it 
cut the cone in the O EFLQ, and the plane of the curve FAQ 
in the line FNQ. 

FN is ± to the plane BSC (§ 556), and therefore ± to DB. 

Since FF and FK are tangents to the sphere 0, they are 
tangents to the circle of the sphere made by a plane passing 
through the points P, P, JT, and are therefore equal. ' § 261 

That is, FF = FK. 

But FK^LG. §716 

.\FF^LG. Ax. 1 

Now LG and FM are each II to NB ; 

hence, i© is II to FM. § 521 

The planes GKFL and XP^ are parallel. § 527 

/.LG^FM. §529 

But FF^LG. 

.\FF = FM. Ax. 1 

That is, any point P on the curve FAQ is equidistant from 
a fixed point P and a fixed line PJf in its plane. 

Therefore, the curve FAQ is a parabola. § 850 

Q.B.D. 
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[. 866. If the abscissa of a point is equal to its ordinate, each is equal 
to the latus rectum. 



[. 867. If a secant PP" meets the directrix at H, then HF is thn 
bisector of the exterior angle between the focal radii FP and FP", 
A straight line that cuts the curve is called a secant 

Ex. 868. To draw a tangent and a normal at a given point of a parabola. 

Ex. 869. To draw a tangent to a parabola parallel to a given line. 

Ex. 870. The tangents at the ends of the latus rectum meet at D. 

Ex. 871. The latus rectum is the shortest focal chord. 

Ex. 872. The tangent at any point meets the directrix and the latus 
rectum produced at points equally distant from the focus. 

Ex. 873. The circle whose diameter is FP touches the tangent at A, 

Ex. 874. The directrix touches the circle that has any focal chord for 
diameter. , 

Ex. 875. Given two points and the directrix, to find the focus. 

Ex. 876. The perpendicular FC bisects TP. (See figure, page 414.) 

Ex. 877. Given the focus and the axis, to describe a parabola which 
shall touch a given straight line. 

Ex. 878. If PN is any normal, and the triangle PNF is equilateral, 
then PF is equal to the latus rectum. 

Ex. 879. Given a parabola, to find the directrix, axis, and focus. 

Ex. 880. To find the locus of the centre of a circle which passes through 
a given point and touches a given straight line. 

Ex. 881. Given the axis, a tangent, and the point of contact, to find 
the focus and directrix. 

Ex. 882. Given two points and the focus, to find the directrix. 

Ex. 883. The triangles formed by the two tangents from any point and. 
the focal radii to the points of contact are similar. 

Ex. 884. If a diameter of a parabola is cut by a chord and the tangent 
at either end of the chord, the segments of the diameter between the tan- 
gent and the chord made by the curve are in the same ratio as the seg- 
ments of the chord. 
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THE ELLIPSE. 

896. Dep. An ellipse is a curve which is the locus of a point 
that moves in a plane so that the sum of its distances from two 
fixed points in the plane is constant. 

897. Dep. The fixed points are called the foci, and the 
straight lines which join a point of the curve to the foci are 
called the focal radii of that point. 

898. The constant sum of the focal radii is denoted by 2 a, 
and the distance between the foci by 2 c, 

899. Dep. The ratio-era is called the eccentricity, and is 
denoted by e. Therefore, c = ae, 

900. Cob. 2 a must be greater than 2 c (§ 138) ; Tience^ e 
must he less than 1. 

901. The curve may be described by the continuous motion 
of a point, as follows : 




- Fasten the ends of a string whose length is 2 a at the foci 
F and F\ Trace a curve with the point P of a pencil pressed 
against the string so as to keep it stretched. The curve thus 
traced will be an ellipse whose foci are F and F, and the con- 
stant sum of whose focal radii is FP + PF, 

The curve is a closed curve extending around both foci ; if 
A and A^ are the points in which the curve cuts FF pro- 
duced, then AA^ equals the length of the string. 
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Pboposition XI. Pboblem. 



902. To construct an ellipse hy points^ having given 
thefod and the constant sum 2 a. 




D 



Let F and F^ be the foci, and CD equal a. 

Through the foci F, F' draw a straight line; bisect FF' 
at 0. Lay off OA' equal to OA equal to CD, 

Then A and A' are two points of the curve. 

Proof. From the construction, AA^ = 2 a, and AF = A*F. 

Therefore, AF + AF' = AF' + A'F' = AA'==2a, 

and A'F + A'F = A'F + AF =AA'=2a. 

To locate other points, mark any point X between F and F', 
Describe arcs with F as centre and AX as radius ; also other 
arcs with F as centre and AX ^a radius ; let these arcs cut 
in F and Q, 

Then P and Q are two points of the curve. 

This follows at once from the construction and § 896. 

By describing the same arcs with thefod interchanged, two 
more points It, S may be found. 

By assuming other points between F and F', and proceeding 
in the same way, any number of points may be found. 
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The curve passing through all the points is an ellipse having 
F and F^ for foci, and 2 a for the constant sum of focal radii. 

Q.E.F. 

903. Cob. 1. By descrihing arc8 from the foci with the 
same radius OA^ we obtain two points B, B" of the curve which 
are equidistant from the foci. Therefore the line BR is per- 
pendicular to AA' and passes through 0. § 161 

904. Dep. The point is called the centre. The line AA' 
is called the major axis ; its ends A, A' are called the vertices 
of the curve. The line BB' is called the minor axis. The 
length of the minor axis is denoted by 2 b, 

905. Cob. 2. The major axis is bisected at 0, and is equal 
to the constant sum 2 a. 

906. Cob. 3. The minor axis is also bisected at O. § 161 
Therefore, OB = OB' = b, 

907. Cob. 4. The values of a^b^ c are so related that 

For, in the rt. A BOF, 

'BF' = O^' + W. § 371 

908. Cob. 5. The ellipse is symmetrical with respect to its 
mxijor axis. 

Tor the axis AA' bisects FQ Sit right angles. § 161 

909. Def. The distance of a point of the curve from the 
minor axis is called the abscissa of the point, and its distance 
from the major axis is called the ordinate of the point. 

910. Def. The double ordinate through the focus is called 
the latus rectum or parameter. 

Note. In the following propositions F and F^ denote the foci of the 
ellipse, O the centre, AA' the major axis, and BR the minor axis. 
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Proposition XII. Theobem. 

911. An ellipse is symmetrical vyith respect to its 
minor axis. 




Let P be a point of the curve, PDQ be perpendicular to OB, meet- 
ing OB in D, and let DQ equal DP. 

To prove that Q is also a point of the curve. 

Proof. Join P and Q to the foci F, F'. 

Eevolve ODQF about OD-, F will fall on F', and Q on P. 



Therefore, 
and 

Therefore, 
and 

Hence, 

But 

Therefore, 

Therefore, 



QF = FF, 
Z FQF = Z QPF. 
A FQF = A QFF, 
QF' = PP. 
QF + QF' = PF-\- FF'. 
PF + PF' = 2a. 
QF+ QF' =^2 a, 
^ is a point of the curve. 



§143 
§ 128 
Ax. 2 

Hyp. 
Ax. 1 
§896 

Q.B.D. 



912. Def. Every chord that passes through the centre of 
an ellipse is called a diameter. 

913. CoK. 1. From § § 908, 911 it follows that an ellipse 
consists of four equal quadrantal arcs symmetrically placed 
about the centre. § 213 

914. Cor. 2. Every diameter is bisected at the centre. § 209 
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Proposition XIII. Theosem. 

915. If d denotes the abscissa of a point of an ellipse^ 
r and / its focal radii, then r^ = a + edy r = a — ed. 




Let P be any point of an ellipse, PM perpendicular to AA^, d equal 
OM, r equal PF, r' equal PF". 

To prove that r* = a + edy r = a — ed. 

Proof. From the rt. A FPM and F*FM, 



r'^^PM' + FM^ 



and 

Therefore, 



r'2 = PJIf' + F^M\ 



72 



fm\ 



r'2 — r^ = FM 
Or (r' + r) (r' - r) = {FM + FM) (FM - FM). 
Now r' + r = 2a, ajid FM+FM=2c. 

Also, FM-FM^ OF + OM- FM= 2 0M=2d. 
Hence, 2a(r^ — r) — iicd, 

.\r' — r = = 2ed, 

a 

From r' + r = 2 a, and r' — r = 2ed, 

2r'=:2(a + ed), and 2r = 2(a — ed). 

Therefore, r' = a-\- ed, and r = a — ed. 



§371 
Ax. 3 



Q.B.D. 
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916. Dep. The circle described upon the major axis of an 
ellipse as a diameter is called the auxiliary circle. The points 
where a line perpendicular to the major axis meets the ellipse 
and its auxiliary circle are called corresponding points. 



Proposition XIV. Theorem. 

917. The ordinates of two corresponding points in an 
ellipse and its auxiliary circle are in the ratio h : a. 




A r 



Let P be a point of the ellipse, Q the corresponding point of the 
auxiliary circle, and QP meet AA" at M. 

To prove that PM : QM =^h:a. 
Proof. Let OM = d\ 

'qM^ = a^ - d\ § 372 

Now FM^" = FF^ - 'fW = (a-ed)^-(c'-d)^ § 915 



then 



Or, since 



= a^-2aed-\' eW -(^ + 2cd-d^. 

c = ae, and a^ - c^ = ft^ §§ 899, 907 



PM" = b^^(l-&^d^ = ^(a^ - <?). 



Therefore, 
Or 



FM : QM =b:a. 



Q.B.D. 
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Pboposition XV. Problem. 

918. To construct an ellipse by points, having given 
its two axes. 




Let OA, OB be the given semi-^axes, the centre. 

With as centre, and OA, OB, respectively, as radii, 
describe circles. 

From draw any straight line meeting the larger circle at 
Q and the smaller circle at B, 

Through Q draw a line II to BO, and through B draw a 
line II to OA. 

Let these lines meet at P. 

Then will P be a point of the required ellipse. 

Proof. If QF meet AA' at M, 

PMi QM=OB: OQ, § 343 

But OB = b and 0$ = a. 

Therefore, FM ; QM =b:a. 

Therefore, P is a point of the ellipse. § 917 

By drawing other linejs through 0, any number of points on 
the ellipse may be found ; a smooth curve drawn through all 
the points will be the ellipse required. q.b.f. 
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Proposition XVI. Thsobem. 

919. The square of the ordinate of a point in an 
ellipse is to the product of the segmervts of the nugor 
axis made by the ordinate asVicf. 




A' F' 



Let P, Q be corresponding points in the ellipse and auxiliary 
circle, respectiyely ; let QP meet AA^ in M. 



To prove that FW : AM X AM = V : a\ 

Proof. Flt\Q^^V\a\ 

But 'qW = AM X AM. 

Therefore, 



Tm^ : AM xAM=b'': a\ 



§917 
§370 

Q.B.D. 



920. Cor. The lotus rectum is the third proportional to 
the major axis and the minor axis. 

For lF'iAF' xA'F'^i^ia^ §919 

Now A'F^ = a — 6, and AF^ = a + c. 

Therefore, AF X A'F' =za^-c^ = h\ § 907 

Hence, Tf" : h^ = h^: a\ 

and LF :h = h:a. 

Therefore, 2a:2b = 2b:2LF. 



THE ELLIPSE. 433 

Proposition XVII. Theorem. 

921. The sum of the distances of any point from the 
foci of an ellipse is greater than or less than 2 a, accord- 
ing as the point is without or within the curve. 




A' F' FA 

1. Let Q be a point without the curve. 

To prove that QF + QF^ >2a. 

"Prooi. Let P be any point on the curve between QF and 
QF. Draw FF and FF, 

Then QF + QF^ > FF -\- FF\ § 100 

But FF + FF = 2a. § 896 

Therefore, QF + QF'>2a. 

2. Let Q^ be a point within the curve. 
To jprove that Q'F + Q'F^ <2a. 

Proof. Let F be any point of the curve included between 
FQ' produced and F'Q' produced. 

Then Q'F + Q'F' <FF'\- FF'. § 100 

That is, Q'F + Q'F' <2a. q. b. d. 

922. Cor. Conversely^ a point is without or within an 
ellipse according as the sum of its distances from the foci is 
greater than or less than 2 a. 

923. Dbf. a straight line which touches but does not cut 
an ellipse is called a tang^ent to the ellipse. The point where 
a tangent touches the ellipse is called the point of contact 
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Peoposition XVIII. Theorem. 

934. If through a point F of an ellipse a line is drawn 
bisecting the angle between one of the focal radii and the 
other produced^ every point in this line except P is with- 
out the curve. 




T A F^ O F 

Let PT bisect the angle F'PG between F'P and FP produced, and 
let Q be any point in PT except P. 

To prove that Q is without the curve. 

Proof. Upon FF produced take FG equal to FFK 

Draw GF\ QF, QF\ QG. 

QG-\-QF>GF. §138 

A GFQ = A F'FQ. § 143 

QG = QF'. § 128 

GF = 2a. Const 

QF-\-QF>2a, 

Q is without the curve. 



Then 

Now 

Therefore, 

Also 

Therefore, 

Therefore, 



§ 922 

Q.B.D. 

925. Cor. 1. The bisector of the angle between one of the 
focal radii from any point P and the other produced through 
P is a tangent to the curve at P. § 923 

926. Cor. 2. The tangent to an ellipse at any point bisects 
the angle between one focal radius and the other produced. 
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927. Cor. 3. If OF" cuts PT at X, then GX = F'X, and FT 
is perpendicular to GF". § 161 

928. Cor. 4. The locus of the foot of a perpendicular 
from the focus of an ellipse to a tangent is the auxiliary 
circle. 

For F'X = GX, and F^O = OF. 

Therefore, OX = ^FG = ^(2a) = a. § 189 

Therefore, the point X lies in the auxiliary circle. 

Proposition XIX. Problem. 

929. To draw a tangent tc an dlipsefrom an external 
point 




Let the arcs drawn with P as centre and FF as radius and 
with F' as centre and 2 a as radius intersect in G and S, 

Draw GF and SF', cutting the curve in Q and B, respectively. 
Draw QP and EP, and they will be the tangents required. 

Proof. By construction, PG = PF, suid QG = QF. § 896 

.\APQG = APQF. §150 

.\ZPQG = ZPQF. §128 

Therefore, PQ is the tangent at Q. § 925 

For like reason PE is the tangent at E. q.k.f. 

930. Cor. Two tangents may always he drawn to an ellipse 
from an external point. 
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Proposition XX. Theobem. 



931. The tangents drawn at two corresponding points 
of an ellipse and its auxiliary circle cut the major axis 
produced at the same point 




F' 



O ND M F 



Let the tang^ent to the auxiliary circle at Q cut the major axis 
produced at T, and let the ordinate QM of the circle meet the ellipse 
at P. Draw TG through P. 

To prove that TG is the tangent to the ellipse at P. 

Proof. Through aS, any point in the ellipse except P, draw 
SD JL to AA^ ; and let DS produced cut TG in R, the auxil- 
iary circle in K, and the tangent at Q in L, 



Then 



or 



But 



Again, 



But 



RD : PM = DT:MT=LD: QM, 


§§ 356, 351 


RD: LD:=PM:QM. 


§330 


PM:QM = b:a. 


§917 


.*. RD: LD = h\a. 


Ax. 1 


SD:KD = b: a. 


§ 917 


.\RD: LD = SD:KD. 


Ax. 1 


LD > KD. 


Ax. 8 


.-. RD > SD. 


• 


r, R is without the ellipse. 


• 


Hence, PT is the ta,ngent at P, 


§923 



Q.B.D. 
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932. Cor. 1. OT X0M= a\ § 367 

933. Def. The straight line FN drawn through the point 
of contact of a tangent, perpendicular to the tangent, is called 
the normal. 

934. Def. MT is called the subtans^ent, MN the subnormal. 

935. Cor. 2. The normal bisects the angle between the focal 
radii of the point of contact. 

For Z TFJSr = Z GFN = 90^ § 933 

But Z TFF = Z GFF'. § 926 

.\ Z FFN = Z F'FJSr. Ax. 3 

Hence, a ray of light issuing from F will be reflected to F. 

936. Cor. S. If d denotes the abscissa of the point of con- 
tact^ the distances measured on the major axis from the centre 

a^ 
to the tangent and the normal are -r and e^d, respectively/. 

Since OM = d, and OT xOM= a\ § 932 

therefore, OT = —- 

a 



Since OM X MT = QlH, § 367 



and MNXMT = FM^, 



OM QM^ a^ 



therefore. 



Therefore, ^J = ^^-^ = -, = e\ § 333 



MN FM 

O M-MN _ a^-h^ _ ^ 
OM "■ a' ~ a' 



ON 
That is, -7—7 = e^. 

OM 

Hence, ON ^ e" X OM = eH. 
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Peoposition XXL Theorem. 

937. The tangents drawn at the ends of any diameter 
are parallel to each other. 




Let POQ be any diameter, PT and QT^ the tang^ents at P, Q, respec 
lively, meeting the major axis at T, T^ 

To prove that PT is II to QTK 

Proof. Draw the ordinates PM, QN. 

Then A 0PM = A OQN (§ 141), and OM = OiV. § 128 



2 9 

But OT = -^^ and OT = "^ 
OM 



Therefore, 
and 
Hence, 



ON (§ ^^^)- 
A OPT = A OQT\ 
Z OPT = Z OQTK 
PT is II to QT'. 



OT = OT'. 



§ 143 
§128 
§ 111 

Q. S. D. 

938. Def. One diameter is conjugate to another, if the first 
is parallel to the tangents at the extremities of the second. 

Thus, if JKOaS is II to PT, ES is conjugate to PQ. 
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Peoposition XXII. Theoeem. 

939. If one diameter is conjugate to a second, the 
second is conjugate to the first. 




Let the diameter POP^ be parallel to the tangent RT^. 

To prove that ROR^ is parallel to the tangent FT. 

Proof. Draw the ordinates TM and RN^ and produce them 
to meet the auxiliary circle in Q and S, respectively. 

Draw OF, 0Q,08\ and draw the tangents QT, ST. 

Now, since OF is II to RT\ 

the A OMF and TNR are similar. § 354 

.-. TN: OM^NR: MF. § 351 

But NRiNS = MFiMQ, §917 

or NR:MF=^NS I MQ. § 330 

.-. TNx OM=^NS : MQ. Ax. 1 

Hence, A TNS and OMQ are similar. § 357 

.-. Z NTS = Z MOQ. § 351 

.-. TS is II to OQ. § 114 

Hence, ZQOS = Z OST = 90°. § 254 

.-. SO is II to QT § 104 
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.\A 8N0 aad QMT axe similar. 
.\0N:TM = N8:MQ, 
= NE:MF. 
.\A ONE and TMF are similar. 
.-. OE is II to FT. 
/. EE' is conjugate to FF'. 



364 

§361 
§ 917 
§367 
§114 



938 

Q.B.D. 




940. Cor. 1. Angle Q08 is a right angle. 

941. Cob. 2. MF: OJSr = b:a. 



For 


08 = OQ, 


§217 


and since 


ZNST' = Z.MQO, 


§176 




Z. N80 = Z JIfOQ. 


§84 


Hence, 


A iraO = A MOQ. 


§141 




.: ON = MQ. 


§128 




.'. MP : ON = MP: MQ. 




But 


MP:MQ = h:a. 


§917 


Hence, 


MP:ON = b:a. 


Ax.1 
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Peoposition XXIII. Theorem. 

942. The area of an ellipse is equal to irdb. 




Let A^'PRA be any semi-ellipse. 

To prove that the area of twice A'PMA is equal to irah. 

Proof. Let PM^ RN be two ordinates of the ellipse, and let 
Q, S be the corresponding points on the auxiliary circle. 

Draw PV, QU W to the major axis, meeting NS in V, U, 

Then the area of O PN = PM X MN, § 398 

and the area of CJ QJ^i = QM X MN. § 398 

OPN PMxMJSr PM h 

a 



Therefore, 



§917 



nQN QMy^MN QM 

The same relation will be true for all the rectangles that 
can be similarly drawn in the ellipse and auxiliary circle. 

Tx sum of m in ellipse h ^ _ ^.^ 

Hence, T-T=r' ^^T" = " ' § 335 

sum of ZI7 in circle a 

And this is true whatever be the number of the rectangles. 

But the limit qf the sum of the [U in the ellipse is the area of 

the ellipse, and the limit of those in the O is the area of the O. 

area of ellipse h 



Therefore, 



area of circle 



a 
h 



285 



Therefore, the area of the ellipBe = - X ira^ = iraJ). § 463 

* Q.B.D. 
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Pkoposition XXIV. Theoeem. 

943. 71te section of a right circular cone made by a 
plane that cuts all the elements of the surface of the 
cone is an ellipse. 



Let APA' be the curve traced on the surface of the cone SBC by 
a plane that cats all the elements of the surface of the cone. 

To prove that the curve APA' ts an ellipse. 

Proof. Tlie plane passed through the axia of the cone X to 
the secant plane AFA' cuts the surface of the cone in the ele- 
ments SB, SO, and the secant plane in the line AA'. 

Describe the © and 0' tangent to SS, SC, AA'. Let the 
points of contact be J), IT, F, and B, C, F', respectively. 

Turn BSC and the © 0, 0' about the axis of the cona The 
lines SB, SC will generate the surface of a right circular cone 
cut by the secant plane in the curve AFA' ; and the ® 0, 0' 
urill generate spheres which touch the cone in the © DNH, 
BlfC, and the secant plane in the points F, F'. 
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Let P be any point on the curve APA\ Draw FF, FF^; 
and draw SF, which touches the (D DJI, BC 2A, the points N, 
N\ respectively. 

Since FF and FN are tangent to the sphere 0, they are 
tangent to the circle of the sphere made by a plane passing 
through P, F, and N. 

Therefore, FF = FN. § 261 

Likewise, FF^ = FN^. § 261 

Hence, FF + FF = FN -\- FN" 

= NN', a constant quantity. § 716 

Therefore, AFA' is an ellipse with the points F and F' for 
foci, and AA' as 2 a. q.e.d 

944. CoE. If the secant plane is parallel to the base^ the 
section is a circle. 



Ex. 885. The major axis is the longest chord that can be drawn in an 
3llipse. 

Ex. 886. If the angle FBF" is a right angle, then a^ = 2 62. 

Ex. 887. To draw a tangent and a normal at a given point of an ellipse. 

Ex. 888. To draw a tangent to an ellipse parallel to a given straight 
line. 

Ex. 889. Given the foci ; to describe an ellipse touching a given straight 
line. 

Ex. 890. Prove that Op = OT x ON. (See figure, page 436.) 

Ex. 891. Prove that OM :ON = a^: c^, (See figure, page 436.) 

Ex. 892. The minor axis is the shortest diameter of an ellipse. 

Ex. 893. At what points of an ellipse will the normal pass through the 
centre of the ellipse ? 

Ex. 894. K FB, F'S are the perpendiculars dropped from the foci to 
any tangent, then FR x F'8 = ft^. 
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Ex. 896. The semi-minor axis of an ellipse is the mean proportional 
between the segments of the major axis made by one of the foci. 

Ex. 896. The area of an ellipse is to the area of its auxiliary circle as 
the minor axis is to the major axis. 

Ex. 897. To draw a diameter conjugate to a given diameter in a given 
ellipse. 

Ex. 898. Given 2 a, 2 &, one focus, and one point of an ellipse, to con- 
struct the ellipse. 

Ex. 899. If from a point P a pair of tangents PQ and PR are drawn 
to an ellipse, then PQ and PR subtend equal angles at either focus. 

Ex. 900. If a quadrilateral is circumscribed about an ellipse, either pair 
of its opposite sides subtend angles at either focus whose sum is equal to 
two right angles. 

Ex. 901. To find the foci of an ellipse, having given the major axis and 
one point on the curve. 

Ex. 902. To find the foci of an ellipse, having given the major axis and 
a straight line which touches the curve. 

Ex. 903. If a straight line moves so that its extremities are always in 
contact with two fixed straight lines perpendicular to each other, then 
any point of the moving line describes an ellipse. 

Ex. 904. To construct an ellipse, having given one of the foci and three 
tangents. 

Ex. 906. To construct an ellipse, having given one focus, two tangents, 
and one of the points of contact. 

Ex. 906. To construct an ellipse, having given one focus, one vertex, 
and one tangent. 

Ex. 907. The area of the parallelogram formed by the tangents to an 
ellipse at the extremities of any pair of conjugate diameters is equal to 
the area of the rectangle contained by the axes of the ellipse. 

Ex. 908. Given an eUipse, to find by construction the centre, the fool, 
and the axes. 

Ex. 909. The circle described on any focal radius of an eUipse as a 
diameter is tangent to the auxiliary circle. 

Ex. 910. If the ordinate and the tangent at any point P o f an ellipae 
meet a diameter at JET and K, respectively, then OH x OK = 0^. Q is 
the point in which the diameter cuts the curve. 
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THE HYPERBOLA. 

945. Def. An hyperbola is a curve whicli is the locus of a 
point that moves in a plane so that the difference of its dis- 
tances from two fixed points in the plane is constant. 

946. Def. The fixed points are called the foci, and the 
straight lines which join a point of the locus to the foci are 
called the focal radii of that point. 

947. The constant difference of the focal radii is denoted by 
2 a, and the distance between the foci by 2 c, 

948. Def. The ratio cia \a called the eccentricity, and is 
denoted by e. Therefore, c = ae. 

949. Cor. 2 a must he less than 2 c (^ 138) ; henee^ e must 
be greater than 1. 

950. An hyperbola may be described by the continuous 
motion ^f a point, as follows: 




To one of the foci JF fasten one end of a rigid bar F^B so 
that it is capable of turning freely about J^' as a centre in the 
plane of the paper. 
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Take a string whose length is less than that of the bar by 
the constant difference 2 a, and fasten one end of it at the other 
focus F, and the other end at the extremity B of the bar. 

If now the rod is made to revolve about F^ while the string 
is kept constantly stretched by the point of a pencil at P, in 
contact with the bar, the point P will trace an hyperbola. 




Por, as the bar revolves, P'P and FP are each increasing 
by the same amount; namely, the length of that portion of 
the string which is removed from the bar between any two 
positions of P; hence, the difference between FP and FP 
will remain constantly the same. 

The curve obtained by turning the bar about F^ is the right- 
hand branch of the hyperbola. Another similar branch on the 
left may be described in the same manner by making the bar 
revolve about P as a centre. 

If the two branches of the hyperbola cut the line FF^ at A 
and A\ then, from the symmetry of the construction, AA = 2 a. 

The hyperbola, therefore, consists of two similar branches 
which are separated at their nearest points by the distanoe 
2 a, and which recede indefinitely from the line FF and from 
one another. 
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Proposition XXV. Problem. 

951. To construct an hyperbola by points^ having 
given the foci and the constant difference 2 a. 






^o 



^.F 



G 






Let F, F" be the fod, and CD equal a. 

Lay off OA equal to OA' equal to CD. 
Then A and A' are two points of the curve. 
Proof, rrom the construction, AA' = 2a and AF = A'F. 
Therefore, AF' - AF == AF' - A'F' =^AA' = 2 a. 
And A'F - A'F = A'F - AF =AA'^2a. 

To locate other points, mark any point X in FF produced. 
Describe arcs with F' and F as centres, and A'X and AX as 
radii, intersecting in P, Q. 

Then F and Q are points of the curve. 

By describing the same arcs with the foci interchanged, two 
more points E and S may be found. 

By assuming other pointr in F'F produced, any number of 
points may be f oimd ; and the curve passing through all these 
points is an hyperbola having F, F' for foci and 2 a for the 
constant difference of the focal radii. O-b.f. 
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952. Cob. 1. No point of the aerve can be gUuaUd on the 
perpendieuiar to FF" erected at 0. 

For every point of this J- is equidistant from the focL 

953. Dbf. The point is called the centre; AA' is called 
e axis; A and A' are called the v 



954. Def. In the X to FF' erected at 0, let B, B' be two 
points at a distance from A (or A') equal to e ; then BB' is 
called the conjugate axis, and is denoted by 2 b. 

955. Def. If the transverse and conjugate axes are equal, 
the hyperbola is said to be equilateral or rectangular. 



956. Cor. 2. Both the axes are bisected at the centre, 

957. Cor. 3. % § 371, e' = a' + J". 

958. Cor. 4. The curve is symmetrical with respect to the 
transverse axis. 

959. Def. The distances of a point of the curve from the 
transverse axis and the conjugate axis are called respectively 
the ordinate and abscissa of the point. The double ordinate 
through the focus is called the latus rectum or parameter. 

NOTB. The letters A, A', B, W, F, F", and will be -oeeA ta deugnate 
tbe same points as in the above figure. 
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Pbopositiok XXVI. Theorem. 

960. An hyperbola is symmetrical with respect to its 
corytigate axis. 

D 




By 




F' A' O AF 



Let P be a point of the curve, PDQ be perpendicular to OB, meet- 
ing OB at D, and let DQ equal DP. 

To prove that Q is also a point of the curve. 

Proof. Join P and Q to the foci F, F\ 

Turn ODQF' about 0D\ F^ will fall on F, and Q on P. 

Therefore, QF' = PP, and Z PQF^ = Z QPF. 



Therefore, 
and 
Hence, 
But 

Therefore, 
Therefore, 



A PQF^ = A QFF, 

QF = FF. 

QF - QF^ = FF - FF. 

FF -PF = 2a. 

QF-QF = 2a. 

^ is a point of the curve. 



§143 
§128 
Ax. 3 

Hyp. 
Ax. 1 

§945 

Q. B. D. 

961. Dep. Every chord passing through the centre is called 
a diameter. 

962. Cob. 1. An hyperbola consists of four equal quad- 
rantal arcs symmetrically placed about the centre, § 213 

963. Cob. 2. Every diameter is bisected at the centre, § 209 
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Pboposition XXYII. Theobem. 

964. If d denotes the abscissa of a point of an hyper- 
holay r and r' its focal radiiy then 

r = ed — a, and r^ = ed-\-a. 




F* Al 







AF W 



Let P be any point of the hyperbola, PM perpendicular to AA% 
d equal CM, r equal PF, r" equal PF". 



To prove that r = ed — a, r' = ed + a. 

Proof. From the rt. A FFM, F^FM, 

r» = FM" + FM'y 
r« = FM^ + ¥m\ 



§371 



Therefore, r^ -r^^YW -FM". 

Or (r' + r) (r' - r) = {F'M+ FM) (F'M - FM). 

Now r' — r = 2a, and F^M-FM=2c. 

Also F^M + FM=20F+2FM:=20M=2d. 

By substitution, a(r^ + r)=2 cd. 



Or 



r* + r = = 2ed, 

a 



From r' + r = 2ed, and r' — r = 2a, 

by addition, 2r^ = 2(ed + a); 

by subtraction, 2r = 2(ed-'a). 

Therefore, r = «d — a, and r^ = ed + a. 



Q.B.1X 
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965. Def. The circle described upon AA^ as a diameter is 
called the aiudliary circle. 



Pboposition XXVIII. Theorem. 

966. Any ordinate of an hyperbola is to the tangent 
from its foot to the auxiliary circle as b is to a. 




Let P be any point of the hyperbola, PM the ordinate, MQ the 
tangent drawn from M to the auxiliary circle. 

To prove that PMi QM = b : a. 



Proof. Let 


OM equal d. 


Then 


QM' = (P-a^. 


Also 


PM' = PF' - FM'" 



§372 



Or since 



Therefore, 
Or 



= (ed - of -(d- cy § 964 

= ^d?-2(ied + a^-d^-\-2cd-<?. 

c = ae, and a^ - c* = - h^, §§ 948, 967 

TW = (e» - 1) (? - ft2 = -^ (^ - a«) . 

¥W : QM^ = V : a\ 

PM : QM =ib :a. q.b.d. 



452 



BOOK IX. CONIC SECTIONS. 



Pbopositiok XXIX. Theorem. 

967. Hie square of tTie ordinate of a point in an 
hyperbola is to the product of the distances from the 
foot of the ordinate to the vertices as h^ is to a*. 




Let P be any point of the hyperbola, PM the ordinate, MQ the 
tangent from M to the auxiliary circle. 



To prove that FM : AM X A'M = b^ : a\ 

Proof. Now FM^:QM'' = b^:a\ 

But 

Therefore, 



QM^ = AM X A'M, 



§966 
§381 

Q. B. D. 



FM'. AM X A'M = b^:a\ 

968. Cob. Tfie latuB rectwm is the third proportioned to 
the transverse and conjugate axes. 

For LF^:AFxA'F=^h^:a\ §967 

But AF = c — a, and AF^ = c + a. 

Therefore, AF X A'F :=c'- a^ = h\ § 957 

Hence, 

And 

Therefore, 



LF^xh^^VxaK 
LF:h =b :a. 
2a:2b = 2b:2LF. 
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Pboposition XXX. Thbobem. 

969. The difference of the distances of any point from 
the fod of an hyperbola is greater than or less than 
2 a, according as the point is on the concave or convex 
side of the curve. 




F' A' A F 

1. Let Q be a point on the concave side of the curve. 

To prove that QF^ —QF>2a. 

Proof. Let QF^ meet the curve at P. 

FQ = FF + FQ (Ax. 9), and FQ<FP-\- PQ. § 138 
.-. F'Q -FQ> FF - FF. Ax. 5 

But F'F -FP = 2a. § 947 

Therefore, F^Q-FQ>2a, 

2. Let Q^ be a point on the convex side of the curve. 

To prove that QF^ - Q'F <2a. 

Proof. Let Q'F cut the curve at P. 

^fQf < F'F + FQ' (§ 138), and FQ' = FF + FQ\ Ax. 9 

.-. F'Q' - FQ' < F'F - FF. 
But F'F-FF=2a. 

Therefore, FQ' - FQ' <2a. 

970. Cob. Conversely^ a point is on the concave or the con- 
vex side of the hyperbola according as the difference of its 
distances from the fod is greater than or less than 2 a. 



Ax. 5 
§947 

Q.E.D. 
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971. Def. a straight line which touches but does not cut 
the hyperbola is called a tang^ent, and the point where it touches 
the hyperbola is called the point of contact to the hyperbola. 



Proposition XXXI. Theorem. 

972. If through a point P of an hyperbola a line is 
drawn bisecting the angle between the focal radiij every 
point in this line except F is on the convex side of the 
curve. 




F' A 



T ' A. F 



Let PT bisect the ang^le FPF', and let Q be any point in PT 
except P. 

To prove that Q is on the convex side of the curve. 

Proof. Take FG equal to FF-, draw FGy QF, QF^, QQ. 

Then QF-QG< GF. § 138 

Also A FGQ = A FFQ (§ 143) ; .-. QG = QF. 

Also GF = FF-FF = 2a. 

Therefore, QF-QF<2a. 

Therefore, Q is on the convex side of the curve. § 970 

Q.E.D. 

973. Cor. 1. The bisector of the angle between the focal 
radii from any point P is the tangent to the curve at P. § 971 

974. Cor. 2. The. tangent to an hyperbola at any point 
bisects the angle between the focal radii drawn to that point. 

975. Cor. 3. The tangent at A is perpendicular to AA\ 
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976. Cor. 4. If FG cuts PT at X, then GX = JPX, and FT 
is perpendicular to FG. § 161 

977. Co». 5. The locus of the foot of the perpendicular 
from the focus to a tangent is the auxiliary circle. 

For FX = GX, and FO = OF^. 

.-. OX ^iF^G = i(PF' - PF) = a. § 189 

Therefore, the point X lies on the auxiliary circle. 



Proposition XXXII. Problem. 

978. To draw a tangent to an hyperbola from a given 
point F on the convex side of the hyperbola. 




Let the arcs described with P as centre and PF as radius, 
and with F^ as centre and 2 a as radius intersect in G and R, 

Draw FG and FR, and produce them to meet the curve in 
Q and 2>, respectively. Draw PQ and PD. 

PQ and PD are the tangents required. 

Pnwf. PG = PF, QF=QF'-'2a=: QG. 

.\APQG = APQF, §150 

.\ZPQG = ZPQF. § 128 

.-. PQ is the tangent at Q. § 973 

For like reason, PD is the tangent at 2>. q.b.f. 
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979. Cob. Two tangents may be drawn to an hyperbola 
from a point on the convex side of the hyperbola, 

980. Def. If a rectangle is constructed with its adjacent 
sides equal, respectively, to tlie transverse and conjugate axes 
of the hyperbola, and with one side tangent to the curve at A 
and its opposite side at A', its diagonals produced are called 
the asymptotes of the hyperbola. 



Proposition XXXIII. Theorem. 

981. The asymptotes of an hyperbola never meet the 
curve, however far produced. 




Let TR be an asymptote of the hyperbola whose centre is 0. 

To prove that TR never meets the curve. 

Proof. Let G be the intersection of arcs described from 
and F^ as centres with OF and 2 a, respectively, as radii 
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Let TR meet the curve, if possible. 

Draw FGy cutting TR at Q. 

Then OF' = OF] 

and QG^QF. §976 

.-. i^'G is II to TR, § 189 

Therefore, F'G and TjK cannot intersect. § 103 

But if TR meets the curve, the point of contact must be at 
the intersection of F'G and TR, § 978 

Therefore, TR does not meet the curve. q.e.d. 

982. Cob. 1. The line FO is tangent to the auxiliary circle 
at Q. 

For FG is ± to OR. § 976 

Therefore, Q lies on the auxiliary circle. § 977 

Hence, FG touches the auxiliajy circle at Q, § 263 

983. OoB. 2. FQ is equal to the sewirconjugate axis b. 



ja -TTFja 



For FQ' = OF' - 0Q% §-372 

and *« = c« - a\ § 967 

But OF ^ c, and OQ = a. 

Therefore, FQ = b, 

984. Cor. 3. 1^ the tangent to the curve at A meets the 
asymptote OR at i2, then AR=b, 

For A OAR = A OQF, § 142 

Therefore, AR = FQ = b. 

985. Dep. a perpendicular to a tangent erected at the point 
of contact is called a normal 

986. Def. The terms subtang^ent and subnormal are used in 
the hyperbola in the same sense as in the ellipse. § 934 
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Proposition XXXIV. Theorem. ^ 

987. The section of a right circular cone rnade by a 
plane that cuts both nappes of the cone is an hyperbola. 




Let a plane cut the lower nappe of the cone in the curve PAQ, 
and the upper nappe in the curve FA'Q\ 

To prove that PAQ and P'A'Q' are the two branches of an 
hyperbola. 

Proof. The plane passed through the axis of the cone per- 
pendicular to the secant plane cuts the surface of the cone in 
the elements BS, CS (prolonged through S), and the secant 
plane in the line NN', 

Describe the ® 0, 0', tangent to BS, CS, NI^. Let the 
points of contact be D, H, F, and D\ W, F\ respectively. 
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Turn BSC and the (D and 0' about the axis of- the cone. 
BS and CS will generate the surfaces of the two nappes of a 
right circular cone; and the © 0, 0' will generate spheres 
which touch the cone in the d) DKH, D'K'M', and the secant 
plane in the points F, F\ 

Let P be any point on the curve. Draw PF and PF^ ; and 
draw PS, which touches the © DKH, D^K'W, at the points 

Now PF and PK are tangents to the sphere from the 
point P. 

Therefore, PF = PK. § 261 

Also PF' = P^'. § 261 

Hence, PF - PF = PK' - PK Ax. 3 

= KK', a constant quantity. § 716 

Therefore, the curve is an hyperboia with the points F and 
F' for foci. § 945 

Q. B. D. 
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Dihedral angle, plane angle of 270 
'* right ... 269 
angles, adjacent . . 269 
complementary 270 
equal . . . 269 
supplementary 270 
vertical . . 270 

Dimensions 1, 299 

Directrix of conical surface . 342 
of cylindrical surface 332 
of parabola . . . 409 

Discussion 4, 127 

Distance 8 

** from point to line . 21 
from point to plane . 267 
on surface of sphere . 363 

Division 138 

Dodecagon 67 

Dodecahedron 289 

Duality, Principle of . . . •. 36 
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Eccentricity of ellipse . 

** of hyperbola 

Edge of dihedral angle . 
Edges of polyhedral angle 

** of polyhedron . . 
Element of conical surface 
of contact . 



. 426 
. 446 
. 269 
. 282 
. 289 
. 342 
333, 343 
of cylindrical surface 332 

Ellipse . ' 425 

abscissa of 427 

auxiliary circle of . . 430 

centre of 427 

conjugate diameters of . 438 
diameter of ... . 428 
eccentricity of . . . 426 
focal radii of ... . 426 

foci of 426 

latus rectum of . . . 427 
major axis of ... . 427 
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Ellipse, minor axis of 
*' ordinate of . . 
** parameter of 
** vertices of . . 

Equal figures .... 

Equimultiples .... 

Equivalent figures . . 
'* solids . . 

Ex-centres of triangle . 

Extreme and mean ratio 

Extremes 
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. 427 
. 427 
. 427 
. 427 
. 7 
. 140 
7, 184 
. 291 
. 124 
. 175 
. 135 
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Faces of dihedral angle . . . 269 

of polyhedral angle . . 282 

of polyhedron .... 289 

Figure, curvilinear .... 7 

** geometrical .... 3 

*' plane 7 

*' rectilinear .... 7 

Focal radii of ellipse .... 425 

** of hyi)erbola . . 445 
radius of parabola . .411 

Foci of ellipse 425 

** of hyx>erbola .... 445 

Focus of parabola .... 409 

Foot of perpendicular . 11, 252 

Fourth proportional .... 136 

Frustum of cone 344 
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altitude of . 344 * 
baaes of . . 344 
lateral surface 

of. . . . 344 
slant height of 344 
of pyramid .... 308 
** altitude of . 308 
baaes of . . 308 
lateral area of 308 
lateral edges 

of. . . . 308 
lateral faces of 308 
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Frustum of pyramid, slant 
height of 308 



Generatrix of conical surface . 342 
of cylindrical sur- 
face .... 332 
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Geometrical solid 
Geometry . . 
Geometry, Plane 
Solid 
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Harmonic division 

Heptagon . . . 

Hexagon . . . 

Hexahedron . . 

Homologous angles 
'* lines 

*^ sides 

Hyperbola . . . 

abscissa of 






asymptotes of 
auxiliary circle 
centre of . . 
conjugate axis of 
diameter of . 
eccentricity of 
equilateral . 
focal radii of 
foci of . . . 
latus rectum of 
ordinate of . 
parameter of 
rectangular . 
transverse axis of 
vertices of . 

Hypotenuse .... 

Hypothesis 
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44 
44 
44 
44 
44 
44 
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Icosahedron . . . 
In-centre of triangle . 



2, 3 
3 
3 
3 



. 145 
. 57 
. 57 
. 289 
31, 57 
. 148 
31, 57 
. 445 
. 448 
. 456 
. 451 
. 448 
. 448 
. 449 
. 445 
. 448 
. 445 
. 445 
. 448 
. 448 
. 448 
. 448 
. 448 
. 448 
. 31 
5 
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Inclinatioii of line to plane . 279 

** of plane to plane . 253 

Incommensurable .... 92 

. 93 

1, 263 

. 137 

. 234 
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ratio 
Intersection . . . 
Inversion .... 
Isoperimetric figures . 



Lateral area of frustum of pyr- 
amid .... 308 



** ** of prism . . 


. 290 


** ** of pyramid 


. 307 


" edges of frustum of py 


rau- 


mid . . . 


. 308 


** ** of prism . . 


. 290 


** *' of pyramid 


. 307 


" faces of frustum of pyra- 


mid . . . 


. 308 


** ** of prism . . 


. 290 


** "of pyramid 


. 307 


** surface of cone . . 


. 342 


" *' of cylinder . 


. 332 


** ** of frustum 


of 


cone . . 


. 344 


Latus rectum of ellipse . . 


. 427 


** ** of hyperbola 


. 448 


" ** of parabola . 


. 411 


Legs of isosceles triangle . 


. 31 


** of right triangle . . 


. 31 


" of trapezoid .... 


. 48 


Xiimlt 


. 93 


Line 


1,2,3 


** broken 


. 7 


" curved 


. 7 


" oblique to plane . . 


. 262 


** of centres 


. 89 


" parallel to plane . . 


. 252 


** perpendicular to plane 


. 252 


** straight 


. 7 


Lined, concurrent . . . 


. 67 
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Lines, oblique . . 

parallel . . 

perp^dicular 
Locus .... 

Lune 

*' angle of . . 



Major arc of circle 

** axis of ellipse 
Maximum . . . 
Mean proportional 
Means .... 
Median of trapezoid 

** of triangle 
Minimum . . . 
Minor arc of circle 

** axis of ellipse 



Nappes of cone . 

Negative quantities 

Normal to ellipse . 

to hyperbola 
to parabola 

Numerical measure 
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Octagon. . . . 

Octahedron . . . 

Opposite of a theorem 

Ordinate of ellipse . 
of hyperbola 
of parabola 

Origin . . . . . 
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Parabola . . . 
" abscissa of 
axis of . 
diameter of 
directrix of 
focal radius of 
focus of . . 
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12 
24 
11 
44 
388 
388 

76 
427 
234 
136 
136 

48 

31 
234 

76 
427 

342 
106 
437 
467 
415 
92 

57 
289 

6 
427 
448 
411 

8 

409 
411 
411 
419 
409 
411 
409 
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Parabola, latus rectum of 

" ordinate of 

** parameter o^ 

** vertex of . 

Parallel lines . . . 

Pai-allelogram . . . 

*» altitude of 

** bases of 

Parallelopiped . . . 
*« right . 

** rectangul; 

Parallel planes . . 
Parameter of ellipse . 
" of hyperbola 
** of parabola 
Pass a plane . 
Pentagon . . 
Pentagram . . 
Pentedecagon . 
Perigon . . . 
Perimeter . . 
Perpendicular bisector 
" lines . 

" planes 

Pi(«) 

Plane 

Point 

" of contact, circle 

" ** cone 

cylinder 

ellipse . 

hyperbola 

parabola 

sphere 

Polar distance of circle 

" triangle . . . 

Pole 

Polygon 

" angles of . . 

** circumscribed 
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. 411 

. 411 

. 411 

. 411 

. 24 

. 47 

. 48 

. 47 

. 200 

. 291 

. 291 

. 253 

. 427 

. 448 

. 411 

. 252 

. 57 

. 246 

. 230 

. 12 
30, 56 

. 44 

. 11 

. 269 

222, 233 

1, 7, 251 
.1,2 



75 

343 

333 

433 

454 

413 

360 

363 

374 

362 

56 

56 

77 



Polygon, concave. . 
convex . . 
diagonal of 
equiangular 
equilateral 
inscribed 
regular . 
spherical 
vertices of 

Polygons, similar . 

Polyhedral angle . 

edges of 
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, . 56 

. . 56 

. 56 

. . 56 

. 56 

. . 77 

. 211 

. 372 

. 56 

. 148 

. 282 

. 282 

face angles of 282 

faces of . . 282 

convex . . 282 

vertex of . . 282 

angles, equal . . . 282 

*' synunetrical . 283 

Polyhedron 289 

convex .... 289 
diagonal of . . . 289 
edges of ... . 289 
faces of ... . 289 
regular .... 330 
section of . . . 289 
vertices of . . . 289 
Polyhedrons, similar . . . 326 
Positive quantities .... 106 

Postulate 4 

Prism 290 

altitude of 290 

bases of 290 

circumscribed about cyl- 
inder 333 

inscribed in cylinder . . 333 
lateral area of ... . 290 

lateral edges of . . . 290 
lateral faces of . . . . 290 

oblique ...... 290 

quadrangular .... 290 
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Prism, regular 290 

«* right 290 

** right section of . . . 291 

«' triangular 290 

** truncated 291 

Frismatoid 354 

*' altitude of ... 354 
*' mid-section of . , 354 
** Formula .... 364 

Problem 4 

Projecting plane • 279 

Projection of line on line . . 162 
*» of line on plane . . 278 
** of point on plane . 278 

Proof 4 

Proportion 135 

Proposition 4 

Pyramid 307 

" altitude of .... 307 

" axis of 308 

»* base of 307 

** circumscribed about 

cone 344 

*» inscribed in cone . . 344 
** lateral area of . . . 307 
*^ lateral edges of . . 307 
" lateral faces of . . . 307 
** quadrangular . . . 307 

** regular 307 

'' slant height of . . - . 308 
** triangular .... 307 
** truncated .... 308 
" vertex of .... 307 

Quadrant, circle 76 

** sphere 363 

Quadrilateral 47, 57 

Radius of circle 75 

** of regular polygon . 213 



Radius of sphere 360 

Ratio 92 

" of similitude .... 148 

Reciprocal 166 

Reciprocally proportional . . 166 

Reciprocity, Principle of . . 35 

Rectangle 47 

Rhomboid 47 

Rhombus 47 

Right section of cylinder . . 333 

*' »* of prism ... 291 

Scholium 4 

Secant line 75, 167 

Section of polyhedron . . . 289 

Sector of circle 76 

** of sphere 397 

Segment of circle .... 76 

" of line 8 

** of sphere .... 397 

Semicircle 76 

Semicircumference .... 76 

Sides of angle 9 

** of polygon 56 

Similar arcs 223 

** cones of revolution . 343 

" cylinders of revolution 333 

** figures 7 

*' polygons 148 

** polyhedrons .... 326 
" sectors of circles . . 223 
** segments of circles . 223 
Slant height of cone .... 343 
" ** of frustum of cone 344 
" " of frustum of pyr- 
amid. . . . 308 
" ** of regular pyra- 
mid .... 308 

Solid . 2, 8 

Sphere S60 
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Sphere, axis of 362 

centre of 360 

circumscribed about 

polyhedron . . . 367 
diameter of ... . 360 
great circle of . . . 362 
inscribed in polyhe- 
dron 376 

poles of 362 

..jadius of 360 

small circle of . . . 362 

Spherical angle 370 



degrees . 
excess . 
polygon 






angles of . 
convex . 
diagonal of 
sides of . 
vertices of 



pyramid 






base of . 
vertex of 



388 
376 
372 
372 
372 
372 
372 
372 
397 
397 
397 



sector 397 

tt Kajso ni 397 

397 
397 
397 
397 
372 



base of . 
segment . . . 
*' altitude of 
** bases of . 
" of one base 
triangle . . . 
" bi -rectangu- 
lar .. . 376 
** tri-rectangu- 

lar . . . 376 
triangles, supple- 

mental . 375 
" symmetrical 378 
" wedge . . 397 

Square 47 

Subnormal of ellipse . . . 437 



Subnormal of hyperbola 
'* of parabola . 

Subtangent of ellipse . 
** of hyperbola 

Subtangent of parabola 

Superposition 

Supplement 

Surface . . 

Symbols . . 

Symmetry . 
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467 

415 

437 

457 

415 

10 

13 

2, 3 

6 

60 



Tangent line to circle . 
** to cone 
" to cylinder 
" to ellipse . 
" to hyperbola 
*' to parabola 
** to sphere . 
plane to cone . 
'* to cylinder 
** to sphere 
spheres . . 
Terms of a proportion 
Tetrahedral angle 
Tetrahedron . . 
Theorem . . . 
Theory of limits . 
Third proportional 
Transversal . . . 
Trapezium . . . 
Trapezoid . . . 
** altitude of 
<* bases of 
^' isosceles 
** median of 
Triangle. . . . 
** acute . . 
'' altitudes of 
" base of 
" bisectors of 
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75, 89 
. 343 
. 333 
. 433 
. 454 
. 413 
. 360 
. 343 
. 333 
. 360 
. 360 
. 135 
. 282 
. 307 
. 4 
. 93 
. 135 
. 25 
. 47 
. 47 
. .48 
. 48 
. 48 
. 48 

30,57 
. 31 
. 31 
. 31 
. 81 
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Triangle, 


equiangular . 


. . 31 


t( 


equilateral . . 


. . 30 


(4 


isosceles 




. . 30 


U 


medians of. 




. . . 31 


(( 


obtuse . 




. . . 31 


(( 


right . , 




. . 31 


i( 


scalene . . 




. . . 30 


(( 


spherical 




. . . 372 


(i 


vertex of 




. . 30, 31 


Trihedral angle . . 




. . . 282 


<; 


** bi-rectaD 


igular 282 


(( 


** isosceles 


. . 282 


(i 


** rectal 


igu 


lar . 282 
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tri-rectangular 282 



Unit of measure 92 

*' of surface 184 

" of volume 291 



Variable 



93 



Vertex of angle 9 

** of cone 842 

'* of parabola .... 411 

" of polyhedral angle . 282 

** of pyramid .... 307 

" of spherical pyramid . 397 

" of triangle ... 30, 31 

Vertices of ellipse .... 427 

" of hyperbola . . . 448 

" of polygon .... 66 

" of polyhedron . . . 289 

*' of spherical polygon . 372 

Volume of solid 291 

"Wedge 397 

Zone 388 

" altitude of 388 

" bases of 388 

^^ of one base .... 388 
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